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DISCUSSION ON. 
HE TRANSIENT RESPONSE OF R.F. AND LF. FILTERS TO A WAVE PACKET’™* 


rc. M. Dishal (United States: communicated): 1 wish to protest 
e strongly than Mr. D. A. Bell} against what I feel are the 
gerously incomplete conclusions of the author, and I feel 
the following comments may be helpful. 

rst, let me stress that I am considering only the small- 
entage bandwidth problem—the problem encountered in 
t practical cases—with the carrier set at the middle of the 
band. 

he author points out that eqn. (51) does not simplify when 
1; this is so because the mid-frequency w, of the pass band 
ot his @, but rather is w,J\/ — k?). 

hus if eqn. (51) is correct, substitution of u = 1/,/(1 — k?) 
t must make its envelope reduce (for the small-percentage 
feat case) to the well-known result given by eqn. (B): 


L Bet, ey = | os ae anc tant «| _@) 


re, for the QO, = Q, double-tuned circuit considered by the 
1, k is the usual coefficient of coupling, and Q is the usual 
nant-circuit ane In the author’s terminology 


= 1/2s\/(1 — k?) 


ne best way to obtain the relationship between rise-time and 
idth is to plot the complete step response from eqn. (B) 
lot consider a part of an equation as the author has done) 
a relate these plots to the amplitude and phase plots for 
an circuit. 
. B is such a plot of eqn. (B) for various kQ values, with 
response normalized to the half-power points for each case. 
Tesponses have been stopped at the point where the 
mum overshoot occurs, and have not been plotted for 
ues greater than 1-3, because of the resulting undesirable 
overshoot, or less than 0-3, because of the resulting 
rable “‘slowness”’ near the top of the step. 
| Fig. B shows that one must define rise-time before it can 
cussed, and that if the usual 10-90% definition is used, 
r all the amplitude and phase shapes produced by the 
lues shown, the rise-time is approximately 


0-67 
Bae: BW; a5 
$ result, which applies to the great majority of practical 


ons of the circuit considered in the author’s Section 4, 
s the sweeping conclusions drawn by him. 


“a 


(©) 


Ato.1->0.9 = 


Bi W.: Monograph No. 45 R, August, 1952 (see 99, Part IV, p. 326). 
101, Part IV, p. 164. 
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Fig. B.—Envelope response of a double-tuned circuit to a unit carrier 


BW 
step (carrier at centre of pass band and BAG cB 20) 1). 
0 
(i) KO = 0-289. 
Gi) KO = 0-576 for maximally linear phase. 
Gii) KO = fe 3 ae maximally flat amplitude. 
(iv) kQ = 


I similarly disagree with the author’s reply to Mr. Bell. If, 
instead of considering his P, which is based upon a part of an 
equation, he had plotted the actual step response, he would find 
that with practically useful responses there is no basis for his 
statement to the effect that a double-tuned circuit can be designed 
to give “‘a pulse rising just over two and a half times as fast as 
a pulse in a tuned-anode circuit of the same bandwidth.” For 
the latter case it is well known that the resulting step-response 
envelope is for the small percentage bandwidth case 


LHe eles 190 Prey eae ee GD: 
ie (e—=t5m20 (D) 
from which we obtain 
0:70 
Ato. 9= >>> - (E) 
0-1—>0-9 BW, ae 


which for all practical purposes is identical to the result [eqn. (B)] 
obtained with useful double-tuned circuits. 

Based upon the analysis ‘and measurement of many higher- 
order physically-realizable minimum-phase circuits, it seems safe 
to make the following concluding statement: the 10-90% 
envelope rise-time of most carrier-centered smalli-percentage 
band-pass circuits is inversely proportional to its bandwidth, and 

1 
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in fact is equal to 0-7 divided by the total 3dB-down bandwidth, 
to an accuracy of approximately 20°%. 

Mr. A. W. Gent (in reply): Mr. Dishal raises the point that, as 
an alternative to considering the magnitude of the exponents of 
the decay terms for estimating the rise-time, he would prefer to 
take the time required for the envelope to rise from the 10% to 
the 90% level. 

It is a simple matter to find the envelopes in either the tuned- 
anode case from eqn. (30), or the tuned transformer from 
eqn. (51). For simplicity take the tuned anode and choose the 
applied frequency to coincide with the resonant frequency, i.e. 
u=1. This leads to eqn. (31), and expanding sin (wot + ¢), 
this can be written 


AO — poos  +asing (F) 
eset sin (1 — s*)tw,t 
(1 — 5’ 


where Pp =sin wt 


sin(1 — s*)}w «| 
(G) 


Now if y =f (x, c) is any family of curves depending on a 
parameter, the envelope is given by setting 


gq = COS wt ~ e-vf co (1 —s?ytant 


s 
Ges) 


and eliminating c between this equation and the original equation 
for y. Applying this to eqn. (F), we differentiate with respect 
to , then 

—psing + qcos d =0 


Solving this sind = Vp? + a qQ) 


Pp 
cos @ = Gree 


and substituting in eqn. (F) ce 


Buvelopest == 4/(p* (H) 
where p and q are given by the expressions in eqn. (G). 

Exactly the same treatment can be applied to eqn. (51), but 
the expressions are longer and will not be given here. 

If we tabulate eqn. (H) for various values of s we can find 
the time to rise from 10% to 90%. The 3dB bandwidth has a 
simple relation to s, namely B = 2s. We can therefore plot the 
product BA? as a function of B. This has been done in Fig. C. 
The intercept at B =O is 0-70, agreeing with Mr. Dishal’s 
eqn. (E). It will be seen that BA? is not constant, or even 
approximately constant, as B varies. 

Of course, if we restrict B to small values, the product BAt 
is approximately constant, but there is nothing remarkable in 
that. Any function which has a Taylor expansion, and whose 
first derivative vanishes at some point, will be approximately 
constant for a restricted range of the independent variable near 
that point. Nevertheless, if we have a formula available which 
is valid for a wide range of the variable, we should surely 
investigate it over the whole range of its validity. 


Fig. C.—BAt plotted against B/f; for a tuned-anode circuit. 


In the case of the tuned transformer we have two variab 
so that one way of presenting the variation of BAr would be 
plot contours of constant BAt. The actual calculation of ¢ 
tours makes heavy work using the ordinary desk calculator, 
there is no difficulty in principle. It is a simple tabulat 
problem from explicit formulae. An electronic calculator wo 
no doubt provide a speedy result. 

To show that BAt is not constant the calculations have b 
carried out for two pairs of values of mands. In each case 
applied frequency was chosen to be the resonant peak frequer 
which differs from f,. 

(a) m=0-9, s=0-8. This gives peak frequency (equal 
applied frequency) = 0:745f,; B(3dB) = 0:888f4,; Ar(-1 +0 
= 0:748/f,; so that BAt = 0-664. 

(b) m=0°:3, s=10. This gives peak frequency eal 
applied frequency) =0-092f,; B(3 dB) =0-2937,; Ar(0-1+0°9 
4-551/f,; so that BAt = 1-333. 

These two values of BAt are in the ratio 2:1, so that BA 
not constant, although here again it would not be surprising 
find that it was nearly constant over a suitably restricted range 
mand s. 

In conclusion, Mr. Dishal is at liberty, if he wishes, to rest 
his discussion to narrow bands on the grounds that these for 
majority of practical circuits; but although this may be t 
to-day, what of to-morrow? The present tendency in ciré 
technique seems to be towards wider and wider bandwidths. 


Corrigenda: 1952, 99, Part IV, p. 334, eqn. (51). 
Line 1: in the coefficient of sin (wot + $), for 4ksu? read 8ks2u?, 


Lines 2 and3: for! _” l 
ik oe 


— u2, 


Line 4: first symbol, for + read —. 
in Z sin aa t 
Also: for SUN COU Fenda 


Line 5: first symbol, for — read +. 


sin yoyt sin yo) 
Also: for 22 ¥°!" reaq SA YOU 
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SUMMARY 


The method described is designed for industrial application and 
purpose is to enable capacitance to be conveniently measured 
th a precision approaching that achieved by the National Physical 
iboratory—on whom reliance is placed as the standardizing authority. 
Advantage is taken of the fact that resistance and frequency standards 
great stability can now be produced, and all measurements are 
erred to such standards. 
The apparatus essentially comprises a bridge network with induc- 
ely coupled ratio arms which may be switched into the form of 
her a “comparison” or a Wien bridge. A novel feature is the 
mbined use of the comparison bridge with a 2:1 ratio and the 
ien bridge with a 1 : 1 ratio, whereby the phase-angle of the fre- 
lency-dependent arms is made 45°. This enables the unknown 
pacitance in one arm to be determined in terms of the resistance in 
2 other arm at a given frequency, the values of the other capacitance 
d resistance not being required. In this way capacitor standards 
ving values ranging from 0-01 to 1-0 wF may be precisely calibrated 
1 ke/s and 2 kc/s. 
The comparison bridge then enables any capacitor within the 
age 100 uF—-1 uF to be measured in terms of one or more of these 
pacitor standards with an accuracy of about +100 parts in 10°, or 
0-1 uuF. 
A simplified version of the Wien bridge is proposed which is speci- 
ally designed to calibrate a standard capacitor of value 0-1 uF at 
cc/s in terms of a standard resistor having a nominal value of 
(80 ohms. 


(1) INTRODUCTION 


Mica capacitors are now being manufactured in large quan- 
ies, many of which are required to an accuracy of 1 000 parts 
10° (0-1%) with correspondingly high degrees of stability 
d low temperature coefficients. To guarantee such limits 
d check their stability, a flexible system of capacitance 
sasurement having a precision better than 100 parts in 10°, 
d being capable of checking relative values within about 
‘parts in 10° must be available. Such precision has already 
en achieved in the Wien bridge arrangement of Ferguson and 
itlett3 and in Astbury’s modification of the Carey—Foster 
idge,© together with the N.P.L.’s precision Schering bridge, 
th of which have been described by Rayner and Ford.!° 

It is very desirable, however, especially in connection with 
dustrial equipment, that the system of measurement should be 
bust and easy to operate. There is no doubt that a method 
h directly compares like impedances, i.e. one capacitance with 
other, best satisfies this condition. Since its success depends 
tirely on the reliability of capacitance standards, we must 
examine this question. When the present work was initiated 
1945, the data available were not at all encouraging and, in 
46, Garton? seemed to confirm this sentiment. Since then, 
wever, further data have accumulated and, in 1951, Rayner 
d Ford'4 made it appear that the position was much better 
had been previously assessed. The authors have confirmed 
@ observations (see Section 11.6) and, furthermore, by 
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effecting improvements in the hermetic sealing of standards, 
believe that they have eliminated an important source of 
instability. The position now is that the stability of such 
standards (which may be of the order of 50 parts in 10° per 
annum) can be considered adequate in those cases where annual 
calibrations by a standardizing authority such as the N.P.L. 
can readily be secured. It should be noted that only one standard, 
(say 0-1 «F), is necessary for the determination of any value of 
capacitance by the method of direct comparison, the reliability 
of which is therefore of a fairly high order. 

One of the most successful bridges employing this method is 
indubitably the “‘capacity and conductance bridge’’ described by 
Shackleton and Ferguson.2, A modern improvement is the sub- 
stitution of inductively coupled ratio arms (see Section 11.1.5) 
for the original resistive ratios. 

The Schering bridge is another possible choice, particularly if 
interest includes the measurement of power factor over a wide 
range. With this bridge, however, advantage cannot be taken 
of the facilities offered by inductively coupled ratio arms. Instead, 
for the most accurate work a Wagner earth is essential, which 
somewhat increases the complication of the network and the 
difficulties of operation. 

The comparison bridge [Fig. 1(5)] may also be used to compare 
one capacitance with another. It has the advantage of enabling 
inductively coupled ratio arms to be used, although its power- 
factor range is restricted. If, however, interest is centred on the 
precise measurement of capacitance, this restriction can be 
accepted, since in the case of precision capacitors, power 
factors are usually very low. [Incidentally, the use of shunted- 
dial resistive elements (see Section 11.1.1), provides adequate 
discrimination and freedom from contact error in the bridge 
balance so far as power factor is concerned.] 

All of the above types of bridge depend entirely for their 
accuracy on the stability of mica standard capacitors, and although 
this is shown to be good, the inherent stability of standard 
resistors is still considerably better. Thus the best commercial 
types of resistor to date have drifts lower than 10 parts in 10° 
per annum (see Section 11.7), while a recent development!® 
promises drifts as low as 0-1 part in 10° per annum. It is there- 
fore still attractive to be able to verify capacitance standards 
in terms of resistance standards. 

The Wien bridge [Fig. 1(a@)] enables this to be done, and 
since its components are identical with those of the comparison 
bridge [Fig. 1(6)], it can be conveniently arranged to switch 
from one network to the other. This resulting combination 
provides the means of measuring any odd values of capacitance 
in terms of resistance within the range 0-01-1 uF, provided 
that the corresponding odd values of resistance at balance can 
be determined with the required precision. Since this require- 
ment is both onerous and largely superfluous, however, it is 
preferable to concentrate on the calibration of one or more 
standard capacitors in terms of fixed standard resistors, which 
obviates the necessity for these resistance measurements. Taken 
to its limit, this idea results in the very simple arrangement 
proposed in Section 7. 


[3] 
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(2) BASIC THEORY OF THE WIEN BRIDGE 
Consider the Wien bridge network shown in Fig. 1(a). Balance 
is achieved when the impedance in the A-B arm equals that in 
the B—-C arm, or when 


1 MoS 
R We ae 
from which C,R, + CpRp = CrR, (1a) 
and w?C,R,C,R, — 1 (18) 
Eliminating R, from these equations gives 
1 
wR? =e Ci(C2 age C;) . . ° . * (2) 
If, now, C, = C,/n, eqn. (2) becomes 
n 1 
O~ Ta =D oR, i: 


The optimum value of 7 results when the fractional change 
of C, for a small change in 7 is a minimum 
Hg, 
Le. when ree 


It can easily be shown that this condition arises when n = 2, 
in which case eqn. (3) becomes 


2 1 G, 
©, wR, wfR, af 4) 
1 
where G; = ra 


Although frequency could be made one of the variables, there 
are good reasons for operating at a fixed known frequency, in 
which case balance is secured by varying R, to a known value, 
and R,, the value of which, however, need not be known to 
determine C). 

Thus at any given frequency C is given directly in terms of the 
effective conductance across C;. 

Substituting 2C, for C in eqn. (4), it follows that 


oe! 
1 OC, 


(5) 


Thus when n = 2 the phase angles of the bridge arms are 45°. 

Reverting to eqn. (3), it is clear that to determine accurately 
an unknown capacitance C, precise knowledge of w, R, and the 
function n/1/(n — 1) is required. 

It is, however, comparatively easy to adjust n to a value of 2 
within +0:1%, in which case the function has only changed 
by as little as 0:5 part in 10°. [If m = 2(1 + €) where € is a 
small fraction, then n/,\/(n — 1) ~ 2 + €?.] The fact that the 
adjustment is not critical greatly facilitates measurements. 


(2.1) Operational Procedure 


To measure an unknown capacitor C), it is first balanced — 


against C, in the comparison bridge [Fig. 1(4)], using a 2: 1 
ratio, so that nm = C)/C,; = 2. The network is then switched 
into the Wien bridge [Fig. 1(a)] form, with 1:1 ratio, and 
balance regained simply by adjusting R, and Ro», the frequency 
being fixed. ata known value. C, may now be determined directly 
in terms of R,, and standard capacitors having values ranging 


‘ 


Fig. 1.—Bridge circuits 
(a) Wien bridge of 1 :1 ratio. } 
(6) Comparison bridge of 1: 1 and 2:1 ratio. 
(Ratio arms are inductively coupled.) 


from 0:01 to 1 wF may be precisely \calibrated at 1 ke/s 2 
2 kc/s in this way. One or more of these standards then ena 
the variable capacitor C, to be precisely calibrated by the step- 
step procedure outlined by Ford and Astbury.° Capacit 
over the range 100 wyzF-1 uF may thereafter be measured 
terms of C, by means of the comparison bridge using a 1:1 rat 
to an accuracy of +100 parts in 10° or +0-1 ppF. 

The approximate values of C,; and R, to enable stand. 
capacitors of nominal values 0-01, 0-1 and 1 sF to be calibra 
at various frequencies, are given in Table 1. 


Table 1 


COMPONENT VALUES FOR WIEN BRIDGE 


R, at 1 ke/s R; at 2 ke/s 


If C, had been made the unknown instead of C,, the abi 
values of resistance would be divided by 4. 


| 

(3) CORRECTIONS | 

It has so far been tacitly assumed that the various cir 

elements are pure. Unfortunately this is not the case, ani 

summary of the errors arising from impurities and other sou 

will now be considered. Those which are inherently neglig 
or which can be made negligible are considered first. 


(3.1) Error in the Estimation of the Frequency 


It is comparatively simple with present-day standards| 
ensure that the frequency of the oscillator feeding the bri 
has an accuracy better than 1 part in 10°, so that this soure 
error is insignificant. 


(3.2) The Ratio n 


This question has already been discussed in Section 2, | 
there is no appreciable error in the means provided for adjus 
n to a value of 2. 


(3.3) Modulation Errors 


Modulation errors have been discussed by Ferguson 
Bartlett.* They can be obviated by feeding the bridge wil 
very pure tone, filtering the output, and avoiding overloa 
elements, such as transformers and valves, which tend to bec 
non-linear. If the bridge balance remains undisturbed ov 


etange of input signal, the effect may be regarded as negligible. 
lis has been achieved in the present instance. 


3.4) Variation of Effective Resistance of R, with Frequency 


To determine C,, the effective value of R, must be known at 
frequency of measurement. In practice, however, R, is 
sured with direct current. At the frequencies considered 
c/s and 2 kc/s) skin and proximity effects appear to be quite 
lig ible. Conductance of the insulated covering of the 
iganin wire may be different for alternating current compared 
| direct current, and series inductance with shunt capacitance 
contribute a real term to the a.c. impedance. From measure- 
ents made on similar resistors there is a definite suggestion 
at part, at least, of the discrepancy noted in Section 6 between 
sults obtained by the authors and the N.P.L. may be attributed 
‘the fact that the a.c. resistance of R, is anything up to about 
) parts in 10° below that of the d.c. resistance, apparently 
used by dielectric loss. The consistency of the correlation 
tained over a wide range of capacitance, however, has led to 
e conclusion that this is the greatest error which can be 
tributed to such cases. 


6.5) Self-capacitance and inductance of parallel resistor R, 


Although resistors designed for use in a.c. circuits may have 
ry small phase-angles,® these are nevertheless of sufficient 
agnitude to produce appreciable errors in a precision bridge 
less they are taken into account. Thus, while in the present 
e of R, the effect is shown to be negligible, it is later shown 
Section 3.12 that in the case of R, it is significant. 
The reactance of a resistor is usually expressed in terms of an 
fective series inductance Lp which may be either positive or 
gative. An indication of the quality of a resistor is given by 
€ time-constant, T= Lp/R which should be as small as 
ssible. In the case of the parallel resistor R, [Fig. 1(@] it is 
mvenient to express the effective reactance in terms of an 
uivalent parallel capacitance, Cp, since it can then be added 
tto C, giving a total capacitance in the B—C arm of C, + Cp. 
has the effect of changing the ratio n from C,/C, to 
ie + Cpr) where Cp = T;/R, which, in itself, is quite neg- 
as has already been explained in Section 2. The trans- 
ation from the series to the parallel circuit, however, also 
s the effect of changing the effective value of the parallel 
tor from R, to R,(1 + w?7T?). T, may be of the order of 
10-8, so that Hh 2ke/s the factor 1 + w?T? = 1-0000004. 
is represents a change of only 0-4 part in ‘109, the effects 
self-capacitance and inductance of the parallel resistor Ry 
s seen to be quite negligible. 


_ (3.6) Power Factor in the Unknown Capacitor C, 


he power factor of C, may be expressed as wCyr2, where rz 
@ effective series resistance of Cy. The total effective resis- 
> Ry in the B-C arm thus comprises the actual resistor R2 
d a series with C, plus this value of rz. Now rewriting 
a) in the form 
C, an, Ry _ 
Do Ry 


becomes evident that, if the ratio C,/C, is adjusted to 1/2, 
atio R,/R, must also be adjusted to 1/2 to satisfy this 
ion. [The fact that eqn. 1(5) has also to be satisfied, 
EF that R, and R¥ can each have only one discrete value.] 
_ however, we nee eliminated RZ from the final balance 
ons, its actual value need not bd known. The power 
'C> does not therefore introduce any error in computing 
of its capacitance. 


eter eet se.) as (6) 
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(3.7) Stray Capacitances to Earth of Components in A-B and B-C 
Arms falling across A-D and C-D Coil Ratios 


From Section 11.1.5 it is seen that large unbalanced capaci- 
tances may appear across the ratio arms without causing appre- 
ciable error. Nevertheless, the earth capacitances of the com- 
ponents in the A-B and B-C arms were measured and made 
as nearly equal as possible by connecting a small padding 
capacitor between the C point and earth, as indicated in Fig. 2. 


Ey 


RN, e C2 (unknown) 
oS 
ai 
Bf aye “S 
Gao 
N25 QUE max o poe 


Fig. 2.—Wien and comparison bridge giving details of switching and 
shielding. 


(Switches are shown set for Wien-bridge operation.) 


A check was also made that a gross value of unbalanced capaci- 
tance (of the order of 3 000 nF) could be thrown across either 
A-D or the C-D arms without disturbing the bridge balance. 
The effect of stray capacitance may thus be regarded as negligible. 


(3.8) Inequality of Ratio Arms 


One advantage of using inductively coupled ratio arms is that 
they may be adjusted to equality of ratio with great precision 
and, furthermore, the adjustment is very stable (see Section 
11.1.5). Any slight inequality may be dealt with by the usual 
method of interchanging ratio arms, and to facilitate this a 
reversing switch has been incorporated, as indicated in Fig. 3. 


Fig. 3.—Coil-switching arrangement for Wien or comparison bridge. 


1 .. Open circuit. 

2 .. Equal ratio. 

Byers Equal ratio (reversed). 
4. : 2 ratio. 

5 .. 1:2 ratio (reversed). 
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In the present instance, the coils have been balanced with a 
residual error of 7 parts in 10°. Allowance can be made by mul- 
tiplying the value of the unknown capacitance computed on the 
basis of equal ratio by the factor (1 + 5), where 6 = 7 x 10-6. 


(3.9) Spurious Effects due to Direct Coupling between the 
Source and Detector 


It is of the greatest importance to avoid any such direct 
coupling. Precautions include the magnetic shielding of the 
input transformer and tuning coils of the amplifier, the remote 
disposition of the oscillator, and the avoidance of mutual resistive 
couplings which may arise from common earth connections 
between the oscillator and amplifier. There should, in the ideal 
case, be no change in the balance point when the secondary of 
the input transformer to the bridge is reversed with respect to 
the primary by means of the reversing switch shown in Fig. 2. 
In practice, however, this ideal is very difficult to achieve with a 
bridge having very high discrimination (i.e.about +3 parts in 10), 
as in the present case. It was found that, with a particular setting 
of the input transformer and coil-ratio reversing switches, the 
error of 7 parts in 10° arising from the inequality of the coil 
ratios was cancelled by the small residual amount of direct 
coupling. 

Apart from this, there still remains the possibility of errors 
arising from mutual couplings between bridge arms and the 
leads thereto from the reversing switch. The final arrangement 
of these leads and screen is, to quote Astbury and Ford,® “too 
often in the end a matter of hopeful compromise,” and the 
authors cannot but ruefully agree with this sentiment. They 
have, however, tried various arrangements, with almost negligible 
effect on measured values. 


(3.10) Lead Resistances and Inductances in A-B and B—C Arms 


The physical connections of the components in the A-B and 
B-C arms will introduce some resistance and inductance in 
these arms. Since, however, the parallel R,C, combination is 
electrically equivalent to the series R,C, combination at balance, 
it is only necessary to ensure that the residual values of resistance 
and inductance due to leads in the A-B arm are identical with 
those in the B—C arm, to avoid errors on their account. A small 
resistive unbalance will not in itself introduce appreciable error, 
but it is of the greatest importance to ensure that the inductances 
are balanced. To this end one arm is “‘padded” with sufficient 
inductance (of the order of 1 wH) to attain this balance by the 
method outlined in Section 11.2. 


(3.11) Power Factor of Parallel Capacitor C, 


From eqn. (4) the test capacitance C> is given direct in terms 
of the effective conductance G; across C,. 


Now Gi GiGi ei mee ) 
1 
where G,;= Ri 
and 8, = wlio, 


¢, being the power factor of C). 


G= (1+ 2h) 


G, 


Hence 


But, from eqn. (5) 


Thus J yh oot Eee (8) 


In practice C, comprises a high-grade mica capacitor hay 
a power factor ranging from about 0-00004 to 0-0002, depend 
on the setting. If, by the, way of example, the power facto 
0-0001, it is seen that 1/R, is increased by a factor of 100 ps 
in 10°, which i is a significant correction. 

A careful check must therefore be kept on the value of 
power factor of C,, as mentioned in Section 11.1.3. 


(3.12) Self-Capacitance and Inductance of Series Resistor R 


Although the actual resistance of Rz need not be kno 
its phase angle is important, since it affects the total reacta 
in the B-C arm and hence the apparent value of the sam 
capacitance. 

Thus, if R, has an effective series inductance L,, such t 


T, = L,[Ry = 2L,/R,, the reactance in the B-C arm becom 
joR,T> 1 
MG +} 
ES 2 Paes \ 
2 
Now from eqn. (4) wR, ==> 
C2 
iT 1 
that Xone 
so tha BC ears 
a 1 — wT f= Q> 
JwC, Jac, 
where OQ, = wT, 
But Xpc= : 
BC JwCgc 


where Cyc is the effective capacitance in B—C arm. 
Cz = Cgc(1 — Q2) 


Or, to find the true value of Cj, we must multiply the appar 
measured value by the factor (1 — Q,). 

Table 2 gives the order of the correction. In those ca 
where Q, is negative, (1 — Q,) is greater than unity. 


Hence 


Table 2 
CORRECTION DUE TO TIME-CONSTANT OF R> 


Correction due to time-constant of R2 


Parts in 106 at 2 ke/s 


Parts in 106 at 1 ke/s 


(3.13) Residual Capacitance Cp in the B—C Arm 


It was shown in Section 2 that the Wien-bridge equati 
give the total reactance in the B—-C arm. In order, therefore 
extract the value of the capacitance connected to the test 
minals of the bridge from the measured data, it is necessar)) 
know the internal residual capacitance of the B—C arm. ‘ 
was determined using the bridge network itself as follows: 

The comparison bridge is first balanced with a conven 
fixed value of capacitance C, connected to the “unkno: 
terminals in the B—C arm with the coils switched to unity ré 
The capacitance in the A-B arm is then C; = C,; + Cy, w 
Cp is the required residual capacitance. When the coils are: 
switched to a ratio of 2: 1, the capacitance in the A-B arr 
balance is adjusted to Cj’ =4(C, + Co). From these 
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tions Co = 2(C; — Cy’) — Cy. Results were found to be 
roducible over an extended period to better than 0-1 wyF, 
ne mean value’ being 25-2 ~uF. This residual must be sub- 
d from all Wien-bridge readings in order to determine the 

of the capacitance actually connected to the test terminals. 


3.14) External Lead Capacitance Cj and Inductance connecting 
Unknown Capacitance to Test Terminals 


In addition to the fixed value of the residual capacitance in 
ne B-C arm, an allowance must be made for the capacitance Cj 
f the connecting leads. This external capacitance, which should 

ays be kept as small as possible, can likewise be determined 
y means of the comparison bridge. The relative effect of direct 
nd mutual capacitance must be carefully watched, however, 
s pointed out by Field.* If short connecting leads are used, a 
sual value for the external lead capacitance Cy is about 0:8 upF, 
9 that the total allowance for residual and external leads amounts 
> 26:0 uF. The uncertainty in this value may be of the 
rder of 0-1 puF and, although this is quite negligible when 
leasuring capacitances of 0-1 wF and over, it may involve an 
tror of as much as 100 parts in 10° when measuring a 1 000-puF 
apacitor. 

As indicated in Section 11.2, the inductance of the connecting 
ads should be kept as low as possible, and an appropriate 
orrection made. 


(4) COMPUTATION OF CORRECTIONS 


The success of any practical scheme of measurement largely 
epends on the ability to take due account of unavoidable 
orrection terms without the necessity of too much computation, 
nd in what follows it is demonstrated how this can be achieved 
1 the present instance. 

Taking the significant correction factors into account, eqn. (4) 
lust be rewritten as 

= 


(1 + $4)(1 — Oo) — (Cy + Cp) (10) 


aR 
nd, since ¢, and Q, are both much smaller than unity, this 
losely approximates to 


1 
C2 Rape ti, — 22) — 


hich is now in a form suitable for computation. 


(Co + Cy) - (1) 


(4.1) Illustrative Example 


By way of example, a set of observations appertaining to the 
alibration of a 0-1-uF standard capacitor at 1 kc/s with the 
resent Wien bridge is now given, which will serve to illustrate 
le procedure. 

The measurement is made in terms of a nominal 3 183-ohm 
sistance standard, the exact value of which is known from 
.P.L. calibrations. The comparison bridge with a 2:1 ratio 
rst used to set C, so that C,/C, = 2. A 6-dial Wheatstone 
€ is used to compare the actual value of the variable resistor 
the Wien bridge at balance with this 3 183-ohm standard. 


R, = 3185-26 ohms 
$;, = 0000154 

Q, = — 0-00001 

Cy = 0:0000252 (see Section 3.13) 
Co = 0:0000008 (see Section 3.14) 
m 7 — 00999225 uF at 19°1° C. 
sponding N.P.L. value = 0-0999260 uF at 19-1°C. 


ference is 35 parts in 10° (for a discussion on the signi- 
e of this, see Section 6). 


(5) CONSISTENCY OF RESULTS 

A decade mica-capacitor was calibrated on the comparison 
bridge throughout the range 0-01-1-0 wF by the step-by-step 
method. The calibration was standardized in terms of a Wien- 
bridge measurement of the 0-1-F setting. Each setting of the 
capacitor was then remeasured, using the Wien bridge in con- 
junction with a precision 6-dial Wheatstone bridge calibrated 
in terms of 100-, 1000- and 10000-ohm standards, and the 
results were compared. Measurements were made at both 
1 kc/s and 2kc/s. This whole procedure has been repeated at 
intervals on four separate occasions. The range of the deviations 
between all such two sets of observations is indicated in Fig. 4. 


+100 


=) 


, parts in 10° 


Deviation 
! 
ro) 
Oo 
ale 
| 


C015 0-02, 0:05, 70:17 0259 0:57 1:0 


Capacitance, uF 


Fig. 4.—Correlation of observations. 


The dotted lines give the range of the deviations between Wien- and comparison- 
bridge measurements as detailed in Section 5. 
‘he points record the differences between the authors’ measurements on their Wien 
haat pe ape the N.P.L. measurements of several capacitor standards, as described in 
ection 


All measurements were made in a laboratory which is normally 
subject to a temperature variation of several degrees in the 
course of a day. As the time interval between any two sets of 
measurements on any particular setting of the capacitor was 
about four hours, part of the range must be attributed to actual 
changes due to its temperature coefficient. It is estimated that 
if such changes were eliminated the range would be reduced 
almost by 50%. 


(5.1) Measurement of the Stability of a Capacitor 


In measuring the stability of a capacitor we are not concerned 
with absolute values, but only with values relative to some 
fixed and invariable standard. From the foregoing considera- 
tions, it is seen that the range arising from experimental error 
should hardly amount to more than about +20 parts in 10°, 
but it must be emphasized that extreme care, particularly in 
the matter of temperature control, must be exercised to achieve 
this accuracy. 


(6) CORRELATION OF WIEN-BRIDGE RESULTS WITH 
N.P.L. CALIBRATIONS 

Several standard capacitors, including those listed in Table 3, 
were measured first by the N.P.L. and then immediately after- 
wards by the authors on their Wien bridge. The difference 
between these two sets of observations is indicated on Fig. 4, 
from which it is seen that there is an apparent discrepancy of 
about 30 parts in 10° throughout the range 0:01-1:0 pF. It 
must be remembered, however, that, at best, capacitance is 
only known to an accuracy of about +50 parts in 10°, while 
results normally given by the N.P.L. have the estimated limits 
of error of 100 parts in 106, For routine measurements it is not 
possible to justify limits much closer than this, but in the case 
of the authors’ standards, by special arrangement the N.P.L. 
authorities agreed to record the values they obtained to the 
nearest 10 parts in 10°, so that “rounding off” should not 
introduce any error and as much information as possible, parti- 
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cularly as regards stability, would be given. Against this back- 
ground, the discrepancy can be regarded as being almost neg 
ligible, and it becomes apparent only from statistical evidence. 
The fact that the ratio of a.c. to d.c. resistance of R,; may be 
slightly less than unity may account for:part, at least, of the 
discrepancy, as mentioned in Section 3.4, but this. requires further 
investigation. For commercial purposes it is sufficient to be 
able to predict N.P.L. results with certainty from bridge readings, 
and in the present instance this can be achieved by multiplying 
all values by a constant factor of 1-00003. It may be concluded, 
however, that the various correction terms have been accurately 
determined and applied, since none of the terms involved would 
give rise to a constant percentage error throughout a capacitance 
range of 100 : 1 and a frequency range of 2 : 1 


(7) PROPOSALS FOR A SIMPLIFIED WIEN BRIDGE DESIGNED 
FOR THE CALIBRATION AT 1kcjs OF A _ FIXED 
CAPACITOR STANDARD OF NOMINAL VALUE 0:1 wF 

If a capacitance bridge is available, the internal standards of 

which can be calibrated in terms of a fixed reference standard 

capacitor, a simplified form of Wien bridge designed specifically 

for the calibration of this standard can be adopted. It is generally 
agreed that the best value to choose is 0-1 /F. 


OluF 
standard 


E 


Ike/s source 


Fig. 5.—Basic circuit of simplified Wien bridge designed to calibrate 
a 0-1-yF standard capacitor at 1 ke/s. 


Referring to Fig. 5, the scheme is to balance a 0-1-yF standard 
connected in parallel with a small built-in variable air-capacitor 
of range about 10-100 wuF against a standard resistor of 
nominal resistance 3 180 ohms, whose exact value is initially 
adjusted so that balance is secured at about mid-scale of the 
variable air-capacitor. Variations of this air capacitor will not 
affect the value of the ratio C,/C) by more than 0:1 %, so that, 
as shown in Section 2, the resulting error in the computation of 
C> using eqn. (11) is less than 1 part in 106. In series with the 
0: 1-yF standard is a fixed resistor of about 1 585 ohms, together 
with a decade resistor of the constant-inductance type, having a 
total resistance of 10 ohms adjustable in increments of 0-001 ohm, 
the last two decades being of the shunted-dial type (see 
Section 11.1.1). The nominal 0-05-uF capacitor in the A-B 
arm is adjusted to be equal to half the total capacitance in the 
B-C arm to within about + 0-1% when the setting of the air 
capacitor is about mid-scale. The coils are designed to give 
ratios of 1 : 1 or 2: 1 by switching. The screening of the bridge 
is similar to that indicated in Fig. 2, and such adjustments and 
corrections must be made as have already been described. 

Apart from the calibration of the 3 180-ohm resistor, this 
scheme entirely obviates the need for measurements of resistance, 
which is an advantage. The value of the 0-1-uF standard is 
determined in terms of the value of the effective conductance in 
the A-B arm and, provided that the nominal 3 180-ohm resistor 
and the power factor of the 0:05-uF capacitor are quite stable, 
the stability of the 0-1-uF standard is indicated directly from 


observations over a period of time of the settings of the variab 
air-capacitor required to achieve balance. Notes concerning th 
construction of this 3 180-ohm resistor are given in Section ik 
The question of the power factor of the parallel 0-05-u 
capacitor, which is a second-order correction, has been discusse 
in Section 3.11. 

It can be assumed that both the tequpecatare and frequenc 
coefficients of the 0-1-uwF standard remain stable with time, s 
that these can be initially measured independently. 


(8) CONCLUSIONS 
The Wien-comparison-bridge network described provides 
convenient and flexible method well suited to industrial app! 
cation of measuring capacitance within the range 100 uF 1 
1 pF at audio frequencies. A precision of +100 parts in I 
or +0-1 uF can be achieved, whilst relative values can t 
determined within limits of +20 parts in 10°. 
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(11) APPENDICES 

t (11.1) Notes concerning Apparatus 
1.1) Resistor Rj. 
The resistor R, has eight decades and is variable in increments 
f 0-001 ohm from about 0:37 ohm to about 39 999-99(10) ohms. 
nly three 10 000-ohm coils are present, which minimizes the 
alue of the capacitance of the coils to the screen. The time- 
. of R, are of the same order as those of R. The last 
is of the shunted-dial type, which provides the means of 
btaining very small increments of resistance without introducing 
ppreciable errors arising from switch contacts, provided a 
sidual value of resistance can be tolerated. A series of decades 
such resistors may be readily computed by the ingenious 
fhod given by Mueller.1 There was some doubt whether 
acy would be maintained at 1 or 2 k/cs owing to the effect 
relative time-constants of the parallel paths, but this doubt 
dispelled following measurements made at 1 kc/s-on a 
ily constructed decade which gave increments of 0-00lohm. 
3 device had been known for nearly 50 years, and considering 
ities which it offers, it is surprising that it has not become 
re popular. 


) Resistor R>. 

resistor R, is similar in construction to R, but it has only 

decades, variable in increments of 0:01 ohm from zero to 
99 ohms. Since the time-constant of this resistor may 

uce a significant correction term (see Section 3.12) the 
were determined by the N.P.L. at 1kc/s and 20°C, 

N which the values of reactance at 1 kc/s and 2 kc/s were 
od. 


: 


) Capacitor Cy. 

€ capacitor C, has five dials and is continuously variable 
its residual value of 182-2 uF to about 1-0111 uF. The 
ial is a variable air capacitor, while the next one is also an 
itor having nine 100-y.F steps. The remaining decades 
est-quality mica. Two terminals protrude from the bridge 
able capacitors to be connected in parallel with C,. 

e the power factor of C, represents a significant correction 
ection 3.11), it becomes necessary for it to be determined 
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conductance by the step-by-step method.> The tabulated values 
of conductance enable the power factor at any setting to be 
computed readily. 


(11.1.4) Zero-balance capacitor. 

The function of the zero-balance capacitor is to balance out 
the residual capacitance of C; when using the comparison bridge. 
It comprises a variable air-capacitor of maximum capacitance 
250 j2F in parallel with a 150-j4F mica capacitor. 


(11.1.5) Inductive ratio arms. 

For those bridge networks to which it is applicable, the 
tightly-coupled inductive ratio-arm offers many advantages, 
including the relative ease of initial adjustment to a high degree 
of accuracy, great stability, and low effective impedance at 
balance. Essential design features have been summarized by 
Hague,® Clark and Vanderlyne,!2 and Harris!® and it is sufficient 
to note that, when the bridge is balanced, the two windings 
carry currents such that the m.m.f.’s associated with the windings 
are of equal magnitude and in opposite sense. Under these 
conditions the windings become virtually non-reactive, so that 
the effective impedance comprises only the resistance and leakage 
reactance which, in the present instance, amounts to 5 + 
J9°5 ohms at 1 ke/s, and 5 + 719 ohms at 2kc/s. (The self- 
inductance is almost 5H and the coupling coefficient is about 
99-97%.) 

To achieve a 1:1 or, alternatively, a 2:1 ratio, a Perm- 
alloy C core is wound with star-quadded wire and connections 
made as indicated in Figs. 3 and 6. Although this form of 


Fig. 6.—Method of winding coils with quadded wire to give 1: 1 
and 2 : | ratios. 


winding results in a large interwinding capacitance, the only 
effect is a slight reduction in bridge sensitivity, which in any 
case is quite adequate. 

The detector coil is wound symmetrically over the ratio-arm 
windings, from which it is electrically screened by means of a 
copper shield. The complete coil is magnetically screened by 
enclosing it in a Permalloy box. 


(11.1.6) Switches. 

The switching arrangements of the bridge networks are shown 
in Figs. 2 and 3. There are no special requirements for most of 
these switches, apart from the usual considerations of screening 
in order to avoid coupling between contacts, rotors, etc., and 
ordinary commercially available types of switch have conse- 
quently been employed. 

The only case in which a high-quality switch is essential is 
that of the series—parallel device in the A—B arm of the bridge. 
This switch must have a very low and constant resistance, because 
it is included in the measurement of R,. The design adopted 
comprises a number of rhodium-plated inserts. This switch 
forms an integral part of the internal capacitor C,. 
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(11.2) Method of balancing out Residual Lead Resistances and 
Inductances in the A-B and B-C Arms of the Wien and 
Comparison Bridges 


With reference to Fig. 7, the object of the Wien-bridge balance 
is to equate the impedance of the parallel circuit comprising 


Fig. 7.—Equal-ratio Wien bridge with residual lead resistance R,R> 
and inductance L{L}. 


C,R, with that of the series circuit C)R,. To avoid the necessity 
for correcting for residual lead resistances and inductances, it is 
consequently desirable to make R; = Rj and L; = Ly. 

The resistive balance (which is not critical) can readily be 
adjusted by means of d.c. measurements to within limits which 
involve negligible error. The inductive balance, however, 
requires very precise’ adjustment, an unbalance of less than 
0-1 4H being desirable. The method of effecting this balance is 
explained by reference to Fig. 8. 


C; C, 
A va c 


Fig. 8.—Circuit to illustrate method of balancing out residuals 
Lj and L3. 


Neglect all resistances and stray capacitances: then C, = C, 
if Lj = Ly. 

Thus, by comparing C, and C, on an auxiliary bridge, L; 
can be adjusted to equal L;. Such a direct comparison, however, 
would be invalidated by the effect of stray capacitances, but this 
difficulty can be overcome by the following device. 

The bridge is first balanced with C,; and C, made as low as 
convenient. A large fixed capacitance AC, is then added to C, 
and the bridge rebalanced by increasing C, by AC,, which is 
compared with AC, by means of the auxiliary bridge. Inductance 
is then added to one or other bridge arm until AC, = AC. 

As a practical example, if AC, = 0-8 pF, then, for an un- 
balance of +0°1 wH, AC, = 0:8 wF + 10 puF at 2kc/s. An 
auxiliary capacitance and conductance bridge, of the type 
described in Reference 2, is available, on which capacitances of 
this order can be compared to within about 1 wpuF. 

To accommodate any difference of power factor between C, 
and C;, Rz may be inserted in the B-C arm. This resistor, 
which has eight decades, can be varied in increments of 0-001 ohm. 
Its last five decades are of constant inductance (1:5 F approxi- 
mately), which may be regarded as part of Lj. 

If R, should tend to negative values, a resistor (probably less 
than 1 ohm) can temporarily be inserted in series with C, in the 
A-B arm. 

When R, is switched in parallel with C,, the complete circuit 
of the A-B arm is given in Fig. 9. 

C,; is connected to R,; by means of leads of inductance L, 


B 


Re Aas 2 


Fig. 9.—Equivalent A-B arms of Wien bridge with switch in 
“‘parallel’’ position. ‘ 


and L;, and to the available top-panel terminals through lea 
of inductances L; and Lg. The value of any one of these indu 
tances is less than 0:25 wH. 

In the Wien-bridge balance L; and Lé are not in circu 
while L;, Li and L,, the inductee of R,, have been shown 
Section 3.5 to have negligible effect. Hence the only le: 
inductance to be considered is L;. If, however, R, is disconnect 
from the sub-panel terminals (without changing the serie 
parallel switch position), L4 is now effectively in series with ( 

1 : 
aG)" In nen 
by means of the auxiliary bridge, however, if connections a 
made to the top-panel terminals, its apparent reactance 


so that its apparent reactance is (ol, 


w(L; + Le) — = If, then, we contrive to make Lj: 
(L; + L6), the effect x L, is eliminated. 

Although Lj, L; and L¢ cannot be measured individual 
their values can be deduced to an estimated limit of 0:05 w 
from measurements of various combinations with L;, and fro 
considerations of the geometry of the layout. The resul 
obtained are Ly = Li + Lé = 0°23 wH. 

When the series—parallel switch is set to the series positio 
the bridge is transformed into a capacitance ratio bridge and tl 
circuit of the A-B arm is as shown in Fig. 10. The lead | 


RL 


Fig. 10.—Equivalent A-B arm of comparison bridge with switch 
in “‘series”’ position. 

In practice it is arranged that Li ~ L¢ + Lé ~ 0-23 pH. j 
tance L; is now increased by L, + Lj anda like increment must ? 
inserted in the B-C arm to preserve balance. This adjustm!t 
can be effected by employing the same technique as alre:y 
described. The effect of Lj + Lé on the apparent value of ; 
as measured by the auxiliary bridge must now be coun’ 
balanced by like inductances connected to Cp. 

This extra increment of inductance only appears in the | 
arm when the series-parallel switch is in the series or comparis| 
bridge position. In the parallel or Wien-bridge position i) 
short-circuited by a supplementary switch, as indicated in Fig’. 


(11.3) Standard-Frequency Source 


Many laboratories have adopted the scheme of generatin 
standard frequency—usually 1 kc/s—and distributing the siy 
through buffer stages to various locations. The source is usu. 
controlled with very great precision (often to a few parts in 1). 
There is the danger, however, of introducing some phase m¢ 
lation arising out of disturbances in transmission. The met 
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adopted by the authors, of locking a free-running stable oscillator 
as lightly as possible to the 1-kc/s signal, largely obviates this 
danger. 

Since an accuracy in frequency of 1 part in 10° would be 
adequate, an alternative practical scheme would be a bridge 
oscillator controlled by an internal crystal. 


(11.4) The Bridge Oscillator 


The essential requirements of a suitable Wien-bridge oscillator 
are as follows: 

(a) An output of about 10 volts with an impedance of about 
40 ohms. (In practice the oscillator is operated at a level of 
about 1 volt.) 

(b) The harmonic content of the output to be less than 0-3 %. 
(Filters inserted between oscillator and bridge, which reduced 
this content by 70 db, were found to have no effect on either the 
bridge balance or its discrimination.) 

(c) Convenient means of generating frequencies of 1 ke/s and 
2 kc/s which can be locked to a 1-kc/s standard-frequency source, 
synchronism being observed from a Lissajous figure on a minia- 
ture built-in cathode-ray tube. 

(d) The intrinsic frequency stability to be of a high order, 
so that only very light locking is necessary. This helps to 
obviate phase modulation and noise, inherent in the 1-kc/s 
standard source. 

The circuit of an oscillator which meets this specification is 
given in Fig. 11. This circuit is based on a more general design, 
details of which are given in Reference 13. 


(11.5) Bridge Detector Amplifier 


The authors used the detector unit described in Reference 17, 
but an alternative design which should prove equally suitable 
has recently been published by Rayner.2° 


(11.6) Factors associated with Standard Capacitors 


The stability of mica standards of capacitance has recently 
been examined by Rayner and Ford,!4 and the authors can 
confirm that at least some of their own standards have given 
similar high orders of stability. These are certainly better than 
was believed possible when the present investigation was started 
in 1945, and the only data available were those given by Garton.? 
Table 3 indicates the magnitude of these drifts. 

Capacitors Nos. 1, 2 and 3 are of a well-established com- 
mercial type, and although the manufacturers say that they are 
“sealed in air-tight metal cases’ the authors cannot agree that 
this statement is strictly correct. It soon became evident that 
such capacitors were affected by humidity, and the variations 
observed are believed to be mainly due to this cause. The 
deleterious effect of humidity has been confirmed by Rayner 
and Ford,!4 who have also noted the beneficial effect on. the 
stability of very thorough drying.2! The authors accordingly 
arranged with their own organization to have standards Nos. 4 
and 5 constructed, which are truly hermetically sealed. It is 
too early yet to pass final judgment on the performance of the 
latter type, but the results to date are at least promising. 

Standard capacitors are usually deficient in so far that they 
have no facility for the insertion of a thermometer. To improve 


Table 3 r 
DrifTs OF CAPACITOR STANDARDS A 
Drifts deduced from N.P.L. calibrations 
Standard No. 
Calibration date 1 2 3 4 [ 3 
1yF | O-1nF | 0-01uF | 1uF |O-ty 


Parts in 10° from the initial value 

26. 6.1946 A ad 0 

11. 9.1946 oF a 0 

16. 9.1949 bs oe -+-1020 

31. 8.1950 AC .. | +20 +110 
A. DAIS ae .. | +50 +310 
8.10.1951 ae 6h; 0 0 

Liat OMOS2teen ie: AL 40 +1 860 

121953 ae A ; 


Temperature coefficient, phat eam 
parts in 10° per deg C 8 4 +28 
(range 20-25°C) at | 
1 ke/s 


matters the authors have encased their hermetically seal 
standards Nos. 4 and 5 (which are rectangular in shape) in 
heavy brass box having walls 0-5in thick. The box has. 
detachable top and is lagged with cork 0-625 in thick: a verti 
hole drilled into its side enables a thermometer to be insert 
This greatly facilitates accurate observations of temperature. 


(11.7) Factors Associated with Standard Resistors 


Every resistor is something of a strain gauge and consequen| 
more or less unstable. Progress is still being made in the pi} 
duction of strain-free resistors of high stability. The situati: 
so far as the N.P.L. and the N.B.S. are concerned has recen 
been recounted by Hartshorn,!? from which it appears that i 
art of constructing stable strain-free hermetically-sealed resist: 
has reached a very high level of perfection, drifts on the b 
coils being only about 1 part in 107 per annum. Great skill) 
design and construction, however, is necessary to achieve si 
results. 

From annual N.P.L. measurements made on three commer 
standard resistors having values 100, 1000 and 10000 ob: 
over a period of five years, the maximum deviation from | 
initial value was found to be only 30 parts in 10°. These resist’ 
are oil-immersed and in canisters, but they are not sealed, ¢ 
while the results are reassuring, improvements in constructi 
including hermetic sealing, should reduce the drifts still furtl” 
Alternative designs,!>:!© which promise almost zero drift, 
now also becoming available. 

From Sections 3.4 and 7, it should be noted that in the 4 
of a resistor such as R, = 3 183 ohms, it is necessary to kr 
the a.c. resistance at 1 kc/s, which suggests the desirability } 
making the ratio of a.c. to d.c. resistance as nearly unity 
possible. The time-constant, so long as it is reasonably low 
of minor importance. Ifa resistor of the requisite high stab) 
for this a.c. application cannot be produced, it will be neces: 
to check R, with direct current against an external stand) 
resistor designed specifically for high stability, without =I 
to its time-constant. 
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SUMMARY 


oC an alternating electric field of small amplitude is applied 
)a d.c.-sustained plasma discharge, a corresponding alternating com- 
nent will appear in the discharge current. The discharge path 
shaves as a conductor of inductive impedance; the inductance and 
sistance depend on the frequency of the superimposéd quantities. 
The paper deals with the effect of the behaviour of electron and 
ermal ionization on the impedance of the low- and high-pressure 
sitive columns of a plasma discharge in mercury vapour. The 
ticular characteristics of the positive column in each case are out- 
ved and an expression for the effective impedance per unit length of 
é column is derived. Typical theoretical and experimental curves of 
€ variation of both components with frequency are given for the low- 
essure case. For the high-pressure column the theoretical curves 
€ of a shape similar to those obtained experimentally by Magnold 
t an arc discharge in mercury vapour. Although Magnold did not 
ve Sufficient particulars of the arc discharge investigated for an exact 
mparison to be made, the theory seems to explain the physical 
lenomena that take place in the high-pressure positive column. 


() LIST OF SYMBOLS 
p = Gas pressure, baryes. 
[, = Temperature of gas molecules, °K. 
r = Electron temperature, °K. 
e= Electron charge, coulombs. 
V, = Ionization potential of mercury vapour, electron-volts. 
k = Boltzmann’s constant. 
@ = Rate of production of ions, ions/electron/sec. 
D = Coefficient of ambipolar diffusion. 
N= Electron concentration per cubic centimetre in the 
é positive column of the d.c. arc. 
4 = Total number of electrons per centimetre length of the 
: positive column. 
J = Direct arc current, amp. 
6 = Longitudinal electric field in the d.c. column, volts/cm. 
; = Average thermal energy of positive ions. 
A = Electron mean free path, cm. 
m = Electron mass, g. 
2 = Electron mobility, cm/sec/volt/cm. 
N= n= Amplitude of sinusoidal change in electron con- 
centration, per cubic centimetre. 
4) = Mean electron velocity, cm/sec. 
@= Radius of the tube container in the low-pressure column 
and effective radius of high-pressure column, cm. 
= Concentration per cubic centimetre of neutral 
molecules. 
= Coefficient of thermal ionization. 
Coefficient of recombination. 
= Factor depending upon the probability of ionization. 
o= Radius of cross-section of collision between neutral 
, molecules, cm. 
J = Mechanical equivalent of heat, joule/cal. 
= Specific heat of gas at constant volume, cal/g/°C. 
t= Time, sec. 
5 = Heat radiated from the surface of the core, cal/em?/T4. 
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(2) INTRODUCTION 


It has been noticed that arc and glow oscillators are difficult 
to operate at high frequencies, since the arc path then loses the 
negative resistance necessary for oscillation.®7? Also the fre- 
quency of oscillation differs from that of the tank circuit as if 
the arc path is inductive. The presence of an inductive effect in 
the ionized path can be verified using a cathode-ray oscillograph. 
If an alternating current of small amplitude is superimposed on 
a direct-current arc and the alternating voltage developed 
between the electrodes is applied to the Y-plates and a voltage 
proportional to the alternating component of the current to the 
X-plates, an ellipse will appear on the screen. The shape and the 
slope of the ellipse will change with the frequency of the injected 
current. 

The behaviour of the discharge path may be due to the 
characteristics of either the positive column or the cathode or 
of both. Although the behaviour of the positive column has 
been explained qualitatively to be due to the time lag of ioniza- 
tion,! no attempt at a thorough investigation was made. The 
authors know of only one attempt to investigate the high-pressure 
positive column of an arc discharge in mercury vapour. This 
was made by Von Weizel, Rompe and Schulz? in an attempt to 
explain the experimental results of Magnold® and was not con- 
clusive. In this paper, the behaviour of the positive column of 
the mercury-are discharge at high and at low pressures is con- 
sidered separately. The high-pressure case is considered first. 
A theoretical expression for the impedance of the column as a 
function of frequency is developed. This is then compared with 
the measurements given by Magnold. The low-pressure case is 
then considered. Again a theoretical expression for the im- 
pedance is developed. In addition, measurements of the impe- 
dance were made for a range of conditions and the results are 
compared with the theory. 

The behaviour of the cathode will depend upon the kind of 
emission obtained from its surface. In 1930 Buchtiger7 inyesti- 
gated the behaviour of the hot cathode (where thermionic 
emission occurs) in an arc discharge of very short length, when 
an alternating current was superimposed on the main direct 
current. Buchtiger’s work was based on a voltage/current static 
characteristic of the d.c. arc obtained experimentally, and it was 
then shown that owing to the large thermal capacity of the metal 
cathode, its inductive effect would be negligible if the operating 
frequency were above a certain value, depending upon the 
dimensions and material of the cathode. At higher frequencies 
the cathode region behaves as a path of constant positive resistance 
independent of frequency. The same results were obtained by 
the authors from the starting point of the static voltage/current 
characteristic derived by Druvestyn and Penning? for a hot 
cathode arc of very short length. 

No similar work has been done on the high field-emission type 
of cathode. Actually no acceptable theory has yet been developed 
for the phenomena at its cold surface. In the arc discharge in 
mercury vapour at low pressure, a relatively high voltage appears 
across the cathode region. A basic assumption of the experi- 
mental method adopted in this work is that the behaviour of the 
cathode region will not materially affect the impedance measured 
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between the electrodes. In order to justify this assumption, the 
positive column under consideration was of considerable length. 


(3) GENERAL PROPERTIES OF THE PLASMA 


The term ‘‘plasma’’ is applied to an ionized-gas medium in 
which the concentration of electrons and positive ions are 
approximately equal and relatively high.? Such a plasma is 
usually established by an electric field. In a d.c. plasma, the 
electrons, the positive ions and the neutral molecules are in 
thermal equilibrium but may not be at the same temperature.!® 
The charge carriers in moving along the electric field pick up 
energy from the field and deliver it to the neutral gas molecules 
during the collisions which take place between them. This 
energy, delivered to the gas, escapes by radiation, conduction 
and convection. 

The electrons and the positive ions are continuously lost from 
the plasma by their volume recombination and their diffusion 
outwards if there is any charge-carrier concentration gradient. 
In order to sustain the plasma it is therefore necessary to produce 
by ionization as many electrons and positive ions as are lost by 
recombination and diffusion. The mechanism of the ionization 
process and the way in which the electrons are lost from the 
volume, together with the temperature of the charged and neutral 
particles, depend mainly on the gas pressure.!® 

When the pressure is low, say 0-1 cm Hg or less, the electron 
mean free path is sufficiently long for the electron to absorb a 
considerable amount of energy from the electric field between 
each two successive collisions with the neutral gas molecule. 
The result will be a high electron temperature (2 x 104 °K) 
while the gas temperature? is as low as 30°C. The electrons will 
then have sufficient energy to ionize the neutral molecules when 
they collide. In such cases electron ionization is the main 
process of electron production. The rate of production of 
electrons per cubic centimetre of the volume will be aN, the 
value of « being a function of the electron temperature.*)!4 
Again, with high electron temperatures, direct recombination in 
the volume between an electron and a positive ion will be un- 
likely. They will diffuse to the walls of the container, where 
they deliver their thermal energy and recombine there, releasing 
the ionization energy. 

However, in a high-pressure plasma (0:5 atm or more), the 
electron mean free path is short, and the temperatures of the 
electron, the positive ion and the gas are nearly the same 
(5 to 6 x 103°K). In such cases the ionization process will be 
purely thermal,!° and volume recombination accounts for the 
loss of electrons from the plasma. As thermal ionization depends 
on the number of collisions between the neutral molecules, the 
rate of production of electrons per cubic centimetre will be 
a,N?, the coefficient «, depending upon the gas temperature. 


(3.1) Drift Current through a Plasma 


In a plasma sustained by a d.c. electric field, the electrons, 
the positive ions and the neutral molecules move in random 
directions. Each kind of particle will have its distribution of 
velocities, which is usually Maxwellian. However, the electrons 
being negatively charged will drift with an average velocity or 
mobility against the direction of the field, and the positive ions 
will drift in the direction of the field. The total current drawn 
from the plasma will be the sum of the two drift currents. The 
positive-ion current is very small and can be neglected compared 
with that of the electrons, owing to the smaller mass and higher 
velocities of the electrons. Considering a cylinder of 1 cm? 
volume and 1 cm? cross-section, placed coaxial with the electric 
field, the current density of the plasma along the axis will be 

oh 


t= peNé 


Now any change, Au, in the drift current will be produced \ 
corresponding changes AN and A@ or | 


Au = pe&{AN) + peN(A@) 


The change AN can be produced in one or more of the followi 
ways. 

(a) Electrons pouring into the cylinder in the direction of the ax 
In arc discharges, this will correspond to increased emission fre 
the cathode and will not be considered here. ; 4 

(6) Changes in the radial flow of electrons and ions, i.e. chang 
in the radial diffusion. ‘ ’ 

(c) In this case there are no changes either in the radial or t 
axial flow of electrons. As a result of the changes in the number 
collisions between particles already present in the volume co 
sidered, new electrons are formed. It is clear that this will be d 
to changes in ionization. 
In order to show in a clear and simple way the behaviour 

diffusion and ionization and their effect on the electron co 
centration when these changes are sinusoidal, and to reach ; 
understanding of their physical meaning, each effect will | 
considered separately. 


(3.1.1) Effect of Diffusion on Electron Concentration. 

Let it be assumed that it is possible to have a cylinder of ut 
form concentration placed coaxially with a container of relative 
large radius. If a sinusoidal quantity (A&e«/*) of electro 
be introduced into the core, some of these electrons w 
remain in the core raising the concentration and the rest w 
diffuse outwards from the boundary surface of the core. T 
sinusoidal changes due to diffusion alone in the electron co 
centration at points outside the core along the radius will | 
defined? by 


dn 1 dai dn jo, 
dr? rdr Ddt D 


If this differential equation is solved with the boundary co 
dition » = n, at r = a and the concentration is finite at a ve 
large radius, it is shown in Section 6.1 that the amplitude, A 
of the number of electrons which alternates outwards ai 
inwards at the boundary surface r = a will be 


Aq = mDn,[1 + 2a,/(ja|D] jw 


and 


Ag/Aé = Dit + 2ar/(jo]D) | jo4e? +71 + 2ay/Cja/ DN} 


Fig. 1 shows the variation of Ag/A€ against frequency f 
different values of the coefficient of diffusion D. The shape 


Frequency , c/s 


Fig. 1.—Curves illustrating the change with frequency in the ratio 
the number of diffusing electrons to the number introduced it 
the volume. 
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curves will not be difficult to explain if it is remembered that 
electron needs a certain time to diffuse from the core. When 
frequency is Jow and the periodic time is long, Ag/Aé = J, 
the electrons introduced in the core will diffuse and will be 
hanged between the core and its surroundings. However, as 
frequency is increased the periodic time is shorter and only a 
tion of the electrons introduced will be able to get out of the 
e. At very high frequencies, practically no electrons will take 
tin the exchange, and the introduced electrons will be utilized 
taise the concentration in the core, which will then be 
= Aé/7a? as w -> oo. 

he effect of the coefficient of diffusion D is clear. For large 
les of D, i.e. higher electron velocities, the diffusing electrons 
follow the rapid changes more readily, and diffusion con- 
les to occur at higher frequencies than when D is small. 

rom the above it is seen that the effect of diffusion on the 
tron concentration can safely be neglected in the high- 
sure plasma as D ~ 3, and the order of frequency which 
be considered is above 500 c/s. 


2) Effect of Ionization on Electron Concentration. 

n order to show the effect of ionization alone, let a cubic 
fimetre, of uniform concentration N, be considered. In the 
> of a low-pressure plasma the ionization process will be per- 
ned by electrons. If there is no loss of charge from the 
ime either by diffusion or recombination, the electron con- 
tration will continue to rise at a rate proportional to N or 
dt = aN. If now a number of electrons varying sinusoid- 
, nelot, is extracted from the volume, the original rate of 
of concentration will be reduced. In order to combat this 
iction an increase, Awe/t, in the value of « would be neces- 
7, The original rate of rise of concentration would be restored 
le relation 


(N — mya + Aa) — 9 = = av 


utisfied. As the changes are sinusoidal, then 
(N — na + Ac) — jwn = aN 
lecting the term of second order we obtain 


ey A 
a + jw 


m the above expression it is seen that the number of electrons, 
roduced by ionization and available for extraction from the 
ime, diminishes with increased frequency. Furthermore, it 
behind the change Aq, the lag increasing with frequency. 

. similar treatment indicates the same physical behaviour in 
case of a high-pressure plasma when the ionization is thermal. 
his case if there is no recombination or diffusion, the rate of 
of electron concentration will be dN/dt = «,N?. If now « 
creased by a small value Aa,, the change in the rate of rise 
be 

A(a,N2) = 2a,N,(AN,) + N2(Aax,) 


restore the rate of rise to its original value, a quantity AN of 
trons should be extracted from the volume such that 


4 d 


changes are sinusoidal 


L 2a,N(AN,) + N2(Aa«,) — jo(AN) = 0 


But as N, + N= No, the normal concentration of the gas, 
AN, , equals —AN, whence 
A N= N. 2(Aa,) 
20,;N, + jw 
From this it is seen that whether the ionization is performed by 
electrons or by neutral molecules, its effect on the electron con- 
centration will depend on the frequency. At low frequencies, 
the periodic time is tong enough for all the capable particles to 
take part in the ionization process. However, as the frequency 
is increased, only the higher-speed particles will be able to do so. 
At very high frequencies the changes are so rapid that very few 
of the particles will be able to take part in the ionization process 
and AN = 0; thus no changes in electron concentration will 
be produced. 


(4) APPLICATION TO ARC DISCHARGES 


A notable example of the plasma is the positive column of the 
arc discharge. However, a part of the voltage appearing between 
the electrodes of the arc will be developed across the cathode 
region. The changes in the current due to any change in the arc 
voltage, and therefore the effective impedance of the path, will be 
governed by the behaviour of either the positive column at the 
cathode or of both. 

The cathode of an arc discharge may be either of the high-field- 
emission type or the hot-cathode type when thermionic emission 
occurs, depending upon the material of the cathode.®3 The 
behaviour of the hot cathode when an alternating current of 
small amplitude was superimposed on the d.c. are of short 
length has been investigated by Buchtiger? and recently by the 
authors. It was found that the effective impedance of such an 
arc will be inductive at very low frequencies (1 c/s) and changes 
to a constant positive resistance at higher frequencies (above 
80 c/s) depending upon the material and dimensions of the 
cathode. No similar work has been done on the field-emission- 
type cathode. However, the behaviour of the cold cathode can 
be masked to a certain extent if the length of positive column is 
increased considerably. 

Since there are large differences in character and behaviour 
between the low-pressure and the high-pressure positive columns, 
each will be considered separately. 


(4.1) Positive Column of a High-Pressure D.C. Arc in Mercury 
Vapour 
(4.1.1) General. 

The positive column is a region of uniform but relatively high 
potential gradient, the value of which depends on the arc current 
and nature of the gas. In regions far away from the electrodes, 
where their cooling effect is small, the gas temperature in the 
column is high, of the order of 5 to 6 x 103°K. With the 
pressure encountered the mean free path is short, and the 
electrons and positive ions will have practically the same tem- 
perature!® as that of the gas molecules (T = T): 

Besides the neutral gas molecules, each unit volume in the 
column contains an equal number of electrons and ions. The 
electron concentration is usually high, about 10!4 per cubic 
centimetre. In steady states, the electron concentration per 
cubic centimetre of the column was found by Saha to be 
N?/N, = AT??e—eVilkT, where A is a constant. Although the 
Saha expression was originally derived for the thermal ionization 
in the solar atmosphere and based on thermodynamical reasoning, 
yet he pointed out its possible application in arcs. 

The validity of the Saha expression in high-pressure arc dis- 
charges was justified in the lengthy and careful analysis of 
Ornstien.!° Considering a Maxwellian distribution of particle 
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velocities, the process of ionization in the column was shown to 
be a thermal and reversible process. Two high-speed neutral 
molecules, with enough energy between them, can produce an 
electron and a positive ion when colliding with each other. 
The rate of ionization will then be a, N2. The completely 
reversible process of recombination will be a double collision. 
The electron and positive ion when colliding with each other will 
form a neutral molecule with a surplus energy equal to the 
ionization energy. Such a molecule must then collide with 
another neutral molecule to get rid of its surplus energy. The 
rate of recombination will then be BN,N*. The rate of increase 
of electron concentration in the column will be given by 


For a d.c. arc, dN/dt = 0 and 
IP = NIN, = AL Vee ee) 


The coefficient of thermal ionization, «,, can be determined from 
the number of collisions between neutral molecules of the proper 
velocities. It was given by Ornstien to be 


a, = 8Fo*/(rkT]/M)e—eVlkT .  . . (6) 


The coefficient of recombination f can be obtained from egns. 
(5) and (6). 


(4.1.2) Temperature and Radius of the Positive Column. 


The electrons and positive ions absorb a certain amount of 
energy from the source sustaining the discharge as they drift 
axially in the electric field. The power input to the column 
balances the various losses.2>? These losses are mainly due to 
the diffusion of the charged particles from the column outwards, 
carrying their thermal and ionization energies, and to the heat 
lost by the hot gas by convection, conduction and radiation. 
The cooling effect of the convection currents can be eliminated 
if the tube containing the arc is placed horizontally. 

The proportion of the heat conducted depends upon the kind 
of gas. In certain gases, the radiation spectrum from the column 
consists of bands of wavelengths separated by regions of no 
radiation. In such cases the heat radiated is small while that 
conducted is fairly large. However, for an arc in mercury vapour 
it was found by Elinbass!! that the radiation spectrum is almost 
uniform, and the heat radiation is over 70°% of the input. 

Owing to the continuous cooling at the boundary of the 
column, the gas temperature at points along the radius of the 
container will not be uniform. This radial temperature variation 
will cause a radial change in electron concentration. However, 
the positive column has been treated in general as a core of 
uniform concentration, and of an effective radius and tem- 
perature depending on the value of the arc current. The effective 
temperature and radius of the core have been determined experi- 
mentally.!?:!3_ An approximate method of determining these 
values for an arc in mercury vapour will now be given, based 
upon the following assumptions: 


(a) The core of the arc burns axially in a horizontal container to 
eliminate the effect of the convection currents. 

(b) The total heat radiated from the positive column will be con- 
sidered as radiated from the core. Actually there is a certain amount 
of heat radiated from the gas between the core and the walls of the 
container. This radiation will be neglected since it depends on T4 
and the temperature decreases rapidly. 


Consider a cylinder of radius r, and thickness dr; then the 
amount of heat conducted per second is 


O= Ss Roarat | drag iki, tae C1) 


The coefficient of thermal conductivity, K, in mercury vapo 
was given by Elinbass as 


K = 2-1 x 10-7774 thermal mho/em | 
Substituting K in eqn. (7) and integrating 
logr= — = x 10-7T7A +.C 


The constant C can be determined if the radius and temperat 
of the walls of the container are known. 

If we consider the total arc current to be carried by electre 
only, then in the case of a uniform concentration in the core, 


I = mr*peNé 
But the electron concentration as given by the Saha expressiOI 
N2= N,A T3l2e—eVilkT 


iP \ 
Therefore r= fC l= eE/(A | a 


The point of intersection of the two T/r curves defined 

eqns. (8) and (9) will give the effective radius and temperat 
of the positive column. The two curves were calculated fot 
column placed in a tube of 1cm radius under the followi 
conditions, which were the same as those of Elinbass: J = 5 an 
& = 8 volts/em, @ = 10 watts, and the temperature of walls 
atmospheric pressure was 900° C. Fig. 2 shows the approximé 


6x10°r 


Temperature , °K 


Cylindrical 


0 0:5 1 
Radius r , em } 
Fig. 2.Temperature change along the radius of the tube | 


(a) Exact by Elinbass. 
(6) Approximate. 


temperature distribution along the radius, together with the ex 
one given by Elinbass. The assumptions previously made do | 
seem to have altered the final results to any great extent. 


(4.1.3) Impedance of the Positive Column to Alternating Currents. 
Before the mathematical analysis, it is useful to consider | 
expected behaviour of the column when an alternating curren 
superimposed on the direct current. If the arc current is mi 
to vary sinusoidally at a very small rate, the gas temperatt 


¢ electron concentration and the electric field would be ex- 
ed to undergo similar sinusoidal changes. During the cycle, 
@ positive column would then move from one state of thermal 
uilibrium to another, obeying the Saha and Maxwell laws. 
henever it passed the temperature 7, it would always have the 
tron concentration given by Saha and the same number of 
trons at a specified energy level as given by Maxwell. 

As the ionization in the column is purely thermal! the electrons 
play only an indirect part in the ionization process. When 
electric field is rising above its d.c. value, the electrons are 
erated and transfer their energy to the gas molecules without 
jlucing ionization. The average temperature of the gas will 
efore increase, resulting in an increase of the thermal ioniza- 
and the electron concentration. When the electric field 
below its mean value, recombination takes place, producing 
ecules with surplus energy which will collide with other 
ecules to lose that energy. The ionization cycle would then 


teversible. 
¥ lis state of affairs can only be maintained if the rate of 
ge with time is so slow that all the molecules capable of 
so take part in the ionization process. However, if the 
juency is increased, the rate of change of electron concentra- 
will be higher than the average rate of production of 
ctrons. The slower molecules will fail to transfer their energy 
ionize other molecules, and only the faster molecules will be 
le to do so. As the frequency is increased further, fewer 
ecules will take part in the ionization process. At very high 
ncies the number of ionizing collisions are too small for 
y change of electron concentration to occur. 
The impedance per unit length of a conducting path is A¢/AI. 
) evaluate this expression in the dynamic case, for the positive 
lumn of an arc in mercury vapour, the following assumptions 
a 


i) The positive column can be represented by a cylindrical core 
of uniform electron concentration and temperature placed axiaily 
n a horizontal tube to eliminate the cooling effect of convection 
urrents. 

(6) The ionization process is a completely reversible one, as shown 
by Ornstien, and therefore 


i __ dNidt = «NZ — BN,N2 
= BN, ( FN 2 N2) (10) 
. At the steady state 
4q dN/dt = 

af = N2J/Ng = AT3I2e—eVilkT = f(T) . . « (5) 
(©) The frequency of operation is so high that the effect of diffusion 


‘be neglected. 

The frequency of operation is so high that the exchange of 
by conduction between the column and its surroundings in the 
namic case is negligible. This assumption is nearly true since 
differential equation for heat conduction is the same as that for 
sion, and the coefficient of thermal conductivity of gases is 


f the vapour temperature is made to vary sinusoidally by 
t, the electron concentration will undergo similar changes 
jot, A relation between AN and AT can be obtained by 
rentiating eqns. (10) and (5) and substituting the steady-state 


AN = N,A(o/B)|[(o/B) +-2N + jo|(BN,)] 


G+ 2N + jo[(BN) 


(i) 


Jectron velocities in the column are much higher than those 
€ positive ions as they have a smaller mass. The total arc 
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current can be assumed to be carried by electrons only and 
to be given by 
I= ra’Nuc& 


Introducing the small alternating changes, Alejot and A@esot, 
to the current and electric field, respectively 


I I 
Als wan ae ghé 


or AN = a(ar 2 ZA@) (12) 


For conservation of energy, the change, A@/, in the power input 
per centimetre to the column should be equal to the change in 
the various losses. These are as follows: 


(a) Heat should be supplied to the gas to raise its temperature by 
an amount AT. The rate of supply of electrical energy will be 
joJImgCyAT = jwhXT. 

(5) To increase the electron concentration by AN the gas mole- 
cules must absorb from the supply the necessary ionization energy. 
The rate of supply of electrical energy will be jata2eV; AN = jwgNA. 

(c) If the amount of heat conducted to the outer layers sur- 
rounding the core is neglected in the dynamic case, the rest of the 
power input to the column will be radiated. In the steady state, the 
heat radiated per second per centimetre length of a column at a 
temperature T is J27aST4. The heat radiated in the dynamic case 
will be 8JraST3AT = CAT. 


Summing up, A(@D = €ATI + IA€ 
= (C + joh)AT + jog AN (13) 


The variables AT and AN can be eliminated between eqns. (11), 


(12) and (13). Rearranging, 
A&é Lae é 
as aay 4 
Nf. , (C +joh)[(a%/B) + 2N + jo|(BN, at 
Les ay jee on Nf) g 
Nf, (C + joh)[(«,/B) + 2N + jo/(BN, UH 


The above expression for the impedance can be split into a 
resistive and a reactive component. If the latter is divided by jw 
it will give an effective inductance per centimetre of the column. 
The two components are calculated and plotted against fre- 
quency in Fig. 3 for a positive column having the following 
values: 


Gas pressure Atmospheric 
Length of column 3cm 

Direct arc current 5 amp 
Longitudinal electric field, ag 8 volts/cm 
Effective radius, a 0:33 cm 
Effective temperature 5 250° K 
Heat radiated in the d.c. case 30 watts 


In Fig. 4 the calculated resistance/frequency curve is drawn, 
together with the experimental one obtained by Magnold, on 
the same frequency scale. 


(4.2) Positive Column of the Low-Pressure D.C. Arc in Mercury 
Vapour 
(4.2.1) General. 

The positive column of the low-pressure arc occupies nearly all 
the space between the electrodes except a narrow region near the 
cathode. It is a region of almost uniform longitudinal voltage 
gradient of a magnitude which is dependent upon the arc current 
and the vapour pressure.? Besides the neutral vapour molecules, 
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Fig. 3.—Calculated resistance and inductance of a 3cm 5-amp d.c. 
positive column at atmospheric pressure. 


(a) Resistance. 
(6) Inductance, 


(a) 


Resistance of path , ohms 


50 10? 
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Frequency , ke/s 


Fig. 4.—Calculated resistance of a 3cm 5-amp positive column at 
atmospheric pressure, compared with the experimental results 
obtained by Magnold. 


(a) Calculated. 
(b) Experimental by Magnold. 


each cubic centimetre of the positive column contains an equal 
number of electrons and positive ions moving at random in all 
directions. However, the electrons being negatively charged 
drift with an average velocity or mobility towards the anode, 
while the positive ions drift towards the cathode. At the walls 
of the tube containing the arc, electrons and ions continuously 
recombine. Such recombination sets up a charged-particle 
concentration gradient along the radius of the tube. Electrons 
and ions will diffuse from the column to the walls under the 
effect of this gradient. The number? of charged particles per 
square centimetre per second diffusing in a direction normal to 
the flow will be —DdN/dr at any radius r. The total tumber of 


ions and electrons diffusing to the wall per centimetre per sec 
will be —27raD(dN/dr), —. Besides diffusion, the loss of i 
and electrons in the column may be due to their direct recombi 
tion when they collide with ‘each other. However, in low-press 
arcs the effect of volume recombination is small and can 
neglected. 

For the positive column to be sustained, electrons and i 
have to be produced in the column at the same rate as they 
lost by diffusion. In low-pressure arcs the process of ionizat 
is performed mainly by electron collisions with the neu 
vapour molecules. Considering the electrons to have a M 
wellian distribution of velocities, and ionization to occur a 
single impact, Killian* gave the rate of ionization per second 
electron in mercury vapour as 


2kT 
oo = 6-24 x 0:28 x ls ViT)(¥, + —— \e~ 
g 
\ 


a« and D determine the electron concentration at different poi 
along the radius of the tube container. In cases when the vapi 
pressure is high enough to neglect Langmuir? space charges 
the walls, Schottky! defined the concentration of electrons 
cubic centimetre by the equation 


dN 1dN a, 14dN 

art" + dD. aie 
For a d.c. column dN/dt = 0, and the solution will be git 
by the Bessel function N = NoJors/(a/D). As the containe! 


of insulating material, the concentration falls to zero at : 


walls where r = a. The total number of electrons per centime 
a 


length of the column will be 7 = [ 2mrNdr. The chars 


+. 


0 
particles in the column drift towards the electrodes carrying | 
arc current J in the electric field ¢. The power input J ] 
centimetre of the column is dissipated in two forms.* A part 
is transferred from the charged particles to the neutral molecu 
in the various collisions that take place between them. Most 
this power is transferred by the electrons as they make a grea 
number of collisions with the neutral molecules than do 1 
positive ions. These collisions are either elastic, when 1 
electron loses a small fraction of its energy at impact, or inelast 
when it loses a fixed amount of energy depending on the kind 
excitation produced. If, on the average, the electron loses 
fraction f of its energy at each impact, and considering a Mi 
wellian distribution of electron velocities, the rate of transfer 
energy from the electrons to the vapour molecules will be? | 
2mf 2f(2K)3l2 

Py = eer = HnT?? where H = hi/ Gna | 

Most of this power is conducted through the gas to the walls 
the container and the rest is radiated. | 
The remaining part P, of the input power is delivered by | 
charged particles to the walls when they reach it, as a result 
diffusion and recombination releasing their ionization energy, ¢| 


P, = an(V, + kT + V,) 


The value of P, is usually less than 7-8 % of the total input po’ 
except in cases when the vapour pressure is very low. T) 


P=P,+P, 


(4.2.2) Effective Impedance. 7 

The impedance of a conducting path is the rate of changé 
the voltage divided by the current. For a unit length of 
column, the impedance will be A@/AI. Before any attemp 


i 


e to derive this impedance let us consider how the current 
column changes with alterations in the electric field. 
sing the electric field will increase the electron temperature, 
electrons will pick up more energy in between each two 
sive collisions with the néutral vapour molecules. This 
ll result in a higher rate of production of ions. Some of the 
cirons so produced will diffuse to the walls of the container 
d the rest will remain in the column to be collected by the 
etrodes. The change in the current depends mainly on the 
etron temperature and on the number of electrons per centi- 
tre of the column. 

if the above changes are sinusoidal, the time element has to 
taken into account. For low frequencies the periodic time is 
ig enough for all the capable electrons to transfer the energy 
y gained from the varying field to the neutral molecules and 
ze them. Again, the increasing number of electrons will have 
ficient time to diffuse from the column outwards to the walls. 
ywever, as the frequency is increased and the periodic time is 
iuced, the above changes will be incomplete. The number of 
ctrons taking part in the ionization process will be reduced, 
ce it will be limited to the higher-speed electrons. Similarly, 
-number of diffusing electrons will be less if the periodic time 
hort. At very high frequencies the electron concentration will 
t change, and it will remain constant, independent of the 
idly varying electric field. 

in order to put the above picture in mathematical form, it will 
necessary to determine the alternating changes in electron 
icentration for a corresponding change in the electric field. 
€ radial electron concentration was defined by Schottky to be 
d*N 1dN « 


dr2 esi a “Sa 


the d.c. column dN/dt = 0 and N = Nolori/(«/D). Assuming 
coefficient of diffusion D to remain constant for small 
mating changes of electron temperature, the alternating 
icentration nes! is shown in Section 6 to be defined by 

Cn edn a —j 


a. Pi Ae. 9 


y dr? mH r dr D D us) 


the walls of the container there will be no changes of electron 
centration, the wall being an insulator, ie. (7 = 0),_,. 
ving the differential eqn. (14), we obtain 


TANo 
is gy olor (ald) 
\ 
° change in the total number of electrons per centimetre length 
| be 


ApS [ 2arndr = = 
| dela?) 


Jw 


/ 


Jonsidering the total current to be carried by electrons only, 


(15) 


I= pené 


‘ 


{for small sinusoidal changes 


= J I 
Ny Al = gAé + aan (16) 


ing the power input &J, per centimetre of the column, 
‘P, (about 7-8%) given to the walls can be neglected, 
when the periodic time is too short for diffusion to 
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occur. The changes in the power input will be due to the 
changes in the power delivered to the gas, or 


AED = AP) = A(AT32y) 

361 éI 

= __AT+—A 17) 

spat + ee ( 
The value of An was determined from eqn. (15). Eliminating 
Ayn and AT between eqns. (15), (16) and (17), rearranging and 
putting A = 3/2T(da«/dT) 
Aé_ € 
Al 


2A 


w*A? 
4+ w*A? 


jwA E ( 


FD ea er tie 


)= Rt jol 


(4.2.3) Experimental Investigations. 


The experimental work carried out was intended to determine 
and investigate the following : 


(a) Measurement of the electron temperature and electric field in 
the column of a certain direct arc current. These values are used to 
calculate the derived expression for the dynamic impedance of a 
column of known length. 

(b) To investigate the effect of the length of the column on the 
impedance. : 

(c) To determine the behaviour of the impedance with frequency 
for different values of the direct arc current and vapour pressure. 


The discharge apparatus shown in Fig. 5 was specially designed. 
It consisted of two 2 in-diameter tubes, 150 cm and 75 cm long, 


To vacuum manifold 


Auxiliary 
s anode 


Starting 
anode 


Cathode 
lead 


To auxiliary 
reservoir 


Fig. 5.—Discharge apparatus. 


respectively. Both tubes had a common mercury pool cathode. 
Two molybdenum wire probes, as shown in Fig. 6, each of 
0-0314 cm? collecting area, were fixed in each tube for determina- 
tion of electron temperature, concentration and electric field 
along the axis of the tube. In addition, a movable probe (see 
Fig. 7), fitted with a piece of soft iron and an electromagnet was 
provided in the 150 cm tube so as to give the electron concentration 
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Fig. 7—Movable probe in the 150cm tube. 


and radial electric field at different points along the diameter. 
The probes were 8 in and 12 in apart in the short and long tube 
respectively. The temperature of the walls was measured using 
a calibrated nickel wire wound round the tube. The vapour 
temperature was taken to be that of the walls. An electric mat 
heater was wound round each tube to prevent the condensation 
of the vapour on the walls when the cathode-pool temperature 
was higher than that of the room. 

The lower bulb containing the mercury pool was placed in a 
water bath and kept at the required temperature using a thermo- 
stat control. The bulb was provided with three electrodes. The 
lower one immersed in mercury was used as a cathode lead. One 
of the top electrodes was used as an auxiliary anode, and the other 
for starting. Starting was effected by changing the level of the 
mercury in the pool to make and break the starting anode circuit, 
using an auxiliary mercury reservoir. The whole apparatus was 
continuously evacuated by a mercury diffusion pump backed 
with a rotary oil pump. 

Before any test was carried out, the lower bulb was partially 
filled with mercury and the apparatus evacuated. A heavy dis- 
charge current was then passed in each tube to ensure complete 
degassing of the electrodes. This was carried out on five runs of 
eight hours each. In between the tests which followed, the 
apparatus was always under vacuum and no air was allowed to 
enter. Two groups of tests were made; the first at a vapour 
pressure corresponding to a bath temperature of 20° C, and the 
second at 40° C. The group contained a series of tests carried on 
each of three different direct arc currents, namely 1-5, 2-5 and 
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4 amp. The discharge current was passed through one of t 
two tubes, and the electron temperature, the electric field and 1 
effective impedance at different frequencies were meas 

each current. The tests were then repeated when the current y 
passing in the second tube. Each separate type of measurem« 
is discussed below. 


(4.2.4) Determination of Electron Temperature and Electric Field. 


Considering each tube separately, the arc current was adjust 
to the required value and kept constant during the run of 1 
measurements. 

Readings of the current collected by each of the fixed pret 
were taken for different values of its potential relative to that 
the cathode, the other probes being left unconnected. Th 
readings were used to determine the electron concentratic 
temperature and the longitudinal electric field along the axis 
the tube. For the complete theory of probe measuremer 
reference is made to the works of Killian and Langmuir.*»> \q 
characteristics of the two fixed probes in the short tube are git 
in Fig. 8 for an arc current of 1-5 amp at 40° C bath temperatu 


Probe current ,mA 


21°. 23252 eee Oe 
Probe potential relative to cathode , volts 


Fig. 8.—Characteristics of the two fixed probes in the 75cm tube 


Arc current .. bt 1-5 amp | 
Bath temperature .. F Ae 40°C 
Distance apart of the two probes | ne Hoe heslotey 


The voltage/current characteristics of the movable probe 4 
then taken for different positions of the probe along the t 
diameter. The electron concentration and radial electric fiel« 
different points along the diameter of the 150 cm tube are gi 
in Figs. 9 and 10 respectively for a 1-5-amp arc current | 
40° C bath temperature. The experimental results agree 1) 
with the Schottky equation and with the results of both Kil’ 
and Langmuir. | 
(4.2.5) Measurement of the Effective Impedance. | 
A small alternating current of about 100 mA and of adjust; 
frequency was injected into the arc path from a power ampli| 
The impedance of the arc path was then measured on the 
bridge, shown in Fig. 11, for different frequencies of the inje’ 
current. A choke coil was placed in series with the d.c. soi 
to eliminate its shunting effect. When the bridge is balanced 
effective resistance of the arm containing the arc is R = C;R 
and its inductance is L = C)R,R>. This bridge was conver 
since the capacitance arms were used to block the d.c. paths 
the measurements were independent of the frequency. 
impedance of the arc path being low, the effect of the s' 
capacitances was negligible. The main difficulty was du 
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The results of measurements in each group of tests are given 
in Tables 1 and 2. 


Table 1 
RESULTS OF MEASUREMENTS FOR 20° C BATH TEMPERATURE 


Electric Electron 
Are current field icaperatire Ri50/R75 Liso/L7s 


amp volt/cm NS 

4 0-263 21 750 1-78 2-1 

DS 0-295 21 800 1-58 2-1 
: 0-31 23 800 1-8 1-8 


Table 2 
RESULTS OF MEASUREMENTS FOR 40° C BATH TEMPERATURE 


Electric Electron 


Arc current field temperature 


Ris0/Ris LisolL75 


volt/em °K 

0-31 15 200 
0-365 14 900 
0:37 14 300 


bo 
Ww 


2 1 0 ] 
Radius of discharge tube , cm 


e 9.—Change of pieeiren concentration along the radius of the 
tube container. 


vg Arc current Oo BY as ui amp 
S. Bath temperature .. x i 40> © 


Probe potential relative 
to axis , volts 


<= 


a 2 1 0 1 2 
a! Radius of discharge tube, cm 


Resistance of column ohms 


+ 0.—Difference in potential between points along the radius and 
the axis of the tube container. Ol Os)” al 5 10 50 102 


Arc current a: oe is ls 5 amp 
Bath temperature .. ni e Frequency, ke/s 


Fig. 12a.—Effective resistance of the 150cm positive column. 


Arc current an 6 .. 4amp 
Bath temperature .. «. 40°C 
(i) Experimental. 
(ii) Calculated. 


11.—Circuit used for the measurement of the effective impedance 
of the arc path. 
U & Limiting resistor to change the value of the direct are current. 


4 = Choke to eliminate the shunting effect of the d.c. supply. 
r = Small variable resistor in series with the arc path in the a.c. circuit, 


2 = Blocking condenser. 0-3 1 3 1067) 230 107 
‘Frequency , ke/s 


| 
Inductance ,mH 


noi e voltage appearing between the arc electrodes. The 
for was designed to be an amp lifier with a bridge-output Fig. 128.—Effective inductance of the 150cm positive column. 
one arm of which was a parallel-tuned circuit tuned to eae Rh 
erating frequency. The out-of-balance noise voltage is Bath temperature .. fo LORS: 


Calculated. 
k into the input, thus increasing the detector seuectivity. & eer 
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Fig. 13.—Effective resistance of the 150cm positive column. 


Arc current of 

Bath temperature 
(a) Calculated. 
(6) Experimental. 
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a) 
° 


Frequency , ke/s 


Fig. 14.—Effective resistance of different arc currents in the 75 cm 
discharge tube. 
Bath temperature 40°C 

The values given for the electric field and electron tem- 
peratures are the average of the readings obtained in the two 
tubes. Actually these readings were quite close to each other, 
the maximum difference being not more than 3%. Again, the 
average ratios, at any frequency, of the resistance and inductance 
of the 150cm and 75cm columns are given as Rjs59/R,5 and 
Liso/L75 respectively. In Figs. 12A and 12B the resistance and 
inductance/frequency curves (obtained experimentally), for a 
4-amp direct arc current in a 150 cm tube at a bath temperature 
of 40° C, are compared with the calculated curves under the same 
conditions. Figs. 14 and 15 give the measured resistance and 

inductance/frequency curves for the three different currents. 


(4.3) Discussion and Conclusions 
(4.3.1) General. 
The change of the arc-path impedance with frequency is due to 
the changes of electron concentration being dependent on the 
frequency. At low frequencies, the periodic time is long enough 


10 


Inductance of arc path ,mH 


0 2 4 6 8 
Frequency ,.ke/s 
Fig. 15.—Effective inductance of different arc currents in the 75 cm 
discharge tube. 
Bath temperature at -» 40°C 


for all the particles capable of doing so to take part in the ioniz. 
tion process, and thus a large change in electron concentratio 
and a low impedance of the path are produced. At high fr 
quencies, however, the changes of the electric field are so rapi 
that only a small number of ionizing particles will take part 1 
the ionization process. In this case, practically no change in tt 
electron concentration is produced during the cycle, and hen 
a constant and relatively high resistance of the path results. 
Both experimental and calculated curves of the high- an 
low-pressure cases agree well in this respect. The resistan 
curves start from a low value at low frequencies and change | 
a constant and relatively large value at high frequencies. Furthe 
more, the frequencies at which the bends in the curves occur a 
very close in both the experimental and calculated results. | 
} 
(4.3.2) High-pressure Column. | 


(a) The experimental work done by Magnold is not sufficie 
to check the theory developed. Further work is necessary | 
investigate the effect of changing the length, pressure and a 
current in the column in order to make an exact compariso 
However, the calculated curves are seen to have the same sha’ 
and order of magnitudes as the experimental observations 
Magnold. 

(b) The above theory applies only for the positive column | 
the arc, while the resistances obtained by Magnold were measur 
between the electrodes, i.e. including the cathode region. 
Buchtiger’s and the authors’ investigations of the behaviour | 
the hot-cathode region of an arc of very short length, it was fou 
that in the range of frequency considered above, the arc had 
nearly constant positive resistance while its effective inductan 
was negligible. Therefore the measured resistances of the ¢| 
path will be the sum of the resistances of the positive column a 
the cathode in series. This may explain why the measur! 
resistance starts from a positive value at low frequencies and r 
from a negative one, as indicated by the calculated curve. 

(c) In order to make the calculated resistance/frequency cut 
fall in the same frequency range as the experimental one it 4 
necessary to take the probability of thermal ionization F equal | 
unity, which is relatively high. 

(d) The theory developed above is mainly based on the Sa 
formula for the concentration of electrons and the assumpti 
that the ionization is a thermal process. The theory will r 


j 
Id if the pressure is reduced to a value where the electron 
nization predominates. However, for higher pressures when 
2 Saha formula is valid, the theory holds. 

(@) The calculations are carried out for an arc in mercury 
pour which is a mono-atomic gas, and no dissociation takes 
ace. or other gases, the dissociation phenomena should be 
msidered. Further, in the case of mercury vapour the radiation 
ectrum can be considered uniform, which may not be true for 
her gases. 

(f) The method of treatment given above bears a strong 
nilarity to that given by Kneser!> to explain the behaviour of 
und absorption in gases. The ionization process and the 
change of the ionization energy between neutral molecules in 
€ positive column are analogous to the exchange of the vibra- 
mal energy between the gas particles in the case of sound. 


3.3) Low-Pressure Column. a 

(a) The frequency at which the resistance/frequency curve 
arts to bend will depend upon the value of A = 3/27T(d«/dT). 
1e resistance/frequency curve will be shifted towards the higher- 
squency region, the smaller the value of A. For a bath tem- 
rature of 40°C, A = 1-06 x 10~4 and for a bath temperature 
20°C, A=0-8 x 10-4. The resistance curve for a bath 
mperature of 20° C should be to the right of that at 40° C for 
€ same arc current. 

The theoretical deductions agree to a certain extent with the 
perimental findings. The shift in the experimental curve is 
ore than expected, as shown in Fig. 13. 

(6) The effective resistance at high frequency is given by 
¢/AI = €/I = constant. As the electric field in the column 
ies very little with the direct arc current for the same bath 
mperature the resistance of the path should be less for higher 
rents. The agreement in this respect is seen from Figs. 14 
id 15. The same argument will hold for the expression for the 
ductance. 

(©) The theoretical expression for the effective impedance was 
tived per unit length of the column. Therefore the impedance 
‘the 150 cm tube should be double that of the 75cm one. It 
ll be seen from Tables 1 and 2 that the ratio of the two im- 
dances ranges from 1-5 to 2:1. The agreement is fairly satis- 
tory. The departure from a 2:: 1 ratio may be due to the 
ot that the two tubes have a common path between the surface 
the cathode pool and the neck where they branch out. Further- 
ore, the effect of the phenomena in the cathode region was not 
ken into account. In order to minimize this effect, the positive 
lumn under consideration was made of considerable length. 
owever, about 30% of the total voltage between the electrodes 
isted across the cathode region. 


§ (5) REFERENCES 

1) Reicu, H. J.: “Theory and Application of Electron Tubes” 
(McGraw-Hill, 1944). 

2) VON WEIZEL, Rompe, and Scuutz: “Zur theorie der Modula- 
tion eines Hochdruckbogens,” Zeitschrift fiir Technische 
Physik, 1940, 12, p. 387. 

3) CoBInE, J. D.: “Gaseous Conductors” (McGraw-Hill, 
me 1941). 

) KILLIAN, T. J.: “The Uniform Positive Column of an 
_ Electric Discharge in Mercury Vapour,” Physical Review, 
i 1930, 35, p. 1238. 

LANncmur, I., and Mort-Smitu, H.: “Studies of Electric 
_ Discharges in Gases at Low Pressures,” General Electric 
_ Review, 1924, 27, pp. 449, 538, 762 and 876. 

[AXFIELD, F. A., and BENEDICT, R. R.: ‘““Theory of Gaseous 
_ Conduction and Electronics” (McGraw-Hill, 1941). 


in a YUSSUF AND PRESCOTT: THE A.C. IMPEDANCE OF PLASMA DISCHARGES IN MERCURY VAPOUR 23 


(7) BucuticgER, P.: ‘“‘Die Dynamischen Charaktaristiken einer 
Bogentladung,” Helvetia Physica Acta, 1920, 3, p. 335. 

(8) MAGNOLD, H.: Elektrotechnische Nachrichten, 1940, 17, 
oh Se 

(9) DRUVESTYN and PENNING: “Electrical Discharges in Gases,”’ 
Review of Modern Physics, 1939, 12, p. 87. 

(10) OrNsTEIN, L. S., and BrINKMAN, H.: ‘Der Thermische 
Mechanismus in der Sdule des Lichtbogens,” Physica, 
1934, 1, p. 797. 

(11) Ettenpass, W.: “Der Gradient der Uberhochdruck- 
Quecksilber Entladung,” ibid., 1937, 4, p. 279. 

(12) Surts, C. G.: Physics, 1930, 6, pp. 190 and 315. 

(13) Surrs, C. G.: ‘Current Densities, Lumen Efficiency and 
Brightness in A, Nj, He and H, Ares,” Journal of Applied 
Physics, 1939, 10, p. 730. 

(14) Von ENGEL, A., and STrENBECK, M.: “‘Elecktriche Gastent- 
ladungen.” 

(15) Kneser, H. O.: “The Interpretation of the Anomalous 
Sound-Absorption in Air and Oxygen in terms of 
Molecular Collisions,’ Journal of the Acoustical Society 
of America, 1933-34, 5, p. 122. 

(16) Compton, K. T.: Review of Modern Physics, 1930, 12, 
18), PAD 


(6) APPENDICES 
(6.1) Effect of Diffusion alone on the Electron Concentration 
Considering a cylindrical core of radius a with a uniform 


concentration of electrons N, per cubic centimetre, the con- 
centration at any point at radius r outside the column will be 


d*N _1dN_ 1dN 
ar? ‘r+ dr D dt 
For alternating concentrations 
d*N 1dN jw 


77 TREE eae aie es 


n= N= AKory/(jaw|D) + Blora/(jw|D) 


where A and B are constants and Kg and I are Bessel functions 
of modified forms. As the concentration is finite at a very large 
radius, B = 0. 

Again, N = N, atr = a, and therefore A = N,/Koay/(jw/D). 
The rate of diffusion from the core per centimetre length will be 


AQ = — 2nad(") 


and 


r=@ 


Using the asymptotic form 


Kao) V(~ 


The amplitude Ag of the number of electrons which alternates 
outwards and inwards at the boundary surface r = a will be 


Aq = AQJjw = th + 2a/(jw/D)| 


To maintain the concentration n, in the core, electrons have to 
be introduced at a rate equal to the sum of the rate of increase 
of the electrons in the core, and the rate of their loss at the 
boundary r= a. Thus 


jo(Aé) = jwra*N, + AQ 


Aq _ pit + 2a/jwD)] [ilar nN x [1 + 2av/( jetDy} 


Ag 


wr 
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(6.2) Effect of Ionization and Diffusion combined on the Electron 
Concentration in the Low-Pressure Column 


The electron concentration is defined by Schottky to be 


Nts lad Nigtsc: 1 dN 
dr? z Tar, Spt D dt 
For the d.c. column dN/dt = 0 and N = NoJorv/(a/D). 

If the electron temperature is increased by a small sinusoidal 
quantity ATeJt, the coefficient of ionization, «, and the electron 
concentration, N, will undergo similar sinusoidal changes, Anejot 
and nest, respectively. Assuming that the coefficient of 
diffusion D remains constant, the new concentration will be 


d? , 1d 
ai ARTS) e al “+ neler) 


_ ON + nese) + Awejot) 1d 
: D  Ddt 
Subtracting the steady-state relation dN/dt = 0, and neglecting 
the term of second order, 
dn 1ldn a—jw Aw 


! \ ! : Ls 
7) | Pap T D 1 sa Oy OL) 0 


(N + neJoty 


The complementary function 


d’n . 1 dn (eee \ 
at 7 


will have the solution 


n= CJorv/[(x — jw)/D] 


Taking Jor/(«/D) as a particular integral, the complete solut 
will be 


n= Clory/[(a — jo)/D] + FE NolorV(olD) 


The constant C can be determined from the boundary condit 
n= 0 at r=a as the wall is an insulator; therefore C = 
The change in the number of electrons per centimetre length 
the column is 


Ay = ‘ 2arndr = al 2rrNoJory/(a|D)dr 
x 0 


ms ef n(dalaT) y 7 


jw Jo 
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SUMMARY 

he paper is concerned with the design of coils of rectangular cross- 
for the production of intense transient magnetic fields using 
obtained from a bank of charged condensers. Curves are given 
ilitate the design of a coil of maximum efficiency to meet any 
requirements. 


t 


LIST OF PRINCIPAL SYMBOLS | 


> = Internal and external radii of the coil, cm. 
2 = Total length of the coil, cm. 

N = Total number of turns on the coil. 

p = Resistivity of coil wire, ohm-cm. 

R= Resistance of the coil, ohm. 

L = Inductance of the coil, henry. 

A= Space factor. 

# = Conductor volume, cm3. 

« = Nagaoka constant. 

¢ = Specific heat of the coil wire, cal/g/°C. 

‘d= Density of the coil wire, g/cm3. 

i = Instantaneous current, amp. 
ax. — Peak current, amp. 
ax — Maximum field intensity at the centre of the coil, 
‘ oersteds. 

7 = Duration of the first half-cycle of current, sec. 
C = Capacitance of condenser, farads. 

Voltage to which the condenser is charged, volts. 
= Energy stored in the condenser, joules. 


(1) INTRODUCTION 


production of very high transient magnetic fields has 
described by Kapitza,! who made use of energy stored in 
ator, and the design of coils for use with this method has 
eated by Cockcroft.2 More recently a similar method has 
veloped in which the energy is obtained from a bank of 
condensers,? and Myers* has given some constructional 
of suitable coils, about 2cm long and 0-64 to 1-73cm in 
diameter, capable of producing magnetic fields up to 
103 oersteds with periods of the order of 50 microsec. 
eral design procedure is given. 
e author has recently employed this method in connection 
some work on electro-luminescent powders, and was 
late in being able to make use of apparatus which had 
usly been installed in the Royal Society Mond Laboratory 
ite different experiments. It was necessary, however, to 
1 some new coils, and the present paper is concerned with 
erations which arose in this connection. Curves are given 
ilitate the design of a coil of maximum efficiency to meet 
requirements with regard to period, intensity of field, and 
and internal radius of coil. The method of design is an 
ion of that previously used by Shoenberg.> 
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(2) DESIGN PROCEDURE 


(2.1) Preliminary Considerations 


The following discussion is limited to the case where the 
discharge from the condenser is oscillatory, as it will be in nearly 
all practical cases. Very often the Q-factor of the circuit will 
be of the order of unity, and when this is the case, the connection 
between condenser and coil may be established by means of any 
convenient high-speed switch, for example a gravity-operated 
switch in which a heavily weighted metallic point falls at high 
velocity into a block of lead. Alternatively, if the Q-factor is not 
very low, the discharge may be accomplished by means of an 
ignitron, so that only the first half-cycle of current is permitted 
to flow. In either case the heating of the coil can be assumed to 
result only from energy dissipated during the first half-cycle, 
and this assumption will be made throughout. 

The factors affecting the design of a coil for any particular 
purpose then arise in the following order: 

The internal radius of the coil will normally be determined by 
conditions over which the designer has little control, although 
it is obvious that this radius should be as small as possible. 

Similarly, external conditions will probably determine the 
minimum value that can be assigned to the duration of the first 
half-cycle of the discharge; although here again, the smaller the 
value permitted the greater will be the magnetic field that can be 
obtained, other factors remaining the same. 

Once the internal radius and the period of oscillation have 
been settled, curves given later enable us to find the best shape 
of coil, the best gauge of wire and the optimum number of turns 
for a given capacitance. It then becomes possible to calculate 
the maximum field to be obtained from a given stored energy, or 
the minimum stored energy for a given field. 

Finally, the configuration of the field can be estimated. If it 
is not sufficiently uniform, a longer coil containing the same 
volume of copper must be used, with a corresponding sacrifice 
in the maximum value of the magnetic field. 

The above discussion assumes that the heating of the coil is 
the limiting factor, but if the coil has a relatively high Q-factor, 
mechanical stresses may become important. No attempt is 
made to calculate these stresses because it is not easy to set an 
upper limit to the stress which a coil of any particular con- 
struction will withstand. Thus the most straightforward pro- 
cedure is to construct the optimum coil, taking temperature rise 
to be the limiting factor, and to determine by experiment whether 
this coil is strong enough to withstand the mechanical stresses. 
If it is not, the stresses can be reduced by using a longer coil with 
the same volume of copper, but such a coil will produce a smaller 
maximum field. 


(2.2) Explanation of the Design Curves 


In this Section the detailed procedure for designing a coil is 
described, making use of a number of curves. The derivation of 
the formulae on which these curves are based is straightforward 
and is given in Section 5. 


[25 ] 
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Consider a coil of length 2/, with internal and external radii 


r, and ry, respectively. It is convenient to express the 
shape of this coil in terms of the two parameters 


r I 
a=~andb=— 
al r 


size and 


r; is assumed to be fixed by the purpose for which the coil is to 
be used, and so also is the duration t of the first half-cycle of the 


discharge. 
1:0 
W,(D) 
ple 
Q 
oe at | 
= 0-6 Se [| — 
z | | eS es 
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Fig. 1.—Variations of the functions f and W2 with D. 
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From the known values of r; and 7, a parameter D given b 
D = 1/[1 +@3/100rP]. . . 


is calculated. D is, in fact, inversely proportional to the squ 
of the Q-factor of the coil. 

The maximum field strength H,,,, at the centre of the 
can then be expressed as 


Hinax = 2°52 x 104 f(D)nG@, b)\/(W]r3) oersteds 


max 

where W is the energy in joules stored in the condenser, f(L 
a function of D which is plotted in Fig. 1, and (a, db) is a ft 
tion of a and b which determines the efficiency of the « 
Curves of constant 7 are plotted in Fig. 2, and the determina 
of 7 will be considered below. 

The energy dissipated in the first half-cycle is given appr 
mately by 

W, = W{1 — exp [— 2ny{[D/ — D)]} . 
= WW,(D) 


where W,(D).is plotted as a function of D in Fig. 1. Since 
can be calculated from the capacitance and voltage rating 
the condenser which is available, W, can be determined. 

The quantity of heat lost from the wire of the coil du 
time 7 will be quite negligible, so the volume v of the conduct« 
related to its density d, specific heat c and the maximum | 
missible temperature rise AT by 


v = W,/4-18dcAT 


1500 2000 3000 4000 
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Fig. 2.—Efficiency, 7, and volume, v1, Curves as a function of the coil parameters a and bd. 
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Nis the space factor, i.e. the fraction of the total volume of the 

il occupied by ‘metallic conductor, 

% = Arimb(a? — 1) = Ariu(a,b). . . . (5) 

ere the function v; is proportional to v, and curves of constant 

re plotted in Fig. 2. 

In eqn. (4) the product dc is approximately equal to 0-84 for 
of the materials likely to be used for the conductor (e.g. 

et or a al and so substitution from eqn. (5) 


yes =WW,/3-53AT. . . . . © 


is unlikely to be very different from 0-6, and this value is 
imed in the first instance. Thus, putting AT equal to some 
Jue between 100 and 150° C, depending on the construction 
| re coil and the type of insulation, v, can be calculated from 
n. (6). 
From the constant-v, and constant-7 curves plotted in Fig. 2, 
is possible to find the maximum value of 7 that can be obtained 
th the value of v, fixed as above. The same curves also show 
lat values of a and b must be used to attain this value of 7. 
bstitution of 7 in eqn. (2) gives the maximum field H,,,,._ If 
nax 18 not as large as is required, W must be increased by the 
af a larger condenser and the calculations repeated. 
Once a and b have been settled, the number of turns can be 
termined from 


a. 8r3A2D 
TOC 
b(a — 1)” 
140-2250 + a/b + (@— 1)[0-64/G +a) +0-42/b] * 


vere the capacitance, C, of the condenser is in farads and 
is the mean resistivity of the wire over the appropriate 
rature range. For example, p may be assumed to be 
2 x 10-6 ohm-cm for copper, with AT = 130° C and the coil 
tially at room temperature. 
From WN and the dimensions of the coil, the appropriate gauge 
Wire may be determined, and a check can then be made of 
‘ether the assumed value of space factor, A = 0-6, is correct. 
a the calculations must be repeated with a revised value of A. 
ce the efficiency of the coil increases with A, every effort 
Ist be made to keep A as large as possible. For wire larger 
am, say, No. 10 S.W.G., the use of square-section conductor 
ald be worth while. 


(7) 


(2.3) Results obtained from the above Procedure 


The following results are quoted as examples of the above 
sign procedure: 
. 3, the variation of H,,,,, with r; is shown for W = 
K joules, D D =0-05 and AT= 100°C. Similarly, Fig. 4 
3 the variation of H,,,,, and 7 with D, for W = 5 000 joules, 
100° C andr; = 0:9cm. 
there were no limitation due to overheating of the coil, 
ue of H,,,,, obtainable with a given coil would be pro- 
onal to the square root) of W, other factors remaining the 
As it is, any increase in W involves an increase in the 
of the coil to avoid overheating, and so H,,,,.. varies 
ly slowly with W. In a particular case (r, = 0:9cm and 
-05) an increase of W from 5 000 to 10 000 joules causes 
a 16% increase in Hing 
| experimental coil was constructed to give a maximum field 
1-3 x 105 oersteds with r; =0-9cm, W =5000 joules, 
= 100° C and D=0-4. The maximum current through 
Oil was measured by observing with an oscillograph the 
e drop across a small resistance in series with the coil. 
urrent agreed to within 3° with the value obtained from 
rmulae previously given. 
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Fig. 3.—Dependence of maximum field intensity Hjqx on the internal 
radius, r1, of the coil for W = 5 000 joules, D = 0:05, AT = 100° C. 
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Fig. 4.—Dependence of maximum field intensity Hingx and period t 
of field on D, for W = 5 000 joules, r; = 0:9cm, AT = 100° C. 
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(5) APPENDIX 


For a coil with the dimensions given in Section 2.2, the field 
at the centre is readily shown to be 


atNi ht VAD 
H= log. — 2 
5(r2 — 7) on bmg Acie J) 


where i is the current in amperes. 
The resistance R of the coil is 


_ mpN%r, + 72) 


oersteds . (8) 


9 
21Nr2 i r\) ( ) 
so that eqn. (8) may be written 
i 2 r iS) 2 2 
ab VERN og, a ae 
5 +/[p(r3 — r3)] TA) Oe) 
or in terms of a and 5b, 
EEN 2b a++/(@ + b?) 
tf ge aN glee eae 
= i oea, b), say (11) 
Uy 


Where G is a function of a and b previously introduced by 
Cockcroft.” 

If a condenser of capacitance C, charged to a voltage V, is 
connected to the coil of inductance L at time t = 0, the subsequent 
current in the coil is given by 


(12) 


where yp = R/2L, w? = (1/LC) — (R?/4L7) and the equation is 
valid for w2 > 0. The maximum current during the first half- 
cycle is then 


I 5) exp (= f arc tan a 


i= acs é sin wt 
Lw 


V 
m= Tae + a ee 


It is convenient to rewrite eqn. (13) in terms of a new variable 
D = R°C/4L, to give 


L, = V(CIDV exp {— 4/[D/( — D)] arc tan +/[ — D)|D* 
Be SS ee a) 


(15) 


| 


I 


Vr/(C/E)£(D) 


The curve of f(D) against D in Fig. 1 is computed from tt 
equations. 5 
The inductance L of a coil of the form considered is gives 


L = 10-977r,N2K(1 + a)?/2b henrys . . | 

where 
4 0:225(1 + a) 0:64 0-42 : 
c=iffi ta, ee | 


Eqns. (9) and (16) can be used to express D in the form 
D = 10°Cp?N?/8xbr3A2(a — 1)? 


which is identical with eqn. (7). 
Since the energy stored in the condenser is }CV2, eqns. ( 
(15) and (16) can be combined to give 


Hoax = 2°52 X 104/(WIrDE(D)GG, b)// [x(a? — D)], 


which is equivalent to eqn. (2) if 7(a, 6) is written instead 
G(a, b)/\/«,/(a2 — 1). The curves of 7(a, b) plotted in Fi 
were computed from this relation. 

The half-period + of the first oscillation is found by putt 
wT = 7 in eqn. (12). Whence 


r= 1 (Go- ap) 


_ 2K yi D 
109p 1—D 


For purposes of design an equation is required from which 
can be calculated when r, and7z are given. Eqn. (18) as it sta 
cannot be used for this purpose, because the values of A, « an 
will not be known at this stage of the design. However, A ° 
not differ greatly from 0:6, and it will usually be sufficie: 
accurate to put x(a? — 1) =2. If, in addition, p is given 
value 2:2 <x 10-6 ohm-cm, which is appropriate to copper Vv 
AT = 130° C, eqn. (18) reduces to the approximate form 


D = 1/[1 + (73/1007)7] | 


which is identical with eqn. (1). 

For the calculation of the energy dissipated during the { 
half-cycle, a mean value of the resistance R over the appropr 
temperature range may be used. Then 

T To 
RV2 ; 
W,= R| i7dt = Prat | €~ 2! sin? wtdt 
0 0 


which can be reduced to 

W {1 — exp [— 2n/(D/(1 — D)]} | 
WW,(D) 

W,(D) is plotted against D in Fig. 1. 
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’ SUMMARY 


uf 

, investigation described is a continuation of the work on transfer 

platinum contacts published by the author in a previous paper. 

‘account is given of the manner in which the metal transfer between 
tinum contacts breaking a 6-volt circuit varies with current and 
suit inductance. Curves of the net transfer are given for currents 
{ inductances in the ranges 1-8-7-6 amp and 0-06-117 ~H 
pectively. The net transfer consists of up to four different types of 
asfer superimposed one on another, namely “bridge,” “short arc,’ 
ng arc’ and “reversed short arc’’ transfers. The existence of the 
rth type of transfer had been observed previously by Dr. A. L. Allen 
currents of 10 and 20 amp, but was not known to occur at currents 
low as 2 amp. It is shown that the build-up of pips on the contacts 
ies in steepness with the nature of the transfer. Some suggestions 
given as to the mechanism of the different types of transfer, but at 
sent a complete explanation cannot be given. Consideration is 
en to the practical application of the results, and it is shown that 
Jer some conditions the life of platinum contacts could be improved 
controlling the effective circuit inductance at break to a value 
about 0-6 wH. 


{ 


ql (1) INTRODUCTION 
na previous paper by the author! it was shown that “fine 
nsfer”” between platinum contacts breaking low-current low- 
tage circuits occurs as residual transfer, which is independent 
circuit inductance, together with a “‘short-arc transfer’? which 
teases with circuit inductance. Both types of transfer result 
a pip build-up on the cathode and a corresponding crater on 
‘anode. These results were obtained with a 6-volt supply and 
ces currents of 0:95 and 1:75 amp and controlled 
nees of 0-05-10 »H. In order to obtain further informa- 
about transfer, the ranges of currents and inductances have 
3 n extended, and results are given in the paper for currents 
1-8, 3-0, 3-9 and 7:6 amp and inductances from 0:06 to 
WH. The results confirm those given in the earlier paper, 
they also show that the variation of transfer with inductance 
nore complex at higher currents. 
?. 


n 
(2) TEST APPARATUS AND CIRCUIT 

ept for a change in the contact-operating mechanism, the 
ental arrangement was essentially the same as that 
ed in the previous paper. The distributor unit used to 
the contacts was replaced by a magnetically operated 
designed to give a controlled contact pressure and to have 
ening and closing speeds. The moving contact was 
d on an armature which was pivoted so as to move in the 
ween two coil-operated magnets. One coil provided the 
id-on force and the other provided the a.c. operating force. 
ature was suspended by means of steel shafts in bearings 
d to eliminate play at the contacts. The amount of play 
1 can be tolerated in any direction at right angles to the 
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motion of the armature is determined by the size of the area 
over which transfer occurs. For platinum contacts breaking 
1-8 amp the maximum play allowable is probably about 
5 x 10-4cm. The relay operated satisfactorily for currents of 
1-8 amp upwards, but would not give accurate results at lower 
currents owing to small movements at the contact area. The 
contacts were crossed cylinders of 22 s.w.g. thermo-pure 
platinum. The contact pressure was 30 g, the average opening 
speed was about 0-5 cm/sec, and the frequency of operation was 
50 c/s. An auxiliary relay was arranged so that the platinum 
contacts broke the circuit current but closed on zero current. 
The circuit was designed so that the inductive energy available 
at the contacts could be controlled down to the smallest values 
possible. A diagram of the circuit is shown in Fig. 1(@). The 


Fig. 1.—Circuit diagrams. 


(a) With contacts closed. 
(b) After an arc is established. 
(c) Equivalent circuit for the are current. 


capacitor C acts as a by-pass for the inductive energy in the 
battery leads. The self-inductance, L, of the loop DFGH is 
defined as the sum of the self-inductance, Lo, of the loop together 
with a controlled amount of added inductance. The value of Lo 
varies by a small amount with the current-limiting resistance R. 
This resistance is in the form of a suitable combination of 6-volt 


[29] 
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car lamps which have low self-inductance and small dimensions. 
The values of the parameters are as follows: 


Battery voltage, V = 6 volts. 
Self-inductance of battery leads, Lp ~ 0-33 wH. 
Self-inductance of capacitor + leads, Lo = 0:01 wH. 
Inductance of loop DFGH, 


Fee aed PRR Ly 06 to 117 wH. 
Residual inductance of DFGH, Lo = 0:06 < 0-1 wH. 
Capacitance, E= 100 
Current-limiting resistance, R= 0°79, n 54, 2, or 3°33 Q. 
Closed-circuit current, EL = 7653729; 3 0NOn OVA. 
Current just before break, pik 6, 22 2OGl BHA. 


The inductances were measured with the circuit in the position 
occupied during the tests at frequencies between 2 and 26 Mc/s. 


It is well known!~ that as the contacts open the voltage across 
them rises to a value Vz (=1-6 volt approximately) before com- 
plete separation occurs. Calculations show! that if no arcing 
takes place the voltage across the contacts immediately after 
break is given by 


40 = Ina/(E) sin wt + Vs 2 see GE 


where Cy (~ 10 wpF) is the capacitance at the contacts im- 
mediately after break and w? is equal to 1/CgL. With the 
experimental values of the parameters used it can be seen that 
the voltage across the contacts rises in a very short time to the 
minimum arcing voltage Vo, which is about 13-5 volts. If an 
arc then takes place, as will usually be the case, further calcula- 
tions are necessary to determine the behaviour of the circuit. 
Fig. 1() shows the conditions in the circuit during an arc with 
voltage v(/). The current flowing in the arc is J,. Calculation 
of this current shows that with the range of values of the para- 
meters used it differs little from the current J), in the equivalent 
circuit of the diagram given in Fig. 1(c). The inequality satisfied 
by J, is given by 


IO) — 0-4, = BO = 
subject to R >0:8 Q and 0 <t¢< 4L/R, where ¢ is measured 
from the commencement of arcing. It can be shown that the 
arc duration does not exceed 4Z/R when V = 6 volts and 
Vo = 13-5 volts. The energy used in the arc is given by 


0-90, +0-1l, . © 


t4 
W= i o(t)I,(t)dt 


L 


= | oo“) a ere 


T= TR 


where J, is the extinction current of the arc. If the energy W’ 
used in the arc of Fig. 1(c) is calculated assuming that I, < Ip 
and that o(t) > Vo and using an equation of thé type (3), then 
W’ satisfies 


GLB) < Wo 1-32GhID) 2a. CO) 


If the inequality (2) is used it can be shown that, provided 
wf) > Vo Sl-2V + 1-1 Ri, = 2°3V — 1-1V;5, 


0-73GLIZ) < W < 1-65(4L13) for Ip < 5-6 amperes 
0-95(4LI2) < W < 1-39GLI}) for Ig < 1-3 amperes 


The calculations for eqn. (5) are simplified if it is assumed that 
the voltage 2(f) is constant but the inequalities are unchanged. 
Eqn. (5) gives the limits of the energy available in an arc at the 
contacts and hence the upper limit of the energy available for 
contact erosion. 

The transfer was measured by optical estimation of the pip 


volumes as described previously.! This method was origin; 
by Lander and Germer.2 A photographic technique of me: 

ment was used which consistently gave estimated values % 
lower than those obtained by using an eyepiece microme 
For the results given below the error of measurement wa 
most cases less than +10°%, but when the transfer was flat 
spread over a wide area an attempt was made to allow for 
errors caused by the curvature of the wire and the different st 
of the pip. 


(3) RESULTS 

The investigation was confined to the measurement of trar 
between platinum contacts breaking currents in a 6-volt cir 
The range of parameters used is given in Section 2. In 
subsequent discussion the circuit current will be taken as 
current I, at break. It was observed that in all cases 
voltage, V,, across the contacts at break was about 1:6 v 
and J, can be obtained from J using this value of Vp. | 
number of operations used for each measurement was 1-5 x 
It was necessary to use the same number of operations, since 
rate of transfer is not constant,! and complete investigatios 
the variation of the rate of transfer with time would be leng 
A preliminary investigation at 1-3 amp showed that the tran 
with the new apparatus was the same as that observed with 
cam-operated contacts,! in spite of changes in rate of operat 
pressure and opening speed. 


(3.1) Variation of Transfer with Inductance and Current 


The variation of the average net cathode gain or loss 
operation is shown in Figs. 2 and 3 for Jp = 1-3, 2:2, 2:9. 


x10 8 
150 


Inductance, ye 


gain per operation, cm? 


Cathode 


2.—Variation of transfer with inductance and current 
5 x 105 operations). ett 

A A A Ip =2°9 amp. 
] 0 Ip = 2-2 amp. 
O O O Ip =1:3 amp. 


5-6 amp, and with inductances varying from the minimur 
to 117 wH. The gain or loss of metal from the anode wa: 
measured, but where there was a well-defined cathode pip 
appeared to be only small total loss from anode and cat 
compared with the amount transferred. There was prol 
appreciable total Joss for Jz = 1:3, 2:2 and 2:9 amp wh 
was greater than 30 »H and for I, = 5:6 amp with L >? 
In these cases and for Jj = 5-6 amp with L > 0-3 pF 
transfer was diffuse and not in sharp pip-and-crater form, s¢ 
the estimation of volume gained or lost could be made 
between the limits shown on the curve. Nevertheless 


Inductance, WH 


, Fig. 3.—Variation of transfer with inductance for 
Ip = 5-5 amp (1:5 x 105 operations). 


OOO Ip =5:6amp. 
——— 1 =2-9 amp. 


uracy was sufficient to cstablish the general magnitude and 

sction of transfer. 

t can be seen that for all currents greater than about 2 amp 
net transfer varies with inductance in a complex manner 

g.4). The values 7,, T>, T;, represent respectively the residual 
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a Fig. 4.—Variation of transfer with inductance. 


ue, the first minimum, and the first maximum of the mean 
cathode gain. The values L,, Lz, L3, L, of inductance corre- 
md to the first decrease, the first minimum, the first maximum 
| the final reversal of the transfer. The characteristics of the 
ves of Figs. 2 and 3 are summarized in Table 1. 


Table 1 
ARACTERISTICS OF CURVES FOR NET TRANSFER (FIGS. 2 AND 3) 


Mean net cathode gain 


Inductance L per operation 


he variation of net transfer with current for L = Lo, 0-6 wH 
4-5 4H is shown in Fig. 5. The residual transfer is in all 
cathode gain and varies approximately as J}4. The net 
t for L >0-6 pH varies approximately as If over certain 
of currents and inductances. These two relationships are 
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Fig. 5.—Variation of net transfer with current (1-5 =< 105 operations). 
AA AL=0-6uH. 
HOO L=4-5uH. 

O00 0 L=Lo(<0-1 vA). 


purely empirical statements of the results obtained under the 
given experimental conditions. 

Curves of the pip radius r (Fig. 6) and the ratio of pip height 
to pip radius (Fig. 7) show changes corresponding to the varia- 


0-2 


Pip radius, mm 


0 
0:05 O1 05 10 Syl 30 
Inductance, wH 


Fig. 6.—Variation of pip radius with inductance 
(after 1-5 x 105 operations). 


A A A Ip = 2-9 amp. 


0 0 0 Ig = 1-3 amp. 


Ratio,(pip height)pip radius) 
= 
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Fig. 7.—Variation of the ratio between pip height and pip radius 
(after 1-5 x 105 operations). 


A A A Ip =2:9 amp. 
O O O Ig = 1:3 amp. 


tions in transfer. At minimum inductances the pips are tall and 
steep-sided, but when a small inductance of the order of 0-3 wH 
is introduced they become lower and wider. The base radius is 
very approximately proportional to J, at all inductances. There 
is a close linear relationship at minimum inductance given by 


r =3-6 X 10—4J, centimetre for 1-3 amperes < Ip < 5-6 amperes 
(6) 
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The minimum value of r is probably determined, not by the 
current, but by the hardness of the platinum, and with a 30-g 
load the minimum would be about 3 x 1073 cm. 

A few tests were made with the contacts making as well as 
breaking the circuit, and when allowance had been made for 
bounce, which was slight, it appeared that the transfer was the 
same as that for break alone. 


(3.2) Surface Structure of the Contacts and Surface Films 


Examination of the surfaces of the contacts after a small 
number of operations shows that the changes of structure are 
similar to those described previously.! At the minimum in- 
ductances the anode and cathode are both finely pitted with 
craters of about equal diameter, in spite of the fact that the 
cathode gains material. Measurements show that the average 
values of the diameters, d, of these pits are proportional to the 
current, the relationship being given by the following equation: 


d=2:-4 x 10-4], centimetre = 1-8 x 10~-4J centimetre . (7) 
It is interesting to note that almost the same value of d was 
obtained for platinum over the same range of current by 
Pfann.> There is no marked change of surface structure in the 
region L,, L, (Fig. 4), but, as the net cathode gain increases, the 
cathode structure becomes irregular while the individual pits in 
the anode increase steadily in diameter [see Fig. 6 of Reference (1)] 
even when L is greater than L4. 

It was observed that two types of film appeared in the neigh- 
bourhood of the contact areas. There was no evidence, however, 
to show that these films affected contact performance adversely. 
The first type was a smooth transparent film which showed as 
rings of interference colours round the contact area. In some 
cases the film had cracked off the surface, and in all cases there 
was a narrow ring adjacent to the contact area which was free 
from film. The films occurred on both contacts at all values of 


L greater than L, and increased in thickness with increasing values »- 


of L. The formation may be due to heating of the residue left 
on the surfaces after cleaning with trichloroethylene. 

The second type of film appeared as a thick black ring round 
the contact area, graduating to a thin film of minute particles 
about 0-3 micron in diameter. These films obscured those of the 
first type and appeared on the anodes for inductances greater than 
3 »H for all currents. There were traces of the same film on the 
cathodes at low inductances, but in most cases the area covered 
by the film remained small until L was greater than about 30 »H. 
At 5:6 amp, however, the dark ring appeared round the contact 
area of the cathode when L was 0:2 wH and increased slowly in 
area as L increased. It seems likely that the dark films consisted 
of finely divided platinum particles which were deposited on the 
surfaces either in the form of spray or condensation. The 
growth of the film appears to follow the trends of material 
transfer and to be associated with the contact which loses material. 


(4) DISCUSSION 


The results given in Section 3 show that the effect of inductance 
on transfer is more complex at higher than at lower currents. 
Thus the conclusions reached from measurements at 0-7 and 
1-3 amp! do not apply to transfer at higher currents without 
modification. It is still possible, however, to deduce that there 
are two main types of transfer, namely bridge transfer and arc 
transfer. The arc transfer varies with inductance in a complex 
manner. For a given inductance the net transfer is the resultant 
of bridge transfer and up to three types of arc transfer. The 
following Sections contain an analysis of the observed transfer 
and a brief discussion of possible mechanisms involved. 


(4.1) Bridge Transfer ¥ 

There is a residual transfer, T;, which does not depend o} ; 
circuit inductance and which occurs in the form of very steep p 

on the cathode. The magnitude, A, of the transfer is given by 1 
empirical equation \ 


A(i:5) = 1-9 x 10713 x J34 cm3/operation for 
1-3 amperes < J, < 5-6 amperes 


where A(1-5) is the mean cathode gain for 1-5 x 105 operatio 
The mechanism of transfer presumably is connected with © 
formation of the molten bridge which is drawn between 1 
contacts and finally explodes when the hottest point reacl 
boiling temperature.1* According to the theory of the Thoms 
effect.© the temperature gradients in the bridge just before 
boils are so high that the Thomson effect will cause a shift of 1 
hottest point, and the bridge will break asymmetrically. 

assumptions as to bridge dimensions anid the value of the Tho 
son coefficient are made, it appears that the results of eqn. 

might be explained by the Thomson effect. At present, howey 
there is insufficient experimental evidence on which to base a pro 


(4.2) Are Transfer 


It is evident that the transfer is dependent on the circ 
inductance when this is greater than a small value, Z,. It see 
that the only manner in which the inductive energy could cat 
transfer is by means of a discharge between the contacts. 1 
conditions immediately after break are suitable for a transi 
discharge, since the bridge reaches boiling temperature bef 
separation! and the voltage across the contacts after bre 
reaches the minimum arcing voltage (about 13 volts) before | 
current J, has decreased appreciably. Examination of | 
variation of surface structure and pip shape confirms 1 
hypothesis! that there is an arc between the contact immediat 
after break which causes metal transfer. Direct evidence of | 
existence of an arc of very short duration between gold conta 
has been given by Lander. | 

Recently it has been possible to observe arcs between platin 
contacts by using a high-speed oscillograph with a post-deflect 
acceleration tube. Records to be published at a later date sh, 
that transient low-voltage discharges occur over the whole rai 
of measurement covered in this paper. It is shown in Sectio 
that the energy dissipated in an arc is of the order of 4. 
If the losses in the arc itself are small, as may be the case Vv 
very small gaps, most of the energy will be dissipated at | 
electrodes and will cause evaporation and transfer. The electr 
which suffers greatest loss, and the efficiency of transfer, dep’ 
on the conditions in the gap. If there is sufficient energy avail 
the conditions may change once or twice before the arc fin 
ceases. This is the reason for the changes in the net 4 
which are observed as the inductance is increased. Tl 
changes and the possible mechanisms underlying them t 
discussed below. i 

At the minimum inductances it appears that any dischi : 
which may occur at break does not affect the transfer. nt 
inductance increases above a small value L, (see Table 1), t 
is a marked decrease in the steepness of the pips and an incr 5 
in base radius (Figs. 6 and 7). For currents greater than al : 
2 amp there is a decrease in net cathode gain which at 5-6: 
results in reversed transfer. This type of transfer is named? 
convenience “reversed short-arc transfer.” It has been obse 
by Allen? for currents of 10 and 20 amp but was not know 
exist for currents as low as 2amp. A possible explanatio 
the mechanism is given by Allen in which he supposes th: 
higher currents the metal vapour released into the gap vy 
the bridge explodes is at several atmospheres pressure, SO 


zap length at this pressure is equal to several electron mean 
paths and a,long-arc type of discharge is set up in which the 
10de is bombarded by ions and loses material. Provided that 
e is sufficient energy available, the arc will continue until the 
our has escaped. If the gap length in terms of electron mean 
paths at atmospheric pressure is then sufficiently short the 
ul short-arc transfer occurs. This explains why the reversed 
tt-arc transfer is replaced by short-arc transfer as L increases. 
ce nothing is known about the surface tension of platinum 
joiling-point or the exact width of the contact gap immediately 
r the explosion, it is not possible at present to develop the 
of reversed short-arc transfer. 

‘general explanation of short-arc transfer!.8 in which the 
loses material is based on the supposition that the contact 
ter break is less than an electron mean free path, so that 
t of the electrons reach the anode with 15 volts energy; this 
is sufficient to evaporate the anode metal, some of which 
ansferred to the cathode. A suggested mechanism by which 
essary electrons for the discharge are produced from the 
e by the tunnel effect is given by Newton.? Some experi- 
1 work on this effect has been published recently.!° The 
acteristics of this transfer appear to be the same at all 
ents, except that at higher currents it is complicated by the 
nce of reversed short-arc transfer. 

decrease in cathode gain and final reversal at high in- 
ces is caused by the well-known long-arc erosion in which 
thode loses material by ion bombardment. The anode 
material, but there is probably an appreciable net loss. 
his stage there is enough energy available for the arc to con- 
until the contacts have separated sufficiently for a long arc 
ke place, so that the net transfer is the result of four super- 
sed transfers of types: bridge, reversed short arc, short arc 
long arc. 

‘was shown in Section 2 that the energy available in an arc 
ds on the arc voltage and the current J,, and that for all 
of the circuit parameters which have been used it is of 
rder of the inductive energy 41/7. A measure of the 
cy of total arc transfer is obtained by dividing the sum 
absolute magnitudes of as many of the three types of arc 
r as occur at a given inductance, L, by the total volume of 
num which could be evaporated by the energy $L/?. Values 
efficiency for a range of currents and inductances are 
in Table 2. The values may be up to 40% less or greater 
in. (5) is taken into account. 


q Table 2 
_ EFFICIENCY OF ARC TRANSFER FOR FOUR VALUES OF Ip 


Me Efficiency 

t) Ip = 1:3 amp 2:2 amp 2-9 amp 5-6 amp 
u % %, %, % 
0-6 1% 8-4 10:5 39-0 
3 2°8 Gr2 6-6 21-0 
“5 2°4 13*3 4-2 7:8 
0 PIR 2:1 2-4 Be 
0-0 0-65 0-64 0-78 1-0 
0 0-57 0:56 0-70 — 


(4.3) Practical Considerations 


udy of the results (Fig. 5) shows that improvement may be 
in contact life in practice if a small amount of in- 
is included in the circuit. If this is done, the transfer 
over a wide area, and the tendency to form very steep 
‘eased; moreover, the net transfer can be reduced con- 


102, PaRT C.. 


INDUCTANCE OF METAL TRANSFER BETWEEN PLATINUM CONTACTS 3 


siderably without net loss. In the current range 1-3-5-6 amp 
the most suitable value of the effective circuit inductance is 
0:6 »H. It would not be advantageous to add large inductances 
to obtain the small transfer observed in the region L,, since this 
is not a stable position and the erosion is diffuse with considerable 
film growth and appreciable net loss. 


(5) CONCLUSION 


Experimental evidence shows that, with platinum contacts 
breaking a 6-volt circuit with break currents between 1-3 and 
5:6 amp, the metal transfer between the contacts is the resultant 
of bridge transfer, which is independent of circuit inductance, 
and of are transfer, which is dependent on inductance. The 
nature of the arc transfer is complex and up to three different 
types of arc transfer may be superimposed one on another if 
there is sufficient energy available. The types of transfer may 
be summarized as follows: 

(a) Bridge transfer, which varies approximately as I3* and is 
independent of inductance. This transfer occurs as sharp spherical 
pips on the cathode for inductances less than about 0-2 wH but 
is masked by arc transfer for larger inductances. 

(b) Reversed short-arc transfer, which occurs for J; > 2 amp, 
and is the predominating arc transfer for inductances between about 
0:2 wH and a value of the order of 1 wH (depending on the current). 
This transfer is from cathode to anode and can result in reversal of 
net transfer. 

(c) Short-arc transfer, which predominates for inductances 
between 1 and 20 wH and is from anode to cathode. 

(d) Long-are transfer, which occurs for inductances greater than 
about 20 wH, is in the direction cathode to anode and leads to a 
final reversal in direction of the net transfer. 

The last three types of transfer tend to be more diffuse, so that 
the pips are flatter than in residual transfer; moreover, the volume 
transferred does not vary so rapidly with J, when arc transfer 
predominates. All the results apply only to transfer under the 
given conditions of contact pressure and opening speed. It is 
not likely, however, that the results are very sensitive to varia- 
tions of pressure in the range of 10-100 g or of opening velocity 
when this is of the order of 1 cm/sec. 

It appears that the bridge transfer is consistent with the 
Thomson effect, but the evidence is not conclusive. The reversed 
short-arc transfer may be due to excess pressure in the metal 
vapour between the separating contacts, but there is insufficient 
evidence at present to decide whether this is the case. The 
general principles of short-arc and long-arc transfer are under- 
stood, but no detailed theory of the mechanism has been 
developed. Further experimental work on other metals and a 
study of the are characteristics would help towards the under- 
standing of the phenomena observed. Preliminary work shows 
that the transfer between other metals in some cases differs quite 
widely from that between platinum contacts under similar con- 
ditions, so that the results for other metals cannot be deduced 
from those for platinum. 

It should be possible to obtain considerably increased life 
with platinum contacts if the circuit is arranged so that the 
effective inductance is small (of the order of 0-6 wH). 
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’ 
ft. SUMMARY 
‘The paper presents what is believed to be a new approach to the 
problem of determining correlation functions of stationary time series. 
The method is based on an expansion of the correlation function in 
a suitable orthonormal system. The coefficients in this expansion are 
shown to be simply related to the convolution integrals which arise 
when the given time series are applied to linear filters whose impulse 
responses are members of this orthonormal system. A very simple 
scheme for measuring these coefficients is proposed. It is further 
hown how a complex filter, whose impulse response is of the same shape 
‘the desired correlation function, can be built up in a systematic 
way when these coefficients have been determined. Two examples of 
filter systems whose impulse responses are members of a Laguerre 
ystem are presented, and finally a description of a practical auto- 
correlator built around one of these filters, and some results obtained 
ith it, are given. 


i (1) INTRODUCTION 


The importance of statistical concepts and methods for 
handling problems in such diverse fields as radio noise, tur- 
bulence, tidal motion, astronomy, ionospheric physics, etc., is 
now firmly established. 
| A parameter which occurs frequently in the discussion of 
many of these problems is the temporal “‘correlation function” 
of two stationary time series x,(¢) and x(t) which is usually 
defined (Reference 2, p. 5) as 


aa 
ig bi(7) = lim oF | mre +adt . () 
or P27) = x()x2t +7) . (2) 


Where the bar denotes time averaging in the sense specified in 
(1). 
i = of the importance of this function it is natural that 
levices should be required, which, when presented with the time 
series x,(0) and x,(#), should carry out the operations implied 
‘eqn. (1), thus enabling the function to be determined 
rimentally. 
is seen from eqns. (1) and (2) that the essential feature of 
definition is the temporal delay rt between the x,(¢) and 
+7). When the x,(4) and x,(¢) are fluctuating voltages or 
mts the provision of this ‘“‘pure’’ delay presents rather a 
lem. 
x very short delays (less than 100 microsec, say) artificial 
have been constructed to give the required delay without 
iable distortion of the waveform, while methods which 
been used satisfactorily for longer delays include tape or 
recording followed by playback with displaced reproducing 
s, and pulse sampling methods. 
the paper a method which is believed to be a new approach 
le problem of determining correlation functions will be 


il 
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presented. This method has the advantage that a “pure” delay 
is not required. 


(2) THEORY 
(2.1) Expansion in Orthogonal Functions—General Case 


Suppose that any correlation function* (7) can be expanded 
in a series of orthogonal functions (Reference 3, p. 22, and 
Reference 4, p. 49), thus 


d(T) = 2 a,0,(7) [w(z)]", Oa oo) (3) 
where the @,(7) are polynomials which form an orthonormal set 


with respect to the weight function w(7) in the range 0 < tT < ©. 
Thus 


(4) 


i= i7t 


| 6,(7)0,,(r)o(adr = i Sia } 
0 


Then the coefficients a, in the series expansion shown in 
eqn. (3) can be found in the usual way and are given by 


a, = | b(7)9,(7) [@(r)]' “dr. (5) 
0 
Also, it may be shown (Reference 3, p. 24) that if 
N 
dy (7) = ¥ Sor] © 
then a 
| [) — bn [on]! 2% ar (7 
0 
is a minimum if, and only if, 
b, =a, (8) 


In other words if only a finite number, N + 1, of terms are 
going to be retained in the series expansion of y(7), then the 
approximation will be best in a suitably weighted “‘least squares” 
sense if the coefficients of the retained terms have the same values 
as those in the infinite series. 


(2.2) The Symmetric Case y = 4 


If y = 4, eqns. (3) and (5) may be written in the “symmetric” 
form 
(7) = x C,8,(T)s 0<7T<@ 
n=0 
Cy = | b(1),(7)dr (10) 
where 2 
$7) = 8,(Dlo@] . (11) 


* The subscripts will be dropped when not necessary for the argument. 
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It is easily seen from eqn. (7) that in this case the partial sums 
are best approximations in a “least square’”’ sense with uniform 
weighting. 


(2.3) Linear Networks and “Orthogonal” Filters 


Let us now consider the system of Fig. 1. We suppose that 
the linear network has an impulse response h(t). Then it 


Linear 
network 


Direct connection 


x(n; t) 


Xy (3) 
x ot) 


Multiplier 


Fig. 1.—Basic measuring system. 


follows from the superposition theorem that the filter output 
X,(n; t) is given by 


oO 


X,(n; t) = | x(t — wh,(u)du (12) 

0 

The multiplier output is then 

X,(n; 1)x2(t) = | x(t — u)x(Hh,(u)du (13) 

0 

and the mean value* of eqn. (13) is 

X(n; t)x2(t) = i x,(t — u)xp(t)h, (udu (14) 

0 

(15) 


= | b2(u)h, (udu 
0 


In passing from eqn. (14) to eqn. (15), use has been made of 
the stationary nature of the x,(f) and x,(f), and also of the 
definition in eqn. (2). Now comparing eqn. (15) with eqn. (5) 
it is readily seen that the coefficient a, is identical with the average 
X,(n; t)x,(t) provided that the filter impulse response is so 
chosen that 


h(t) = 6,()[w@@]!-* (16) 


Thus we are led to the concept of a set of “‘orthogonal filters” 
whose impulse responses satisfy eqn. (16). If such a set of 
filters could be realized the coefficients a, would be obtained 
simply by switching in each of the filters in turn and determining 
the corresponding averages X,(n; t)x2(t). 

Naturally, in any practical system only a finite number, say 
(N + 1), of filters would be used. 


(2.4) Resynthesis of the Correlation Function 
We see that eqn. (3) can be written 


War) =[e(a) PY! oy a,0,(rloa]'-%, 0<7<0 . (17) 
or 
Mt) = [ODP SY ayh,D,0<t<0o. . (18) 
n=0 


where, in passing from eqn. (17) to eqn. (18), use has been made 
of eqn. (16) coupled with a change of variable from 7 to ¢. 


* In practice this mean value would be determined by passing the multiplier output 
through a suitable low-pass filter or integrating device whose time-constant was suffi- 
ciently long to reduce the residual fluctuations about the mean to an acceptable value. 
Expressions for the r.m.s. value of this fluctuation have been given forla number of 
averaging devices by Davenport et al.5 


s \ 
Lanhn© 


Fig. 2.—Basic resynthesis system. 


Now consider the system of Fig. 2. Here each filter is follow 
by an adjustable attenuator and the outputs of the attenuate 
are summed in a linear adding network. The attenuators a 
set so that their transmissions are proportional to the previous 
measured coefficients} a,,. 

Clearly, then, if a unit impulse 6(#) is applied at the input 
the system, the output of the adding network is just the sut 
mation term of eqn. (18) approximated by taking only 4 
first (V + 1) terms. 

Thus we may write as an approximation to (A), 


by@) = [woO]P?*-! be ah), 0 t <0 eam 
In particular, if y = 4, we have 
yO = Bau, 0 aja ., aa 


when now, using the notation of eqn. (8), we must have 


ht) == Gl Oe ee os), Q 


Thus in this case it is seen that the output of the adding A 
work could be applied direct to the plates of a cathode-r 
oscillograph; the approximate correlation function would th 
be seen on the screen as a transient following the applicati) 
of the input impulse. A convenient system results if in fact 1 
pulsing can be carried out repetitively at intervals that are lo 
compared with the filter time-constants, and yet sufficiently f 
quently to give a steady trace on the cathode-ray-oscillogra 
screen. This can always be arranged in practice, as the res} 
thesis filters, while being of the same form as those used for | 
determination of the coefficients, can be built on a die ti 
scale. 

It will be noticed from eqn. (18) that these methods give © 
correlation function (rt) only for 0 << t< , but in gene 
negative values of the delay parameter 7 are also requir 
However, it follows from the definition in eqn. (2) that 


p(— 7) =a)... / 


so that it is necessary only to repeat the procedure with 
“linear network” and the “direct connection,” in the system 
Fig. 1, interchanged, to cater for all values of tr. The difficy 
does not arise, of course, in the case of auto-correlation. 


(2.5) Two Realizable Systems based on the Weight Func 
w(t) = af—%F 

The applicability of all the preceding theory depends’ 
realizing a set of filters whose impulse responses satisfy eqn. | iG 


} In general some of the a, would be sone -= so it is assumed that an ideal F 
reversal is provided where necessary (see Section 


he polynomials 6,(#) and hence the impulse responses h,(t) 
epend only on the weight function w(?) and the parameter +. 
n this Section we shall choose w(t) = ae—“ and show that 
; choice leads to realizable filters of a eepele type. Two such 
corresponding to y =0 and y = + respectively, will be 


: polynomials associated with the weight function as 
e range zero to infinity are just those of Laguerre, whose 
representation, in a form convenient for our purposes, is* 


ARS ni (— at)s 
L fat) = %, @—s)! Meets (23) 
¢ relation corresponding to eqn. (4) is 
T 1 
, i ae HL (act) L,,(oct)dt = ae f eke 09 
lm=n 


0 
a further preliminary we now introduce the Laplace transform 
a function f(t) defined (Reference 6, p. 4) by the relation 


LAO] = | Flde- Prat 25) 
0 


= pay Pp v 
Lae uD (at)] Tp cg fe) : (26) 
Oe eta. 7p = af2\% 
%) 0 i L,(00)| are eerrp 27) 


consider the filter of Fig. 3. 
Cc 


Cc Cc Ors, 

---44 
ahh ah mh R 
Fig. 3.—Laguerre function filter: y = 0. 


re-B is a buffer stage which has, ideally, an infinite input 
tance, zero Output resistance and unity gain. However, 
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Thus it follows that the impulse response h,{t), which is just 
the V,(t) obtained when 8(f) is applied at the input, satisfies the 
equation 


fh] = 


PAG ae xem Pee) oo 


On comparing eqn. (29) with eqn. (26), it follows from Lerch’s 
theorem (Reference 6, p. 345) on the uniqueness of Laplace 
transforms that 


ht) = «e—“L, (at) (30) 
which is of the form shown in eqn. (16) with y = 0 for the given 
weight function. 

Another filter based on the same weight function is the lattice 
structure of Fig. 4. 

In this case it is easy to show that the recurrence relation 
corresponding to eqn. (28) is now 


LV ,0) = (2525) G17, G1) 
where 5 = RO 
Thus the impulse response satisfies the equation 
Spr (Pe) (32) 
and a comparison of eqns. (32) and (27) now gives 
ha) = 56 2'L, (ot) . (33) 


which, except for a constant factor, is again of the form shown 
in eqn. (16) but with y =4. Thus this filter is the “symmetric” 
case. 

We note? that this last filter is related to one devised by Lee.” 
Lossless inductances are required in his filter, however, and would 
lead to difficulties especially at low frequencies. Lee’s filters 
were developed to provide a systematic way of realizing arbitrary 
filter impulse responses, and it is obvious that the filters described 
above could be used in the same way. 

We note finally in this Section that the use of an exponential 
weight function is sensible from the statistical point of view as 


+V_ 


n+l 


Fig. 4.—Laguerre function filter: y = 4. 
PS—phase splitter. 


-ideal values of these parameters are easily allowed for, 
while in practice a cathode follower is virtually “ideal.” 
tis easy to see that the recurrence relation 


BIVr 01 = 28) 


FLV] 


1 
<n<N where « = 3: 


the Pochammer—Barnes (Reference 3, p. 99) notation for the confluent 
Tic function, eqn. (23) may be written. 


Lj(at) = 1Fil—n; 1; at] 


tis fied for0 < 


the correlation function of a simple Markovian process is 
exponential and hence is represented by the first term only of the 
series expansion in the Laguerre system, provided that the para- 
meter « (i.e. the time-constant) in the weight function is chosen 
appropriately. 

In a recent paper Reich and Swerling® have also proposed 
that an expansion of auto-correlation functions in a Laguerre 
system might be convenient in connection with some detectability 
problems. 


+ The author is indebted to Mr. Newstead, of the University of Tasmania, for 
bringing this reference to his attention. 
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(3) A PRACTICAL CORRELATOR 
An auto-correlator based on an 11-stage (NV = 10) filter of 
the type shown in Fig. 3 has been built. Although not quite as 
convenient in some ways as the “‘symmetric’’ filter, this filter is 
simpler to construct and in any case adequately demonstrates 
the main features of the method in the paper. It will be seen 
from eqn. (7) that for this filter the integral 


co 
| [b(7) — bar) Pe“ dr . (34) 
0 
is minimized, and in practice this may be rather more desirable 
than the uniform weighting obtained with the ‘‘symmetric’’ filter. 


(3.1) Circuit Details 


The complete circuit of the filter is shown in Fig. 5. It will 
be seen that the electronic circuit technique is very simple: 


Pulse 100kQ* 


input 


: 


described in four separate stages corresponding to the settins 
of switch SA. 

Stage 1.—With switch SA in position 1, a sine wave, whos 
frequency is high (say 25 kc/s when « = 1 000) compared to tk 
reciprocal of the basic filter time-constant, is fed into the gri 
circuit of the buffer stage Vlb. By means of switch SB th 
vacuum-tube voltmeter is connected to the output of each filt 
stage in turn and the “coefficient” potentiometers are adjuste 
so that the outputs of all stages are identical, thus compensatin 
for the cumulative effect of the small cathode-follower losses. 

Stage 2.—Switch SA is next placed in position 2 which cor 
nects the signal whose auto-correlation is to be determined t 
the input of the filter. One input to the multiplier is permanent! 
connected to this signal input, while, by means of switch SI 
the other multiplier input is connected to the output of eac 
stage of the filter in turn and the corresponding mean produc 
are determined. 

The multiplication and averaging is performed by a feedbac 


Signal 
input 


Output to 
multiplier No.1 


Sine-wave 
oscillator 
input 


Output to 


—150V 


multiplier No.2 


+150V 


Fig. 5.—Laguerre function filter: detailed circuit. 


Switch SA 
(1) Set potentiometers. 
(2) Measure. 
(3) Reset potentiometer. 
(4) Pulse. 


* denotes ‘“‘to be matched carefully.’” 


with the exception of the peak-to-peak diode voltmeter and 
the difference amplifier, it consists entirely of cathode followers. 
By means of V7 and its associated components, all the cathodes 
of valves V2-V6 are arranged to be normally at earth potential, 
and hence the d.c. levels of the outputs to the multiplier are 
independent of the ‘“‘coefficient” potentiometer settings. The 
condensers, C, are all mounted in a single plug-in unit so that the 
basic time-constant of the filter can be changed at will. 

The operation of the correlator will be most conveniently 


Vi-Vo: 6SN7. 

Vio-Vi1: EASO. 

C: Condensers (mounted in separate 
plug-in unit). 


dynamometer system followed by a Miller integrator whose tim 
constant is variable from 1 to 1000sec. The mean produc 
are read direct on a voltmeter connected to the output of t 
integrator. The accuracy of the multiplier is about 1°%, and 
frequency response is essentially flat from direct current up 
about 15 kc/s. A description of the multiplier and integrat. 
will be published elsewhere. ; 

Stage 3.—With switch SA in position 3 the high-frequer 
sine wave is again connected to the buffer stage Vlb. Using 1 
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n= 10 


Vig. 6.—The Laguerre functions «e~“L,,(«?). 
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vacuum-tube voltmeter and switch SB the “‘coeflicient”’ potentio- | 


meters are now readjusted so that the output from each stage of 
the filter is proportional to the corresponding mean product 
determined in the previous step. In general, some of these mean 
products will be negative. To cope with these in the resynthesis 
process, two summing networks are provided, their outputs being 
connected to the two inputs of a “‘perfect” difference amplifier. 
By means of the switches S1i-S10 the output of any given stage 
of the filter can be connected to either one of these summing net- 

works, so that its contribution to the difference amplifier output 
may be made positive or negative. 

Stage 4.—Finally by placing switch SA in position 4 a pulse 
generator which is triggered by the cathode-ray-oscillograph 
time-base flyback pulse is connected to the filter input, and the 
output from the difference amplifier is applied to the vertical 
plates of the oscillograph. With this filter the function 
ae—“tys y(t) is then obtained on the screen. A simple multiplica- 
tion by e/a then yields the desired approximate auto-correla- 
tion function, #,{t). This last multiplication would have been 
avoided, of course, if the “symmetric” filter had been used instead. 
The time scale of the oscillograph trace is easily calibrated by 
comparison with the trace of ae~“L,(at), whose zero occurs 
ach 15 


(3.2) Results 


The impulse responses xe “L,(at) were photographed direct 
from the oscillograph screen and are shown in Fig. 6. Because 
of the heavy damping by the exponential factor and the time 
scale used, only the first few zeros are apparent. 

To demonstrate the difference-amplifier system, mentioned in 
the previous Section, the function 

alate = [xe~“*Lo(at)| — [ae~“L,(ar)] . (35) 
is also shown in Fig. 6. The possibilities of the system for 
generating arbitrary transients are obvious. 

As a test on the performance of the whole system as an auto- 
correlator, a sine-wave input was used. The auto-correlation 
function of a sine wave* of peak amplitude Vj and frequency 
w/27 is just 


v2 
u(r) = —2 cos wr 


5 (36) 


The coefficients a, are then given by 


V2 
= le ae “LL (ar) cos wrdr . (37) 
0 


By writing the cosine as the sum of exponentials, using the 
’ series of eqn. (23), followed by term-wise integration, it is easy to 
show that 

Ve ot 


WwW 
eee ew alve + w?) 


[sin (n+ 1)@ . (8) 


where tan 6 = — 


4 (oe ore 
2 + wi VO? + w2) sarc a 


where U,(x) is the Chebyshev polynomial (Reference 3, p. 3) 
of the second kind. 


* The ona of the sine wave uscd was 152 c/s, and the b. t 
the filter was such that « = 843sec-1 “ pee iniesroraiact i 


It follows from eqn. (40) thatt ¥ 
n—2U] f 
4 ae 
ay —- Dy 
where x = We adie y . 
/ (a? + w) 


This ratio, as given by eqn. (40), is plotted in Fig. 7. a 
shown are the corresponding ratios determined experimentally 


+1-0- 


Computed 


7 OF Sie 


Experimental 


| wit 


ae 
= 
a 

T 


Gn 

Day 
+ 
i) 
> 


Coefficient rati 


—O:2r 


aes Q- 4 ie 
Fig. 7.—Expansion coefficients for cosine correlation function if 
Laguerre system: y = 0. 
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Fig. 8.—The approximation of a cosine correlation function by q 
partial sum of its series expansion in Laguerre polynomials. 


———— cos (2) : | 


ino} 


| 


y Qy,Ly(at) with a, = Jue 2aten cos wrdt 
0 


n=0 


OOOO Points giving > anl y(t), with an determined experimentally. 


n=0 


+ It is readily seen that the coefficient aq depends on the d.c. level (mean) of ft 
input whose auto-correlation function is being determined. For this reason ‘ 
coefficient ratios are taken with respect to a; rather than ao. 


LJ 


‘Fig. 8 the first half-cycle of the correlation function, eqn. (36), 
Shown. In the same figure a curve showing the sum of the 
st 11 terms in its Laguerre polynomial expansion is plotted, 
points representing this same sum—but based on measured 
her than calculated coefficients—are also given for comparison. 
We note here that several examples of expressions of simple 
nctions in a Laguerre system, and their approximation by a 
te number of terms, have been given in a recent paper by 
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. 9.—Oscillographic trace of impulse response H(t) of composite 
F filter. 


ig. -10.—Normalized cosine correlation function recovered by 
_ exponential weighting of impulse response of composite filter 
x (see Fig. 9). 
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Finally the correlation function as determined by the re- 
synthesis process is shown in Fig. 10, and it is readily seen to 
be a good approximation to the true correlation function of 
eqn. (36). 
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SUMMARY 


Experiments with discharges between non-uniform electrodes at 
frequencies in the region of 1 to 15 Mc/s are described. It was 
found that, above a certain critical frequency, the discharge was able 
to cross the gap completely, whereas the discharge at direct current or 
50. c/s with the same electrodes would take the form of a localized 
corona envelope. 

By using pulse techniques, it was possible to measure the formative 
time-lags for h.f. discharges, using concentric-cylinder and parallel- 
wire electrodes. A lowering of the breakdown voltage of some 13% 
was observed to take place above the critical frequency. 

A tentative qualitative explanation is proposed of some of the 
observed results. 


(1) INTRODUCTION 


Electrical discharges between electrodes having a non-uniform 
field distribution display interesting and unusual properties when 
the frequency of the applied voltage is in the region of 1 to 
15 Mc/s. One of the reasons for this is that positive ions pro- 
duced in the discharge, owing to their relatively lower mobility 
compared with electrons, have a transit time which may be less 
than the period of a half-cycle of applied voltage. Such ions are 
not swept to the electrodes but can remain in the gap, and indeed 
their number increases with each succeeding half-cycle, resulting 
in the accumulation of an appreciable space-charge.!,2.3 

One property of such an r.f. discharge is that complete break- 
down of the gap can take place at a frequency of a few mega- 
cycles per second whereas at 50 c/s only a stable corona discharge 
would be observed with the same electrode geometry. There is 
clearly a region in the frequency band where the discharge changes 
from the corona region to a region where a discharge com- 
pletely crosses the gap between electrodes. In the work which 
is described below, an investigation was made of this region 
using concentric-cylinder and parallel-wire electrode con- 
figurations. 

The work formed part of a more general study of the r.f. 
discharge in gases at Queen Mary College, University of London. 


(2) APPARATUS 


The apparatus consisted basically of an r.f. oscillator which was 
coupled inductively to a tuned circuit, the test electrodes con- 
tributing part of the tuning capacitance. With this arrangement 
it was possible to produce a voltage of up to 8 kV at frequencies 
from 1 to 15 Mc/s. The voltage across the electrodes was 
measured by a simple diode-voltmeter and an electrostatic volt- 
meter. In order that pulse voltages would be accurately 
measured, considerable care was taken with insulation of the 
vol:meter. The discharge time-constant of the voltmeter was 
about 20min. Using the criteria developed by Burges,* it was 
arranged that the voltmeter error when measuring 50 microsec 
pulses at 50 c/s. repetition frequency would be extremely small. 


Correspondence on monographs is invited for consideration with a view to 
publication. 

Dr. Bright is at the Imperial College of Science and Technology, Wh MAL of 
London. : 

Dr. Huang was formerly at Queen Mary College, University of Doster 
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The voltmeter was carefully calibrated at 50 c/s by three inde 
pendent methods, and the overall error was estimated to be les 
than) 222.75 

The applied r.f. voltage was either in pulses with a repetitio: 
frequency of 50c/s or alternatively in non-recurrent pulses o 
pulses with a repetition rate of one per second. The duratio: 
of these pulses could be varied from about 10 to 2 000 microsex 

Timing and triggering circuits were incorporated so that th 
envelope of the r.f. voltage across the test electrodes could b 
displayed on one beam of a double-beam oscillograph, a trai 
of timing pulses being displayed on the second beam. Th 
interval between the sharp timing pulses could be either 20 o 
50 microsec. 


(3) ELECTRODE CONFIGURATION 


The concentric-cylinder electrodes consisted of a tinned 
copper wire suspended vertically inside a copper cylinder, th 
tube being earthed and the voltage applied to the wire. Th 
tube was 46cm long and Scm in diameter. The ends of th 
tube were flared to avoid sharp edges which might lead t 
breakdown. The electrodes were mounted inside a light-tigh 
box, and discharges could be observed by means of an incline 
mirror arranged some distance vertically below the wire. Fresl 
air could be drawn slowly through the box by means of a smal 
electric fan. This removed any accumulation of unwanted gase' 
such as ozone, which were present after periods of corona. 

In order to facilitate observation and photography, a secon 
electrode system was constructed with a short cylinder of 3-8cn 
diameter and 5cm long. In this case, the wire was coated witl 
polystyrene over all except for a short section at the mid-poin 
of the wire. In this way the discharge was localized and coul 
be placed at the focal point of a camera lens. | 

For tests with parallel wires a third arrangement was used 
One of the wires was fixed on a block of polystyrene which wa. 
so constructed that the wire could be tightened with screws’ 
The second wire was also fixed on a polystyrene block. Th 
two blocks were suitably supported so that the wires could t| 
made exactly parallel and the distance between the wires coul. 
be adjusted and measured by means of a micrometer head. 

For wire spacings from 0-5 to 10mm, the greatest divergent) 
from the parallel was less than 0-1 %. 

The wires used in the concentric-cylinder tests were tinne: 
copper fuse wires. The greatest divergence from the nominal dij 
meter of these wires was, with one exception, +1:5%. Mier) 
scopic examination showed that the wire surface was extreme 
smooth with few irregularities. ' 

In the parallel-wire tests, both tungsten and tinned-copper wit if 
were used. Tungsten wire, after being annealed and polishe’ 
was convenient to use because it could withstand a number | 
discharges without melting. 

The usual methods were used to remove grease and dirt fro 
electrode surfaces. Before any measurements were made, t, 
wires were “‘conditioned,” by allowing h.f. corona to take pla 
over the wire surface for some minutes. This removed any sm. 
irregularities which would lead to a local field intensification. © 


™ 


(4) TIME-LAG MEASUREMENTS 
(4.1) Concentric Cylinder 


_ First tests were made with concentric-cylinder electrodes. At 
irect current and at 50c/s with the wire diameters used 
234mm-0- 457mm), breakdown took the form of a very 
t corona discharge on the wire surface. The onset of corona 
could only be detected with accuracy by connecting a 100000 ohm 
resistor in series with the outer cylinder and amplifying the voltage 
across this resistor. When the applied voltage was increased, 
the diameter and intensity of the corona envelope increased. 

When pulses of 10 Mc/s at 50 pulses a second were applied 
to the electrodes the breakdown phenomenon was quite different. 
As soon as the critical voltage was reached, a bright filamentary 
discharge bridged the gap and the wire was covered with 
brilliant blue-violet streamers, most of which bridged the gap 
between wire and cylinder. The onset voltage was well defined. 
' To reduce the statistical lag, or in other words, to provide a 
source of free electrons in the gap, a 0-8millicurie capsule of 
cobalt 60 was placed near the electrodes. 

A sketch of a typical oscillogram corresponding to this dis- 
charge is shown in Fig. 1. Point A is the beginning of the 


q 
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Fig. 1.—A sketch of a typical breakdown pulse. 


pulse, point B corresponds to the onset of a discharge and time 
t, is the statistical lag. With no irradiation, this time varied 
in a random manner and sometimes no discharge occurred. 
With adequate irradiation this time was too small to measure 
With the existing apparatus and was certainly less than 
1 microsec. 
_ At point C, breakdown was complete at time t,. The interval 
(t4-t,) was taken to be the formative lag. It was found that 
is time had a definite minimum value, which could be deter- 
Mined either by applying about one hundred pulses and 
Observing the minimum value of ft, (t; was normally zero) or by 
applying 50 pulses a second and noting f, on the oscillogram 
Of the superimposed discharges. The discrepancy between the 
tesults obtained from the two methods was about 10%. As 
was to be expected, the time-lag decreased rapidly with increased 
ty but, if the breakdown voltage was determined accur- 


tely by raising the applied voltage slowly, the time-lag results 
uld be reproduced readily. 

The results, shown in the curves of Fig. 2, indicate that, at 
uencies above about 4 Mc/s, the time-lag tended to a constant 
lue which was determined by the wire diameter. 

_ The validity of the procedure adopted was proved by applying 
pulse whose amplitude was equal to the measured breakdown 
tage, but whose duration was less than the measured formative 
e-lag. In this case, the discharge filament did not completely 
ge the gap and it was possible to photograph a mid-gap 
opped” spark.° By photographing streamers in this way, 
pulses at a repetition frequency of 50 c/s, varying the pulse 
ation and measuring the maximum length of the discharge, it 
possible to estimate the speed of progress of the discharge. 
S the frequency was reduced below 4 Mc/s, the time-lag 
to rise quite rapidly and tended to very large values below 
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Fig. 2.—Minimum time-lag between application of r.f. pulses and 
complete breakdown, at various frequencies. 


Concentric-cyclinder electrodes: radius of outer cylinder, 25mm. 
(a) Inner-wire diameter, 0-234mm. 
(b) 0:274mm. (c) 0:316mm. (d) 0:376mm. (e) 0:-457mm, 


3 Mc/s. In fact there was a critical frequency below which the 
discharge was unable to bridge the gap, and so the time-lag was 


infinite. 
The variation of breakdown voltage with frequency is shown 


in Fig. 3. It will be noted that there is a well-defined region 
over which the breakdown voltage decreased with increasing 
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Fig. 3.—Variation of r.f. breakdown voltage with frequency for 
concentric-cylinder electrodes, 


Radius of outer cylinder, 25mm. 
(a) Inner-wire diameter, 0:316mm. 
(6) 0:274mm. (c) 0:234mm. 


frequency. This critical frequency range is close to that at which 
the time-lag was observed to change rapidly with frequency. As 
will be gathered from the discussion, there is good reason to 
suppose that the two phenomena are closely related. 

With a wire of 0-316mm diameter, a cylinder of 38mm 
diameter and frequency of 3:4 Mc/s, the speed of progress of 
the discharge across the gap was about 4 x 10+cm/sec. 


(4.2) Parallel Wires 


With parallel wires an attempt was made to specify the break- 
down voltage more accurately. Pulses with a repetition rate of 
one per second were applied to the gap, and the breakdown 
voltage was taken to be the value corresponding to the gap 
breaking down for 50% of the applied pulses. The time-lag was 
then determined in a manner similar to that for the previous case. 

Typical results of these tests are shown in Fig. 4. It will be 
noted that the curves are of the same general shape as those in 
Fig. 2, but the minimum value of time-lag was much less with 
twin wires than with concentric cylinders. 

Once more it was found that, provided the frequency was low 
enough, the discharge was unable to bridge the gap. 

If the mean speed of progress of the streamer was calculated 
by dividing the gap distance by the time-lag, a similar result was 
obtained as in the case of concentric cylinders. 

For a wire diameter of 0-10mm and a wire spacing of 5mm, 
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Fig. 4.—Formative time-lag of parallel-wire electrodes. 


Wire diameter = 0-20 mm. 
Spacing between wires: 

(c) 6mm. 

(d) 5 mm. 


(a) 8mm. 

(5) 7 mm. 
the streamer speed at 3°5 Mc/s was 7:8 x 10*cm/sec, which is 
the same order as the value obtained with the concentric-cylinder 
arrangement. It was found that the time-lag could be shortened 
considerably if large over-voltages were used. This is a well- 
known phenomenon in d.c. time-lag studies. 


(5) DISCUSSION OF RESULTS 


The main interest of these results lies in the marked difference 
between the breakdown phenomena of a given gap under rf. 
and d.c. conditions. The electrode geometries were such that 
at d.c. or 50 c/s breakdown would take the form of a gentle 
corona discharge at the surface of one or both of the wires. 
With the r.f. discharge, however, complete breakdown would 
usually occur, provided that the frequency were high enough, 
since the discharge had to progress into a region of progressively 
lower electric field. The explanation of the observed results must 
almost certainly be connected with the accumulation of positive 
ions which was mentioned in the introduction; but any attempt 
at a detailed analysis would encounter very great difficulty. 

Before discussing the possible mechanism by which the hf. 
discharge propagates, it is convenient to examine the mechanism 
of positive and negative d.c. corona. 

With negative-wire corona the progress of electron avalanches 
from the wire is eventually inhibited by positive space-charge 
which is established as the avalanche moves into the region of 
decreasing electric field. Under certain conditions, the space 
charge can interrupt the discharge, and relaxation oscillation of 
the type observed by Trichel can occur. 

With positive-wire corona the mechanism is quite different. 
Now, the positive space-charge tends to extend the region of 
high electric field into the gap, as the space-charge field and 
applied field are additive. The discharge can move out across 
the gap until the space-charge field can no longer outweigh the 
reduction in field determined by the electrode geometry. A stable 
visible corona discharge is then established around the wire. 

At low frequencies, positive and negative corona will take place 
alternately at the successive peaks of applied voltage. Again 
the corona is localized about the surface of the wire. During 
the intervals between voltage peaks, most of the positive ions 
and free electrons remaining in the gap are swept to the 
electrodes. 

Having examined the reasons for the localized nature of Lf. 
and d.c. corona, we may now attempt to explain why the hf. 
corona can completely cross the gap between electrodes. ! 


It is fairly well established that positive ions are able to perfort 
mid-gap oscillations in uniform field gaps under certain cal 
tions of electric field, gap distance and frequency. The fact tha 
these ions tend to accumulate in the gap to form a space charg 
is considered to be the mechanism which causes the well-know 

“critical-gap’’!.2,© phenomenon and the observed lowering C 
breakdown voltage which occurs at frequencies in the region ¢ 
1 to 15 Mc/s with gap spacings of 0-5-5 mm. 

A similar critical-gap phenomenon occurs with concentri 
cylinder electrodes. This is shown clearly in the curves ¢ 
Fig. 4. One of the authors? has developed a semi-empiricé 
equation for this case giving the frequency at which positiv 
ions can perform oscillations close to the central wire withot 
touching it. This is of the form: 


AV 
B? — r?) log (R/r) 


{ 
where V is the peak value of the applied voltage, A is a cor 
stant, B is a factor which depends on the gap geometry and th 
gas, and R, r are the radii of the outer and inner cylinder 
respectively. 

Above this critical frequency, positive-ion space charge wi 
accumulate in the gap and there is a lowering of the breakdow 
voltage. With the present dimensions the critical frequency wa 
between 2 and 3 Mc/s with concentric cylinders. 

A possible mechanism envisaged by the authors is the fo 
lowing. For simplicity, we will consider the case of a thin wit 
surrounded by a concentric cylinder. 

Fatechand3 showed that, if the frequency were high enougt 
positive ions could be detected in the gap before the voltage we 
high enough to cause a visible discharge. The resulting positiy 
space-charge would enhance the field at the wire surface at th 
peak value of the negative half-cycle. Thus the value of applie 
voltage necessary to cause onset of a discharge would be lowe 
than that which would be required in the absence of space charge 
The magnitude of this effect is seen in Fig. 3 to be a lowerin 
by about 13% of the 1.f. corona voltage value. 

During the interval between the peak of the negative half-cyel 
and that of the positive half-cycle (about 10~7sec) not all th 
positive ions would be swept to the electrodes. The ions whic 
remained would find themselves fairly close to the surface 
the wire when it reached its maximum positive voltage. 

At the positive voltage peak, a discharge would again procee 
from the wire. At low frequencies, we saw that the distanc 
which the corona could propagate was largely determined b 
the magnitude of the positive space-charge produced. At hig! 
frequencies, it is seen that the positive ions produced by th 
electron avalanche would be augmented by the positive ions let 
over from the preceding negative half-cycle. Further positiv 
ions would be produced during the next negative half-cycle, bu 
the discharge would not progress further across the gap becaus 
of the inhibiting effect of the space charge. However, when th 
wire was again positive, the discharge would again move furthe 
across the gap, sincethe applied and space-charge fields would add 

In this way, the discharge channel would move from wire ti 
outer cylinder in a series of steps, making up for the progressivel 
lower field due to electrode geometry by its increasing positiv 
space-charge. Consideration of the results show that, at 10 Mc/s 
some 2000 half-cycles were required for complete breakdowr 
Photographs showed that the progress of the discharge was ver 
uncertain and forked, which is a slight indirect evidence of 
space-charge effect. 

No mention has been made of the influence of electrons, apat 
from the electron avalanches. 

The frequencies under consideration were too low to allow th 


oa 


stron transit time to be of much importance. Any electrons 
ch survived a half-cycle would tend to neutralize the positive 
ce-charge. 

me indirect evidence in favour of the proposed mechanism 
9 be found in the very short time-lags found with hf. dis- 
tges’ in uniform fields. Here, the discharge is not required 
love into a region of steadily decreasing field and no rela- 
y Slow step-by-step progress would be expected. 

is not suggested that the above explanation is anything 
e than a reasonable possibility. In this field of gas dis- 
rges, it is difficult to do more than offer tentative explanations 
the observed phenomena, as quantitative analysis of the 
lem is at the moment virtually impossible owing to the many 
wn parameters. 

he tentative explanation proposed by the authors can only 
‘approximately true, since the effect of electron space-charges 
not been considered, but it is thought that the influence of 
would be small. 

might be possible to go a little further towards solving the 
em by study of the negative d.c. corona. With negative 
a it is known that Trichel pulses of current of short duration 
r, Owing to the influence of positive space-charges. From 
se negative corona studies it might be possible to measure 
> magnitude of space charges involved. This information 
yuld be valuable in any more accurate explanation of the h.f. 
charge. 
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SUMMARY 


A formula for the auto-correlation function of the output of a non- 
linear system, the input being random Gaussian noise, has been given 
in the literature for the case where the non-linear output/input relation 
is expressed as a power series. This formula can be simplified; the 
new version emphasizes the fact that intermodulation products of 
different orders are uncorrelated, but that contributions to the inter- 
modulation product of a given order from different terms of the power 
series are completely correlated. 

If the output is expressed as a series of Hermite polynomial functions 
of the input, rather than as a power series, each term of the series 
gives rise to intermodulation products of one order only. 


LIST OF SYMBOLS 


Vo = R.MLS. value of input noise. 
x(t) = Random Gaussian noise of unit r.m.s. value. 
y(t) = Output of non-linear system. 
v(r) = Auto-correlation function of x(Z). 
YW (r) = Auto-correlation function of y(Z). 
/émn = Bivariate moment of order m,n for a bivariate 
normal distribution. 
H,(x) = Hermite polynomial of order mn. There are 
variations in the definition; pee used in the 


paper is H,(x) = (—1yerr a x22), 


[ f(t, 7) ay = Average value of f(t, 7) over ¢ ae a fixed value of T. 


(1) INTRODUCTION 


The response of a non-linear system to a random noise input is 
of sufficient interest to have been dealt with in many papers.!.2,5.6 
The intention of the present paper is, first, to point out a simpli- 
fication of a previously given formula for the case when the 
output is expressed as a weighted sum of powers of the input, 
and secondly, to demonstrate that the expression of the non- 
linear output/input relation as a weighted sum of Hermite poly- 
nomials leads more directly to the division of the output into 
intermodulation products of various orders. 

The mathematical analysis of the paper has been merely out- 
lined. In Section 3.1 in particular, a plausible demonstration, 
linking up with the more familiar power-series expansion, has 
been used, rather than a more formal proof ab initio. 

The convention regarding auto-correlation functions differs 
slightly from that of most other authors. The input noise is 
taken as Vox(t), where Vo is the r.m.s. value of the noise and 
hence covers the magnitude and dimensions of the noise; x(f) is 
a dimensionless noise function of unit r.m.s. value and its auto- 
correlation function is therefore normalized, i.e. ¥(0) equals 
unity. 

(2) OUTPUT AS POWER SERIES 

Let the input Vjx(t) be random Gaussian noise of r.m.s. value 

Vo and the output be 


YO = ¥ al Vox} ae) 
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We determine f(r), the auto-correlation function of y(#); th 
power spectrum of y(t) can then be obtained from ‘Y(7) by th 
usual methods: 


YO) 


I 


[yOyt + 7) Jon 


= > a,a,verrrt [oy C+ OP fo . 
mM, n=0 

where { [xo] [x(¢ + T) "S09 a time-average for fixed 7, repre 

sents an auto-correlation function for m=», and a cross 

correlation function for m=4n; each such cross-correlatio: 

appears twice effectively since the same average is obtained b 

interchanging m and n. 

Since the noise is Gaussian 


{EO} Lx + DP bon = Hn 


the bivariate moment of order m, n for a bivariate normal (i.¢ 
Gaussian) distribution with unit variances and correlatio 
coefficient (7), the auto-correlation function of x(‘). It can b 
shown that ; 


= m + nodd 


vet min! [p(r) "2 m + neven 
=o 22—m)+ 257) — 2j) 4G —m) +j|! nom 


iG 


Eqns. (2) and (3) represent the previously given result and ar 
equivalent to Middleton’s! eqns. (8.4) and (8.5) and to ai 
equation of Section 2.2 of Clavier’s paper,” the latter collectin 
terms in powers of ¢/(7) as far as the fourth. 

The term in [¢(7)]" has a physical meaning. As shown, fo 
example, by Rice, random Gaussian noise can be considered a 
the infinite sum of elementary sinusoidal components, and mt 
order intermodulation products of these components in th 
output of a non-linear system turn out to give rise to the terr 
in [(7)|" in the auto-correlation function of the outpu 
Let us now determine the term in [:s(7)]’ from eqns. (2) and (3) 
r will be used for the moment to avoid confusion with the 7 in m, } 
Contributions are obtained with m =r + 2j, n =r + 2k, fe 
all non-negative integral values of 7 and k; hence | 


| 
| 
c © (r +2/)¢ +20)! | 
YO = 2 Or 2X, I+ kjIrlk! Br 4.2544 2KVo te 


; : ; 
It can now be seen that the inner summation, with a factor || 
removed, is in the form of a perfect square, and we get the ne 
formula, in which r can now be replaced by n 


2 
VG) = oy n! [es(z) |” | 3 Re nae | 


: 
! if 
tay be helpful to give the explicit form for powers up to the 
3 it is 

W(t) = [a + V2 + 3a,V$ +... 

+ P(r) [a,Vo + 3a,V3 + 15a,V3 + ...]? 

+ 2[p(r) 7 [a.V2 + 6a,Ve+...P 

+ 6[:b(r)P[a,V3 + 10a,Vs +... 

+ 24[h(r) 4 [a,V4 2 ee 

PieOPayPla vet... . .... 


n which the first line gives the d.c. component of the output, 
he second the undistorted output, and third and subsequent 
ines, second- and higher-order intermodulation products. 

This simplified form of the expression for ¥(r) is associated 
vith the physical fact that, for a Gaussian input, the contribu- 
ions to intermodulation products of a given order from the 
arious. powers concerned are completely correlated and add 
oltagewise, as has been pointed out by Lewin*+ (who refers to 
coherent low-order groups”); intermodulation products of 
ifferent orders are uncorrelated and add powerwise. 


(3) OUTPUT AS SERIES OF HERMITE POLYNOMIALS 
(3.1) General 


‘The relation between output and input in a non-linear system 
nay be expressed in a perfectly general way as 


V(t) = f[Vox(t)] 


yhere f is some function, possibly in analytic form, possibly an 
xperimental curve. The power series of eqn. (1) is often used 
$s a simple approximation to some given curve, but other 
xpansions are possible. Eqn. (4) shows that the power series 
; not a very good expansion if we want to deal with inter- 
nodulation products of various orders in the output, since all 
Owers up to infinity occur in any one term. It may be asked 
whether it is possible to express y as a sum of functions, each 
f which is associated with intermodulation products of a given 
der? The answer is yes. We can find functions such that if 


Wt) = eH [xO] + Hx] + oa[xO] +... . © 
hen Wo =a+ cana) + 21[hGr) |? +... 2. . 
\ comparison of eqns. (7) and (4) shows that 


; Pe @ 27)! 
i | Ch = 2%, ijn! 


q 


A rr) 


he functions H,,(x) have now to be found to make eqns. (1) 
nd (6) equivalent; grouping the right-hand side of eqn. (6) to 
orrespond to powers of x in eqn. (1) gives 


A(x) =1, 
A(x) =x 
Hx) + Ho(x) = x? 
Hy) + 3H,@) = x; 


<tn n! 
i Oe aT (9) 
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which may be solved to give 


Hox = 1 
H,@) =x 
A(x) = x? —1 


H,(x) = x3 — 3x 


. 


<itn —1)"n! 
os (—1)*n! 


n—2j 
fo Zila — 2 


(10) 
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which can be recognized as the Hermite polynomials. So, by 


a well-known property of these polynomials, 


Voxje~ 2H (x)dx . . (ii 
C= weap |! t( 0 ) A ) ( ) 
which allows c, to be determined direct from the given non- 
linear relation, by numerical integration if need be. The total 
power in nth-order intermodulation products (the d.c. and 
undistorted components being orders 0 and 1 respectively) is 
nic. 

The expansion in Hermite polynomials can sometimes be 
possible when the ordinary Taylor power series is not, because 
of discontinuities. The example in Section 3.2 illustrates this. 


(3.2) Noise through a Half-Wave Rectifier 


As an example of the method of Section 3.1, consider a half- 
wave rectifier for which 


CS) — Ome a0) 
=3¢ 36 S(0) (12) 
so that 
Voxe—“l2H (x)dx . (13) 


nH '(27r) 


ie) 
— 
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the fact that 
e-PH,(x) = (—19 Z(e-*2) 

allows the integral to be evaluated by integration by parts twice 

with special treatment for cg and c, and yields 


eo = Vo|(2m)* Qe 4Vo 
Gero 


Aas neven, >2, c,=0 nodd, >3 
nn 2mm'\(2m — 1)(277)* 


d=2 
an m (14) 


The resulting series for (7) is a special case of a series of 
Middleton’s,5 and may also be recognized as the expansion of 
the form given by Rice: 


¥O) = 52[61— OPH + ¥@ arceos [-Wen)]] a9 
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7 
SUMMARY 

It is shown that electronic digital calculating machinery, and 
i which represent information in digital form, may in principle 
‘constructed from an assemblage of three basic elements. These 
e a bistable element for the storage of a digit, a gate for controlling 
e flow of digits, and a diode for controlling the direction of flow of 
zits. The properties and use of an element which consists of a 
stable element and two gates are described, and it is then shown that 
2 functions of this element may be realized in the form of a practical 
cuum tube based upon beam-deflection principles. This tube does 
t lend itself to the construction of a practical large-scale store, but 
her to extensive use in the control and arithmetic sections of a 
xital machine. 


() INTRODUCTION 
The principles underlying the operation of automatic digital 
culating machinery and devices which handle information in 
zital form were firmly established 100 years ago when Charles 
bbage detailed the design for a machine to perform automatic 
mputation. At that time manufacturing techniques were 
lequate, and as a consequence the practical realization of 
machine was delayed until the mass-production methods of 
present century had been established. 
past decade has seen the successful construction and 
eration of both the electro-mechanical and electronic forms 
automatic digital calculating machinery. The electronic 
chines, which are significant because of their very high speed 
operation, have been made possible largely by the availability 
conventional triodes (and pentodes, etc.) and the techniques 
veloped primarily for use in the communication industry. 
e use of the triode in this manner depends not upon its linear 
plifying characteristics but rather upon the non-linearities 
tt at the extremities of its normal operating range. This 
ts that the conventional triode may not necessarily be 
st tube for this application, and that it may be possible to 
yp a tube which is more directly suited to the storage and 
iching requirements of high-speed digital machinery. 
le idea of building special tubes for use in electronic digital 
ng machinery isnot new. In this field significant advances 
een made in the development of numeric storage tubes. 
Haeff! and Rajchman? have constructed tubes for storing 
Wy hundreds of binary digits by means of electric charges 
in small cells upon an insulating surface. The demon- 
by Williams? of the use of a conventional cathode-ray 
digital-storage purposes has fostered the development 
free from screen imperfections. Pulse counting in 
Mputers has led to the development of tubes for performing 
's function. The Hollway* decimal counter tube, which 
ids for its operation upon the location of an electron beam 
= or other of ten stable positions, is an example. Another 
ch has led to the development of special tubes for per- 
certain complicated computing functions. In the 
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Computron> an attempt has been made to devise a tube with 


_ several hundred electron beams, for computing continuously the 


product of two binary numbers. Dr. Katz at Toronto has 
developed a group of special tubes which are of simple and 
conventional construction. He has shown that by adopting a 
particular form of construction, a variety of characteristics can 
be obtained by slight modifications of the electrode shapes. In 
1946 Sharpless® suggested a course of development based on the 
single-beam bistable tube, observing that the use of beam 
deflection rather than grid control of the target current would 
eliminate the need for potential-dividing circuits when con- 
necting the output of one tube to the input of another. Jonker7>® 
has more recently outlined the electrical and mechanical require- 
ments of switching tubes for use in telephony and possibly in 
calculating machines. He has emphasized the value of ribbon- 
like electron beams in this application, and also the use of a 
simple and conventional form of construction. As opposed to 
previous efforts the present work has aimed at reducing the 
quantity and variety of components in digital machinery by 
endeavouring to devise a general-purpose tube to perform the 
basic storage and switching functions in such machinery. 

The functions of the simplest basic elements may be deter- 
mined by considering the necessary and sufficient combinations 
of two binary numbers in a digital system. These combinations 
are the logical ones of conjunction and disjunction, the former 
corresponding to digit-by-digit multiplication and the latter to 
logical summation. From basic elements performing these 
functions, together with a third element for storing a binary 
digit, devices can be constructed in a simple manner for per- 
forming the. operations of addition, multiplication, counting, 
etc. Using the terminology of digital machinery, these elements 
are termed a “gate” for performing the process of conjunction, 
a pair of “diodes”? for disjunction, and a “‘bistable’’ element 
for the storage of a digit. 

In principle the bistable element may be one or other of two 
kinds: either a static device in which the value of the digit is 
determined by the direct potential of its output, or a dynamic 
device whose state is indicated by either the presence or absence 
of a continuous succession of output pulses. Since the output 
signals from these elements are always applied to gate or diode 
elements where the logical operations are performed, it is common 
to use the static device in preference to the dynamic one because 
of the practical difficulty which is found in matching the output 
pulses (in both voltage and time) from two bistable elements of 
dynamic form. 

If these elements are to be realized in practical form it is only 
necessary to consider the bistable and gate elements, since the 
diode is currently available in simple form. The observation 
that the output of a bistable element of static form is always 
connected to the input of a gate suggests a composite element 
consisting of a bistable element permanently connected to a 
gate. Symmetry suggests, as a further step, the use of two gates 
permanently connected to the opposite outputs of a bistable 
element such that one gate is open to the flow of information 
and the other closed when the digit stored is unity, and vice versa 
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when it is zero. Although the symmetrical arrangement is not 
essential for the composite element, there are several devices, 
such as shift registers, counters, encoders, etc., where two gates 
are required for each bistable element. In these cases the 
inclusion of the second gate in the composite element does add 
to the element’s complexity. As opposed to this, the total number 
of components in the device is reduced, and as seen later, the 
addition of the second gate does not appreciably complicate the 
construction of the vacuum tube designed to perform these 
functions. An element consisting of a bistable element and two 
gates is referred to here as a “binary gating’ element. 

To perform the function of the binary-gating element a 


binary-gating tube has been built. This depends for its operation ° 


upon the independent deflection of three ribbon-like electron 
beams and the collection of their current in a target assembly. 
Deflection control of the target current rather than grid control, 
as used in triodes, permits the output target of one tube to be 
connected directly to the input deflector of another without the 
use of potential-dividing circuits. The use of three ribbon-like 
electron beams rather than a single circular beam leads to a 
desirable electrode arrangement consisting of three simple cells 
each of similar construction. The beams are produced in a 
cylindrical form of the Pierce-type electron gun, which has the 
advantages of simplicity and relative ease of design. In the 
output part of the tube the possibility of using secondary emitting 
targets which are electrically floating has been considered. The 
main difficulty encountered was that of obtaining a high 
secondary-emission ratio over a long period of time. Problems 
also arise in the use of such tubes in supplying the secondary- 
emission current when connecting the output of one tube to the 
input of another. Consequently the use of secondary emission 
was abandoned, and the beam currents were used directly by 
suppressing the secondary emission at the targets in the normal 
manner. 


(2) THE BINARY-GATING ELEMENT AND ITS APPLICATIONS 

The application of the binary-gating element and the diodes 
to the construction of a digital system is indicated by considering 
in detail their use in a typical portion of an arithmetic unit of 
an electronic digital calculating machine. The example chosen 
is that of a shift register with an associated binary counter, as is 
used in serial binary machines for the temporary storage of 
numbers. Such a device has not been constructed from binary- 
gating tubes; it is considered here simply to indicate the manner 
in which the tubes could be used in a practical system. 

The symbol used for representing the binary-gating element is 
shown in Fig. 1. Terminal 1 is connected to the input of the 


Digit input 5 6 Digit output 


of gate ‘a of gate “a” 
Digit input Digit output 
of gate“b” 3 4 of gate“b 


1 2 
Inputs of bistable section 


Fig. 1.—Symbol used to denote the binary-gating element. 


bistable section, and when pulsed, the gate “‘b” is opened to 
permit the flow of information from terminals 3 to 4, and at the 
same time the gate ‘‘a’’ is closed to inhibit the flow from terminals 
5 to 6. A pulse sopnedl to terminal 2 reverses these conditions. 
Although the symbol has been considered in terms of pulse 
representation of digits, the binary-gating tube is so designed 
that direct connections can be made between tubes. Because 
of this property, the use of the tube may be extended to the 


application where the binary-digit representation is by means 
two different voltage levels, rather than by pulses. 

Continuously-generated timing pulses, termed ‘‘clock puls 
P-, are separated by intervals of time, termed “clock periods” 
duration T. By the use of extra timing pulses having the sz 
repetition frequency as the clock pulses but separated from th 
by some fraction of a clock period, binary-gating elements n 
be used as delay elements. These additional pulses are refer 
to here as “‘quarter pulses” p,, “shift pulses” p,, and “thi 
quarter pulses” p,, all of which are shown in Fig. 2. T 
occur at one-quarter, one-half and three-quarters of a ck 
period, respectively, after the clock pulses. 

Digits are transmitted by means of two lines, known as 
“D-bus” and “1/D-bus.” Digit 1 is represented by a pulse 
the D-bus and no pulse on the 1/D-bus, digit 0 being represen 
by the reverse conditions. The double bus is not essential, 
is used in this case because it tends to simplify the circuits. 

For an example of the use of the binary-gating eleme 
consider a shift register with a capacity for 40 binary dig 
together with an associated counter for generating the pul 
to control the flow of digit pulses to and from the register. 
indicated in Fig. 2, a number entering the register upon 
input bus (consisting of both the D-bus and the 1/D-bus) 
preceded by a ‘‘write pulse’ upon the “write-pulse bus” by 
interval of one clock period. An outgoing number upon 
same digit bus is preceded one clock period earlier by a “re 
pulse’ upon the “‘read-pulse bus.’ These transfers are mi 
possible by the continuous application of the p,, p,, p, and 
pulses, respectively. 

To accept a number from the digit bus, the shift register 
sequenced as follows: At a clock-pulse time the first digit 
established in the storage element AO, as shown in Fig. 2. 1 
next quarter pulse transfers the content of AO to SO, the cont 
of Al to S1, and so on up to A40 and $40. The following pu 
of the p, group, which is generated in the associated bin: 
counter, transfers the content of SO to Al, the content of 
to A2, and so on up to $39 and A40. After 40 of these operatic 
the first digit appears in S40, the second in S39, etc., and | 
fortieth in S1. 

Reading from the register which is initiated by a read pu 
requires the 40 pulses of the pz group to be applied to the ¢ 
ment S40, in addition to those pulses which are required dur 
the writing process. These pulses transfer the contents of { 
to the digit bus at clock-pulse times. 

As shown in Fig. 2, the p, pulse group is counted by me 
of the binary counter, which is initiated by either a read pi 
or a write pulse. The 40 pulses of the p, group which | 
required only during the reading process are obtained by us) 
each of the p, pulses to gate out the following clock pulse fr 
the continuously-generated clock-pulse train. 

Each of the six stages of the binary counter consists of a sin) 
ring-of-two counter from which every second input hie 
gated through to the following stage. Counting is initiated’ 
either a read pulse or a write pulse, which first sets the coui? 
to zero and then admits shift pulses to the input of the cou: 
by opening the input gate. When 40 pulses have been coun 
a set of six “coincidence” gates permits the passage of a cli 
pulse, which closes the input gate to the counter and thus 
minates the transfer operation of the register. In the exar 
chosen it is seen that the number leaving the register during 
reading process re-enters the register via the element AO. ” 
this way the number is retained in the register. During 
writing process, however, the incoming number replaces | 
old one, 

The unit described consists of a shift register, a binary cou 
and some associated circuits. The binary-gating element : 


Digit 


Shift-bus 


Pulses 
being 
counted 


Counter 
input 
gate 
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Six coincidence gates 
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D-bus 
Digit 1/D-bus 
Read-pulse bus 


40-stage shift-register 


Pt 6-stage binary counter 
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ee a c (e) Write pulse. 
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ilarly be used in the construction of binary adders, multi- 
rs, decoders, ring counters, etc. There is no reason to 
that the applications are limited to these cases—in fact, 
examples confirm the building-block nature of the binary- 
g element. 


z= (3) BINARY-GATING TUBE 


1 (3.1) Electrical Principles 


bistable section of the binary-gating tube is based on the 
sle suggested by Sharpless® and used recently by Hollway* 
mter tubes. As indicated in Fig. 3, the bistable section 


q Pulses occurring during reading and writing 


Fig. 2.—A 40-stage shift register and associated binary counter, assembled from binary-gating elements. 


consists of an electron gun, two pairs of deflector plates, and a 
pair of symmetrically located targets. Each target is connected 
to a load resistor and to the opposite deflector of the second 
pair. Such an arrangement may possess two electrical stable 
states, which are distinguished by the position of the electron 
beam. The beam may strike either target, and in doing so be 
held there by the deflection forces resulting from the feedback 
connections between targets and deflectors. The state of the 
device is indicated electrically by the target potentials, and it is 
from these targets that connections are made to the gate sections 
of the tube. The device may be set to a required state by momen- 
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Deflector o Screen The binary-gating tube has been designed to operate with 
Input terminal Suppressor anode and screen grid connected to a 400-volt supply. Equi 
Anode Target satisfactory performance is observed when this voltage li 


Cathode shield o 


Input o 
Bistable section 


ay 


Input 


Ese wors 


ae Le 


Fig. 3.—Electrode connections between sections of the 
binary-gating tube. 


Gate section 


tarily applying a potential difference to the first pair of deflectors 
to overpower the deflection force of the second pair, thus forcing 
the beam into its new location. 

The electrode arrangement of the gate sections of the tube 
differs from that of the bistable section in the positioning of the 
targets, which are offset from the central axis, and also in the 
omission of the connections between the targets and the second 
pair of deflectors. Connections are made between targets of 
the bistable section and the second pair of deflectors of the gate 
section, so that in the absence of a potential difference between 
the first pair of deflector plates of the gate section, their electron- 
beam location is similar to that of the beam in the bistable 
section. These locations are indicated in the diagram by target 
positions 1 and 2, respectively, target position 1 being associated 
with the “gate open” condition and target position 2 with the 
“gate closed” condition. Information appearing as a voltage 
pulse upon the input deflector of a gate section momentarily 
causes the beam to move either from target location 1 to 3 or 
from Jocation 2 to 4 depending upon the state of the bistable 
section. In the former case, which corresponds to the gate-open 
condition, the beam strikes the output target, resulting in an 
output signal across the load resistor. In the latter case the beam 
defiection is insufficient to move the beam on to the output 

: . a 
target, and no signal is produced at the output. 


‘ 


the range 300-500 volts. “The deflectors and targets are { 
ferably operated at about half the anode voltage, i.e. 200 ve 
Target currents observed with the anode at 400 volts are apprc 
mately 0:-2mA. The pulses applied to the trigger deflectors 
the bistable section and to the input deflectors of the g 
sections are 25 volts in amplitude, although in a well-aligi 
tube this value may lie in the range 15-35 volts. Fromac 
sideration of the beam current and trigger-pulse amplitu 
together with the requirement that the output of one tube m 
be connected directly to the input of another, it follows that 
target load resistance required is 125 kilohms. In the bista 
section of the tube the relatively small external stray capacita 
present at the targets enables the sensitivity of the deflect 
which cross-connect to the targets to be made only half that 
the trigger deflectors, without a loss of ‘overall switching spe 
The load resistances used in the bistable section are consequer 
250 kilohms. 


(3.2) Construction © 

As indicated in Fig. 4, the binary-gating tube is similar 
general appearance and form of construction to the more ¢ 
ventional tubes. The plane-shaped electrodes are moun 
between mica discs to provide mechanical support and electri 
insulation. Significant features of the tube are the electron g 
the deflection system and the target assembly. 

In the electron gun three ribbon-like electron beams 
formed, each originating from a separate portion of the comm 
indirectly-heated cathode, and emanating from one of th 
apertures in the anode of the gun. Beam formation takes pl 
in the region between the cathode shield and the anode, wh 
electrons from the cathode are confined to a wedge-shaj 
region. Upon leaving the aperture the electrons move in a be 
through the deflection system to a line focus at the targets. — 

Between the electron gun and the targets the path of the be 
electrons is controlled by two pairs of deflectors. The f 
pairs of deflectors associated with each beam are electric: 
separate from one another and are mechanically supported 
glass beads. The common connections required between 
second pairs of deflectors enable the construction to be simplil 
by using two long flat plates to form a pair of deflectors comn 
to all three beams. In addition to controlling the gens 
direction of the electron paths, the deflection system is mi 
tained at a lower potential than that of the anode and ser 
grid to assist in the focusing of the beam. This also provides, 
suppression of the secondary electrons produced at both 
anode aperture and the screen grid. 

The target assembly consists of several flat plates suppo) 
on glass beads. Secondary emission from the target surface 
suppressed by a closely spaced suppressor grid placed betw 
the screen grid and the targets and held at cathode poten 
The screen grid, placed. between the suppressor grid and 
deflector system, maintains the electron velocities in this rej) 
and prevents the target potentials from influencing the elec 
paths. 

The complete assembly is connected to a 12-pin button | 
and enclosed in a cylindrical glass envelope to form a | 
approximately 28mm in diameter and 65mm in length. __ 


(3.3) Electron Optical Design 


The use of the Pierce-type electron gun, in cases where it 
be applied, enables a first-order approximation of the elect 
geometry to be made by computational methods, thus confi 
trial-and-error experimental techniques to final adjustmer 


Anode 


Cathode shield 


4 Indirectly 
| heated 
cathode 


Anode 
aperture 


Mica 


disc Ae 


! 
} 
: 


ond-order effects. The choice of the Pierce gun depends 
e predominance of space-charge over thermal-velocity 
determining electron paths. In the binary-gating tube, 
AS are intermediate between these two cases, space 
predominating within the gun and thermal velocities in 
m beyond the gun. The gun to be described is designed 
on the basis of space charge within both the gun and 
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Fig. 4.—Electrode configuration of the binary-gating tube. 


the beam, due consideration being given to the lens action of 
the anode aperture. Finally the width of the focus under these 
conditions is estimated by considering the beam spreading due 
to thermal effects. 

Considering space charge only, Pierce? computed the approxi- 
mate shapes of the cathode shield and anode necessary to confine 
the electrons in the gun to a wedge-shaped region. These curved 
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electrodes are difficult to make with accuracy, so for use in the 
binary-gating tube the simplified shapes of Fig. 4 have been 
obtained. These have been computed using a conduction-sheet 
analogue device, the necessary shapes being obtained by trial 
to give a close approximation to the Langmuir! diode-distri- 
bution relation along the boundary between. the space-charge 
and the space-charge-free regions of the gun. 
This potential relation is given by 


V = k(rB2y8 Oe gE hs BORE) 


where V = Field potential at radius r. 


r = Radial position measured from the centre of 
curvature of the cathode. 
B =u — 2u?/5 + 117/120 — 4704/3 300 + .. . 
= In(r/r,) 
r. = Radius of curvature of the cathode. 
k, = Constant. 
Considering the lens action of the anode aperture, but neg- 
lecting both space-charge and thermal-velocity effects in the 
region beyond the anode, the electrons are directed to a cross- 


over point which is further removed from the anode than the 
‘““cathode-centre,”’ as shown in Fig. 5. The focal length of the 
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Fig. 5.—Symbols used in analysis. 


divergent lens at the anode aperture is computed from the 
Davisson and Calbick!! relation, 


f= QUEER lot SO) 


Ff, = Anode-aperture focal length. 
V, = Field potential at the anode aperture. 
E, = Change in gradient through the aperture. 


where 


For the present analysis E, is given the value of the derivative 
of the Langmuir potential relation at r=r,. From the lens 
formula the focal length of the gun, fj, is given by 


1 1 1 

77 ee > Sa ee (3) 
Thus electrons leaving the anode aperture move towards the 
cross-over point and not the cathode centre. 

Disregarding the effects of thermal velocities in the beam 
between the anode and the output targets, the effect of space 
charge is shown by Thompson and Headrick!* to cause the 
beam to spread, and the focus to recede to a position further 


. 


from the anode than the cross-over point. The binary- a 

tube is designed for the limiting focusing condition, in which 

focus occurs in a distance of twice that of the cross-over 

from the anode aperture, and the paths of the electrons at 

focus are tangential to the axis. The beam perveance for 

case is given by 4 
. 

I, a 41-8 x 10-* yp 
BY 32 x} 

I, = Total beam current. 

[, = Length of cathode. 

Yo = Half the anode-aperture width. 

xX, = Beam length measured from the anode apertu 


where, 


The limiting focusing condition is obtained when the folloy 
two conditions are fulfilled: 

(a) The gun perveance, as computed by the Langm 
cylindrical-diode current relation, is equal to the beam peryee 
required by the Thompson and Headrick beam space-cha 
spreading relation for the limiting focusing condition: 


I, 14-66 x 10-§9 41-8 x 10-0 


1.322 Ee r,p27 te 
where 0= Volta 
Therefore r2B? = O- 11 tee 


(6) The paths of electrons leaving the anode aperture 
directed towards a cross-over point located midway betw 
the anode aperture and the required focus point: 


Se = x,[2 . . . . . . 


By trial solution of eqns. (5) and (6), the necessary 
proportions are 
Fo = 0:59 Xp 


r,=0-2bx, . . . 


In practice, it is found that the focus may be improved, and 
current picked up by the deflectors reduced, if a limiting aper 
is included whose width is one-third of the anode aperture, 
which is placed at a distance of three times the anode-apet 
width from the anode. For clarity this aperture is not sh 
in Fig. 4. However, its effect must be taken into account y 
computing the beam current, which in this case is reduce 
one-third of its original value. In the binary-gating 
described 
x, = 13mm | 


From eqns. (7a) and (7b) ie | 
r, = 7-7mm a | 
r, = 2:7mm 
Allowing for the effect of the limiting aperture 
Yo = 0:075mm 
1, = 4mm 
V,, = 400 volts. 


Therefore, from eqn. (4), 


I, = 0-59 mA. eA 


| 

By experiment the screen grid was found to reduce the 
current at the target to 0-20 mA. 

The important assumption in the space-charge-spre 

theory is that the electron beam at the anode aperture is 

homogeneous and homocentric; these being conditions p 


} 


4 
he Pierce-type electron gun when thermal velocities are 
rded. Langmuir!? and Pierce!4 have shown that the 
+ of thermal velocities is to limit the current densities which 
obtained in electron beams, and to destroy the fine-line 
s which would otherwise be possible in ribbon-like beams 
aberrationless electron optical system. 
hs absence of space charge in the beam the focus occurs 
° cross-over point, as shown in Fig. 5. The equation for 
effects of thermal velocities in ribbon beams shows that the 
imum current density which can be obtained at the focus 
t is given approximately a 


4 M fies CVjkTesind .-°S 2. (8) 


==} 
| VF 
re, J) = Cathode current density. 

V = Beam potential. 

¢ = Beam convergence angle at the cross-over point 
for electrons leaving the anode with zero 
/ velocity. 


ratio of the beam width at the cross-over point to that at 
cathode is given by J,,,,./Jo. When V = 400 volts and the 
h of the cathode is 0-054in, the beam width at the cross- 
point is 0:024in, as compared with 0-018in at the anode 
ture. Assuming the beam to continue spreading at the 
> rate, the expected focus width at the target would be 
0in. The formula shows that the use of a limiting aperture 
jot be expected to reduce the spreading due to thermal 
cities to any appreciable extent. It can be expected to 
cept and remove the electrons of high thermal energy and 
reduce the stray current entering the deflector electrodes. 
ae equation for the effect of thermal velocities shows that 
maximum current density which can be obtained in a beam 
creased as the angle of convergence of the electron paths is 
cased. Thus the beam focus can be improved by using a 
lensing lens. In the binary-gating tube, such a focusing 
t is obtained by operating the deflection system at a lower 
tial than the anode and the screen grid, the latter two 
trodes being electrically connected. The operation of the 
-in this manner does not prevent the output of one tube 
g connected directly to the input of another, since the 
ence of the screen grid enables the output targets of the 
to be connected through their appropriate load resistors 
he same supply as the deflectors. In fact, with the tube 
ribed the best operating conditions were found when the 
st and deflectors were operated at about half the potential 
me anode and screen, as indicated in Fig. 3. The focusing 
t of this lens may be computed by using one or other of the 
dus numerical methods, such as are given by Klemperer 
Wright!> or Gans,!® based upon the differential equation 
40tion of the paraxial electrons. Alternately, as has been 
> in the design of this tube, the potential of the deflection 
m necessary to give the best line focus may be obtained by 
riment. It was found that the line-focus width could be 
ced from 0:030in to 0:010in by lowering the deflector 
ntials to one-half that of the anode. 
condary electrons produced at the target are suppressed in 
inary-gating tube by means of a suppressor grid placed 
en the screen grid and the targets. The method used for 
nating the dimensions of these grids is similar to that used 
le design of pentodes, and presented in a convenient form 
ngenberg.!7 
erce!8 had given an expression for the limiting trans- 
ctance of beam-deflection amplifier tubes in terms of 
1 velocities and the capacitance between the deflector 
by combining the expression for the maximum current 


4 
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density with that for the deflection sensitivity. For use in the 
design of the binary-gating tube, an expression is derived for 
the time-constant associated with the change of potential of a 
target when the beam is suddenly switched on to it, in terms of 
the width of the focus at the target, the beam deflection, the 
total stray capacitance, the anode potential, and the ratio of the 
deflector-plate separation to the beam width at the anode. The 
thermal velocities are not considered directly in this derivation, 
because space-charge and focusing effects in the deflection 
system cannot be neglected in this case. However, their effect 
is implied in the term for the beam width at the focus. The 
variation of the capacitance between the deflector plates as a 
function of their separation is not taken into account, since their 
capacitance is comparable with that of the stray capacitance to 
earth of the wiring when the tube is used in computer circuits. 


In the circuit shown in Fig. 5, the following symbols are used: 


2¥9 = Beam width at limiting aperture. 
2yok4y = Separation of the deflector plates. 
1, = Length of the cathode (beam thickness). 
= Length of the beam. 
z = Beam width at target. 
V, = Anode potential. 
= Beam current. 
I, = Current entering the target. 
R, = Load resistance. 
C, = Stray capacitance at the target. 
V,= Input, or output, signal (the signals are of equal 
amplitude to enable direct connection to be made 
between tubes). 


The target response to an input signal which causes the beam 
to be suddenly switched on to it is given by 


vo = I,R,[1 SS exp (—17T)] e 5 . . (9) 
where T = CR, = CV, |L, (9a) 
In the deflection system 

Vea ay OO EE (10) 
L, L, 


where, /, = Length of the deflector plates. 
|, = Distance from the centre of the deflector plates to 


q 
the target. 


From egn. (4), 


I, = ky = 41-8 x 10-6V3/ 


k Vol, 
PDN 


where k, = Fraction of the beam current passing through the 


screen grid and striking the target. 


By substitution in eqn. (9a), 


lok vk 2x 


i= 4 
T= 96 x 105, 4 


(12) 


In the binary-gating tube described 
C, = 15 pF (approx.) 


1, = 2:25mm 
/, = 10-5mm 
kg = 6°3 
k,z =1-0mm 
k, = 0°34 
1, = 4:0mm 
V, = 400 volts 


x, = 13mm 
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Substituting these values in eqn. (12), T = 2-4microsec, This 
agrees with the time-constants associated with the waveforms in 
Fig. 6 and with the observed maximum speed of operation of 
150 000 changes of state per second. 


ean 8 6 Ie Se 


TV ea aaa ne 
oa a ne ie 


dont Ne ee 


stg ee 
a Ny Se eee iy Ria (8) 


Fig. 6.—Oscillograms showing the performance of the binary-gating 
tube at a frequency of 50 000 pulses/sec. 


(a) Pulses applied to trigger deflector D1. 

(b) Pulses applied to trigger deflector D2. ) 
(c) Waveform at bistable deflector D3. : 
(d) Waveform at bistable deflector D4. 

(e) Input pulses applied to gates ‘‘a’”’ and ‘‘b.”’ 

(f) Output pulses from gate ‘‘b.” 

(g) Output pulses from gate “‘a.”’ 


(2) 


(f) 


(4) CONCLUSION 

Approaching the design of digital systems from the viewpoint 
of basic functions has led to the establishment of three basic 
elements and the practical realization of two of them in the 
form of a beam-deflection vacuum tube. Experience may show 
that the binary-gating tube does not represent the best possible 
compromise between complexity of the tube and that of the 
overall system. A simpler element which can perform either 
bistable or gate functions by a simple change of external con- 
nections may lead to a more economical overall arrangement. 
Whatever tube is finally chosen for the purpose, it does appear 
that its use would simplify the design, construction and main- 
tenance of digital machinery by reducing the number and 
variety of its components. 
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SUMMARY 


nt methods used in the logical design of computing circuits 
marized, and from these, desirable properties are suggested for 
versal computing element. 

description is given of a ribbon-beam-deflection valve based on 
Suggestions. Methods of application are illustrated with 
s and oscillograms using a single valve alternatively for binary 
on, binary subtraction, or control of an output gate by various 
vibrator circuits. 


j (1) INTRODUCTION 
has been appreciated for some time that the conventional 
valve is not ideal for switching circuits, since simple opera- 
often require several valves. Consequently digital com- 
S use large numbers of valves and components, which 
usly affect their reliability. Various proposals have been 
- for universal switching elements in an attempt to reduce 
otal amount of equipment and the variety of circuits. A 
ground to the idea of universal elements is provided by the 
us symbols and methods used in logical design. These will 
iefly reviewed. 
system based on the analogy to the nervous system was 
oped by von Neumann? and others from the work of Pitts 
McCulloch, who proposed a description of the nervous 
n based upon “‘two indication elements.” These elements, 
1 they called neurons, have the following properties: each 
m has an output line and a number of input lines. The 
‘lines carry stimuli to excite or inhibit a signal on the 
It line (the response being immediate). All the signals are 
lued, i.e. of the on-off type and not continuous. An “all 
me’’ output response changes when the number of simulta- 
3 inputs exceeds a certain number, called the threshold of 
uron. Some of the symbols used and their characteristics 
own in Fig. 1. The number in the circle is the threshold 
heuron; an inhibit stimulus overrides all excitation 


Ai 

e 

4 jG) Excitation 
=(2)— Excitation (threshold 2) 


Inhibition (overrides 
any excitation } 


"and" 


Excitetion (threshold n) 


Fig. 1.—Neuron symbols. 
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Different connections of these elements can be written, using 
the rules of Boolean algebra. A difficulty arises in practice 
from the fact that there is very little correspondence between 
these symbols and the appropriate vacuum-tube circuits. 
Several modified schemes have been proposed to overcome this 
difficulty. 

One method* uses special symbols rather than neurons to 
represent the valve circuits, and associated with each symbol is 
an algebraic operator; also included are Tables which list the 
different switching combinations of up to four variables in 
terms of these operators. (The switching combinations repre- 
sent all the possible arrangements for four bi-valued inputs 
and a single bi-valued output). The operator expressions 
can be converted to symbolic form from which detailed cir- 
cuits can be drawn. These Tables show that considerably 
more vacuum tubes are required than neurons for a given 
switching function. A number of other similar schemes have 
also been developed. 

There appear to be two alternative solutions to simplify cir- 
cuits. The first is to use only a single basic element, different 
combinations of this being used to derive the other elements. 
Several devices have been proposed on this basis. Speedy? has 
described a special valve and circuit which combines the pro- 
perties of a trigger circuit and two electronic gates, and has 
illustrated how this may be used as a building block. 

Another proposal! is the universal decision elements shown in 
Fig. 2. The switching Table is written as a form of matrix. 


Inputs 
D element S 


Fig. 2.—Decision elements. 


The two input signals, each having possible values of O or 1, 
form the upper and left-hand side, and the output from the 
element, which can likewise be 0 or 1, is given by the intersection. 
In the symbol which is used to represent this matrix, a short line 
through the circumference indicates that the output is a 1 in the 
corresponding quadrant of the matrix. The universal elements 
are the D and S elements. One reason for the choice of these 
simple elements with two inputs and one output is that they are 
easier to analyse. More complex elements having more than 
two inputs and more than one output, although unwieldly in 
logical systems, may be useful in practice. 
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The following are suggested as desirable properties in a 
device to be used in a somewhat similar way to neurons: 


(a) Four inputs, two of each polarity, to be used as excitation 
and inhibit connections. These inputs should preferably be of 
equal sensitivity, and such that direct links can be made between 
elements. 

(b) Output terminals to give positive or negative signals. 

(c) Complete isolation between inputs, and between inputs and 
outputs, so that they do not interact with each other. 

(d) A power gain sufficient to drive as many as three other 
elements in parallel. 


The present paper describes a ribbon-beam-deflection valve 
consisting of two interconnected elements, each having the 
above properties. The reason for this particular choice is that 
it enables binary addition, subtraction and other operations of 
interest to be carried out in a single valve which is limited to a 
12-pin base. The application of the valve is illustrated with 
circuits and oscillograms. 

It is interesting to observe that a still more useful element 
would be one whose proportions were capable of simple dynamic 
control. An example of such an element would be one which 
could be changed from addition to subtraction on application of 
a control signal derived from the previous operation, or from 
an external source. Similar elements are useful in logical 
systems, and would be equally useful in automatic computing. 
At present they seem difficult to realize practically. 


(2) DESCRIPTION OF VALVE 


Fig. 3 shows the essential features of one of the valves used. 
The valve is approximately 24in long and 14in in diameter. It 


SUPPRESSOR GRID 


T 2" DEFLECTOR 


OUTPUT TARGETS 


ANODE 


CATHODE 
SHIELD 


CATHODE 


APPROX. 2 in 


Fig. 3.—Valve details. 


consists of a simple electron gun producing a ribbon-type beam 
which is directed axially outwards but deflected by sets of 
deflectors through screen and suppressor grids on to collecting 
targets. The direct voltage of the deflectors is half that of the 
anode producing a focusing field and assisting the repulsion of 
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secondary electrons from the anode. The second deflectors 
divided so that they can act independently on their res 
sections of the beam. The beam is divided into sections 
reaching the targets by @ strip across the suppressor § 
Recent investigations have shown that considerable impr 
ments would result from a back-to-back arrangement of sect 
using two sides of a common cathode. This would be 
preferred arrangement for future work. 

The essential elements of each section for design purposes 
the arrangements of targets and deflectors. Each section h 
divided target and two pairs of deflectors (the first pai 
deflectors being common to both sections). The bottom 
of targets is divided centrally, and for the top pair the divi 
is offset, so that with all the deflectors at the same potential, 
beam divides centrally between the targets in the bottom sect 
and lies wholly on one target in the top section. The sensiti 
of all the deflectors is the same, and their d.c. level is the s 
as that of the targets, so that direct links can be made be 
targets and deflectors. These properties simplify 
arrangements. 

The input signals applied to the deflectors are norm 
negative voltage pulses. The output signal is then taken % 
corresponding negative voltage pulse from a load resi 
attached to the target on which the beam impinges. In s: 
cases positive voltage pulses are used, and these cases are 
tinguished by a primed letter. A corresponding positive ou’ 
pulse occurs in a load resistor attached to the target from wi 
the beam shifts on application of the input. A unit input p 
is considered as one which when applied to a deflector will s 
the beam at the target a distance somewhat greater than 
beam width. 

Using the notation of Fig. 4 for the various deflectors 
targets, it may be seen that the following equations relate 
output target currents to the deflector-voltage inputs. 

For the bottom section of the valve 


ipy = is and ipo = 


when D, — Di | Diyala 


and for the top section i;; = i, and i; = 0 


D,— D, + Dyp — Dzze 1 


when. 


Bottom section 
HT, 360 VlOmA 
Heater,63V O7A 
Heater cathode,OV 


Top cap = 
Pin = 
Pin = 


Top .section 


Fig. 4.—Base connections and symbol. 


relations may be summarized in the symbols of Fig. 4. 
nections to deflectors which produce deflection of the beam 
ne direction are shown plain, while connections to deflectors 
th produce deflection in the opposite direction are indicated 
‘small circle surrounding the connection. Plain and circled 
iections to the targets are used to distinguish those parts on 
hich the electron beam is directed by negative pulses applied 
milarly marked deflectors. 
7¢ numbers in the circle correspond to those in eqns. (1) 
(2) and specify the conditions for current in the targets. 

number is determined by the target offset, but it may be 

ed by a constant voltage difference on any deflector pair; 
by applying an appropriate bias to D3, the number >4 
ibe altered to > 0, > 1, > 2, etc. 


(3) CIRCUIT APPLICATIONS 
(3.1) Binary Addition 


forming the sum of two numbers, each step consists of the 
tion of the addend and augend, together with the carry digit 
1 the previous step. 


n = Base of the number system. 
d y = Addend and augend digits. 
C;, = Carry digit from the previous step. 
 S = Sum-digit output. 
Sout = Carry-digit output. 


‘Ou 


S X4¥+Cin-2Cout 2! 


PR.E=40 kc/s 
Input Output 
X Y Cip SumX+ Y(gated) Carry 


Fig. 5.—Binary addition. 
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then the rules for the output sum and carry digits may be stated 
as follows: 


Coy, OCCurs When 


Bova a) Set Ons Sigh SS ark Oe oom eee) 
and S occurs when 
BEY > Cee ni. 1 == 12 io (4) 
In the binary system, n = 2, and we have 


e 


ae | 
pA ly whentxis= yi, es 


OGL 


and ey 


s=1,whenx+y+C,, 
These relations are similar to those given earlier relating target 
currents and deflector voltages. Fig. 5 shows these relations in 
symbolic form, and also the detailed circuit. The > 2 relation 
for the carry digit is obtained by a lower d.c. level on D3. In 
the circuit shown 

x and y are supplied as negative voltage pulses of unit amplitude. 

Cin is a positive voltage pulse of unit amplitude. 

2Cour is obtained by using a load resistance sufficient to produce 

a voltage pulse of at least 2 units, clipped by a diode to reduce it 

accurately to 2 units. 

Cout 1S a positive voltage pulse output. 

It is apparent that spurious results can occur during the rise 
and fall of the various inputs. This does not necessarily cause 
complications in practice, since the results are always read into 
a storage register whose input gates may be closed during the 
transient period. In obtaining the waveforms shown the sum 
digits have been gated in this way. No spurious results can 
occur with the carry digits. 

In the case of parallel addition, it is necessary only to connect 
the C%,,, digit of one stage to the C;,, of the next. 

Fig. 6 shows a two-digit parallel adder, and the waveforms 
illustrate some of the more interesting combinations involving a 
carry between stages. 


Input 
2" posn. 2™!posn. 


Fig. 6.—Parallel binary addition. 
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For a complete serial adder the C;,,, digits must be delayed 
one digit period to provide the C,,, digit for the following step. 
Fig. 7 shows a circuit which was operated at 120 kc/s with 
5 microsec pulses. An amplifying valve is included in the 2C,,, 
link to reduce transients, and a second valve feeds an 8-microsec 
delay line for the carry digits which are shaped by diodes to 
provide C 


’ 


in 


Fig. 7.—Serial binary addition. 


(3.2) Binary Subtraction 


Each step in the subtraction of the two numbers consists of 
subtraction from the minuend of the digits of the subtrahend, 
together with the borrow from the previous step, proceeding 
always from the least significant digit. The rules for binary 
arithmetic are as follows: 


Borrow B,,, = 1 when 


She a ig eI - kK ‘ : : () 
Difference D = 1 when 
ens he Bi, + 2Bout ae not Vey an (6) 


Fig. 8 shows the symbolic form and the detailed circuit. The 


< — 1 relation is achieved by a bias on D,p. 


x, y, and B;, are supplied as negative voltage pulses of unit 
amplitude. 

2Bour is obtained using resistances and a clipping diode. 

Bout is taken from a dividing resistance. 


As before, transient errors can occur during the rise and fall 
of the pulses, and these have been gated out. 

Parallel and serial subtraction circuits can be made in a similar 
way to the corresponding addition circuits. 

It is apparent that this method of circuit design may be 
applied to other switching circuits. The procedure-is to examine 
the switching Table for relations between the input and output, 
of the following type: 


D Do; Dig a Dap Ob at 
D, — Dz + D37 — Dyy Sor <M 
The requirements for binary addition and subtraction have 
resulted in the following design limits for the valve: 
i Saw 
ass) Dd Uy SS 
The relations should be checked to see that these limits are 
not exceeded. 
The circuits which follow involve the control of a gate by a 
second element, and use the same valve as for binary addition 


and subtraction. They have been selected as the ones of most 
interest in digital computing. " 


(3.3) Bistable Storage . 


The application of the binary gating valve as a building b 
for switching circuits has been described by Speedy.? The 1 
section valve may be used similarly, except that only one ga 
available. The circuit for a bistable section and coupled 


200V 


\ 
% 


200V 


30 k2 


Input Output 
XY Bin DittX-¥(gated) 


Fig. 8.—Binary subtraction. 


is shown in Fig. 9. The symmetrically located targets are ¢1 
connected to the common pair of deflectors, and to the su 
voltage through load resistors. This results in two stable st 
which may be switched by pulses on the second pair of defiec 


200v 


Gate output 


Gate \ Hes Trigger 


Trigger 
input 


Bistable 


Gate section 


Fig. 9.—Bistable storage with an output gate. 


The remaining section is then used as a gate coupled b 
common pair of deflectors. The gate target is offset mec 
cally, and a bias is applied to D3,, so that in one state the 
of the beam lies just off the target, and in the other it lies be. 
one and two beam widths from the target. A unit pulse ’| 
gate shifts the beam towards the gate target, so that the 
can strike the output target in one state and not in the oth 
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10 shows a modification of this circuit to provide an 
as well as an output gate. This circuit would be of use in 


ic registers in a parallel machine. 


Fig. 10.—Register storage. 


he load resistances for the symmetrical targets have been 
sen as 2K and R, so that the second stable position is shifted 
beam width further off centre. The state can only be 
ched by the coincidence of a digit pulse on D,z and a positive 
»pulse on D,,. The read-out gate operates as before. 


; (3.4) Binary Counter 
he action of the deflectors in a beam valve is in many 


a equivalent to that of a grid in a triode. Thus circuits 
“be derived directly from equivalent grid-valve circuits. This 


been done in the circuit shown in Fig. 11. 


Input to counter 


Collector waveform 
of counter 


Gate output 


etl 
P.RE=330ke/s  P.RF.=!00kc/s 


Fig. 11.—Binary counter with gate. 


he direct link between target and deflectors is replaced by a 
stance-capacitance network, and negative input pulses fed 
ugh diodes. The load resistances and the resistances of the 
over network are chosen so that there are two stable 
‘for the beam. A sharp negative pulse applied to the input 
causes the target at the high potential (no beam current) 
_ the input, but transmits nothing to the other low- 
; 2 
Ni 


he 


potential target. Because of the cross-coupling capacitor, the 
fraction of this which appears at the deflectors exceeds the 
steady-state value required for bistable action (which is deter- 
mined by the resistances alone), and is sufficient to change the 
state. The following pulse switches the beam back, and so on. 

Tn grid-tube circuits the switching speed is reduced by the loss 
in the step-down networks necessary because of the difference 
in d.c. level between the grids and anodes. In the beam valve 
the d.c. levels are the same, and the network loss can be mini- 
mized. This is the reason why beam valves with a much lower 
equivalent mutual conductance (in terms of milliamperes per 
volt on deflector or grid) perform comparably in such circuits. 
The waveforms of Fig. 11 ilustrate the operation of the counter 
and coupled gate. Input pulses of about 2 microsec in width 
are applied to the counter, and identical pulses occurring mid- 
way between them are applied to the gate. Operation is shown 
at 100 kc/s and 330 kc/s, the latter being the limiting frequency. 


(3.5) Multivibrators 


It is apparent that, with the diodes separated, the circuit of 
Fig. 11 acts as a bistable multivibrator. 

The bistable multivibrator can be converted to a monostable 
or astable multivibrator in exactly the same way as in grid-valve 
circuits. A monostable multivibrator is obtained by eliminating 
one resistor coupling a target to a deflector, but leaving in the 
capacitor. The beam can then remain in one stable state as 
before, but can only remain in the other state for a time dependent 
on the time for the discharge of the cross-coupling capacitor. 
One of the diodes can be omitted. Similarly, by eliminating 
both cross-coupling resistors, the circuit becomes equivalent to 
a free-running or a stable multivibrator. The remaining section 
of the valve can then be used as a coupled gate. 
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SUMMARY 


The modes of operation of the various circuits employed in vibratory 
convertors are briefly described and a more detailed analysis is then 
made. Formulae are derived for use in design and in most instances 
these are presented graphically. 

The paper includes calculation of the transformer flux density, the 
buffer capacitance, and the no-load (constant) losses, together with 
load characteristics for a.c. outputs with resistive or inductive load, 
and d.c. outputs employing full-wave, half-wave or voltage-doubling 
rectifying circuits. The ripple voltage across d.c. outputs is calculated 
and its harmonic content analysed. Formulae for input current, 
current in the transformer windings, and copper loss are also included, 
and are utilized to compare the power ratings for a given size of 
transformer operating in any of the various circuits. 

The paper deals mainly with conventional circuits for low or medium 
power, up to about 50 watts; however, one section analyses some 
special circuits for d.c. outputs of high power in which the current 
pulses in the transformer are so shaped that the vibrator contacts open 
at virtually no load. 


LIST OF PRINCIPAL SYMBOLS 


A, = Net cross-sectional iron area of core, cm?. 
A,, = Net cross-sectional copper area of winding, cm?. 
B = Peak flux density in core, gauss. 
B, = Instantaneous flux density at end of a closed interval of 
the contacts, gauss. 
B,, = Average flux density during an open interval of the 
contacts, gauss. 
C = Reservoir capacitance, farads. 
C;, = Buffer capacitance, farads. 
C, = Smoothing capacitance, farads. 

f = Frequency of vibrator reed, c/s. 

g =R.MLS. current factor for inductive a.c. load. (This is 
the factor by which V/27fL, is multiplied to obtain 
the load current Jp.) 

Hf, = Magnetizing force corresponding to B,,, 
turns/cm. 

J, = Mean battery current (load component only), amperes. 

J, = Mean output current, amperes. 

Inn = R.M.S. output current from transformer, amperes. 
I, = Magnetizing current corresponding to B,,, amperes. 


m 
I, = Mean battery current at no load, amperes. 
I,, = R.M.S. current in primary winding, amperes. 
I,2 = R.MLS. current in secondary winding, amperes. 
i, = Instantaneous current at end of closed interval of con- 
tacts, amperes. 
= Instantaneous current at end of open interval of contacts, 
amperes. 
J = Current density in transformer windings, amp/cm2. 
k, = Closure-time ratio of an interrupter contact, defined as 
the fraction of a complete cycle during which the 
contact is closed. 


ampere- 


Correspondence on Monographs is invited for consideration with a view to 
publication. 
Mr. Evans is at the Royal Aircraft Establishment, Farnborough. 
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ky = Closure-time ratio of a rectifying contact. 

L = Transformer leakage inductance, henrys, referred to 
secondary winding. (For d.c. outputs it is the 1 
series inductance up to the reservoir capacitor, 
comprises the leakage industance together with 
series inductance added to achieve contact unl 

= Inductance of load, henrys. 
fis = Inductance of transformer primary. winding at no | 


henrys. 
L, = Inductance of smoothing choke, henrys. 
Lp =i E> 


1 = Mean length of magnetic path in transformer core, « 
I, = Effective length of air-gap in magnetic path, cm. 
M = Weight of iron in core, g. 

N = Number of turns in half primary winding, or in w 
primary if not centre tapped. 

n = Transformer turns ratio. [This is the ratio (secon 
turns)/N, or (turns in half secondary)/N if the secon 
winding is centre-tapped.] 

P, = Input power to supply load and copper loss, watts. 
P, = Power loss due to over-buffering, watts. 
P,, = Copper loss in transformer and circuit, watts. 

q = Order of harmonic (e.g. for second harmonic, gq = 2 

R = Circuit resistance referred to the secondary winc 
ohms. 

R, = Resistance of primary circuit, ohms. 
R, = Load resistance, ohms. 


R, = Effective resistance of convertor viewed from ou 
terminals, ohms. 
R,, = Resistance representing the iron losses in the equive 


circuit of the transformer, ohms. 
R, = Resistance of the winding of the smoothing choke, ol 
Ry =R+ Ry i 
r = Ripple factor. The ripple factor for any ripple © 
monic is the factor by which V, is multiplied to ob 
the r.m.s. value of the harmonic. 
s = Resistance multiplying factor (see Section 5.1). 
= Time of one closed interval of the contacts = 
seconds. | 
1, = Time of one open interval of the contacts, seconds. _ 
V = Peak induced secondary e.m.f. at no load = nV;, vo 
V, = Battery voltage. 
V, = Mean rectified output voltage. 
Viz = R.M.S. output voltage. 
V,. = Peak-to-peak ripple voltage. 
v, = Instantaneous voltage across the reservoir capacit( 
the end of a charging interval. 
v, = Instantaneous voltage across the reservoir capacitt 
the end of a discharging interval. 
} = Density of iron, g/cm}. 
A = Coefficient expressing the relative permissible p 
A ratings of transformers. 
® = Peak flux, corresponding to B, maxwells. 
@. = Flux corresponding to B., maxwells. 
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(1) INTRODUCTION 


\ (1.1) General 


fhe vibratory convertor is one means of converting power in 
form of direct current such as the 24-volt d.c. supply of an 
raft, to power in the form of alternating current, or direct 
tent at a different voltage. The Joint Service “Guide on 
ators’! describes the general principles and gives practical 
ails concerning the choice of circuit and the selection or 
ign of individual components, including the vibrator and the 
nsformer. Various other general accounts?> have been 
ished, while Mitchell* has surveyed recent trends in develop- 
nt and Allen> has investigated the special problem of contact 
sion in vibrators. 
fhe present paper provides a more detailed analysis of the 
jous circuits and of the transformer operating conditions, 
l includes the derivation of design formulae. Only the steady- 
fe conditions are dealt with and not the initial switching 
asients. Where possible, the design equations are converted 
jimensionless form and displayed graphically. The ranges of 
nerical values included for the operating characteristics of the 
rator, such as frequency and closure-time ratio, are those 
en in the relevant Joint Service Specifications; they will, how- 
t, also be applicable to the majority of vibrators manu- 
tured for the general market. 
} 

(1.2) Mode of Operation 


\ vibratory convertor consists essentially of a vibrator, a 
nsformer and various other components for waveform cor- 
tion, smoothing and radio interference suppression. The d.c. 
ce from which it operates is usually of low voltage and low 
edance, such as an accumulator. The vibrator itself behaves 
a ‘two-way switch, maintained in continuous vibration by 
tromagnetic means. 
fhe primary winding of the transformer is usually centre- 
ped, the centre tap being connected to the positive side of 
supply [Fig. 1(@)]. The vibrator reed is connected to the 
ative side of the supply, and the fixed contacts on either side 
the reed are joined to the outer ends of the primary winding. 
us current flows alternately in the two half windings in 
Josite directions, an alternating flux is produced in the core, 
l‘hence an alternating voltage is induced in the secondary 
ding. During that part of the cycle in which the contacts 
‘closed, the constant battery voltage is applied to the primary 
\ding and the voltage waveform is therefore flat-topped. The 

eform of the secondary voltage is similar, since substantially 
‘same flux links both windings. 

ie spacing of the contacts is so adjusted that each is closed 
about 0-39 of a cycle; this ratio is termed the closure-time 
io. A buffer capacitor C, is connected across one of the 
idings, in order to maintain the magnetizing current while the 
tacts are open. If it were absent the rapid collapse of 
netizing current as the contacts opened would induce high 
tages in the windings, probably resulting in destructive arcing 
he contacts. 
fia d.c. output is required, a metal or valve rectifier [Figs. 
and 1(c)] may be employed, but the most efficient method is 
a self-rectifying vibrator. This has an additional set of 
S$ Operating in conjunction with the reed, and if these 
—are connected to the outer ends of a centre-tapped 
ary winding, a unidirectional but intermittent voltage 
ned between the centre tap and the reed [Fig. 1(d)]. This 
is smoothed by the reservoir capacitor C,, and a further 
t consisting of the choke L, and capacitor C,. The closure- 
tio of each rectifying contact is usually about 0-34. 
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The split-reed type of vibrator has two reeds, rigidly con- 
nected mechanically but insulated electrically, so that the output 
may be insulated from the input, as in Fig. 1(e). Other applica- 
tions of this vibrator are the voltage-doubling output [Fig. 1(/)] 
and the double-pole change-over input [Fig. 1(g)]. 
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Fig. 1.—Vibratory-convertor circuits. 


(a) Basic circuit, a.c. output. 

(6) Interrupter vibrator with separate rectifier, full-wave. 

(c) As (6) but half-wave rectification. 

(d) Self-rectifying vibrator, full-wave. 

(e) Split-reed self- rectifying vibrator, full-wave. 

(f) Split-reed, self-rectifying vibrator, voltage-doubling circuit. 
(g) Double-pole change-over input, a.c. output. 


(2) TRANSFORMER FLUX 


(2.1) Flux Density and Number of Primary Turns 


The primary winding is designed so that the flux density in 
the core at no load at the highest input voltage likely to be 
encountered has an acceptable value. This value is lower than 
in mains-operated transformers in order to minimize the peak 
current on starting, which may cause destructive arcing at the 
vibrator contacts. For ordinary silicon-iron laminations, typi- 
cal values of the peak working flux density B are 8 000 gauss 
for inputs of 12 volts or below, and about 5 700 gauss for higher 
input voltages, where the danger of sustained arcing is greater. 

The voltage across each half of the primary winding at no 
load is trapezium shaped and of peak value equal to the battery 
voltage V, [Fig. 2(a)]. The resulting flux is shown in Fig. 2(d), 
the shaded portion being that maintained by the current flowing 
from the buffer capacitor. If it is assumed to a first approxima- 
tion that the sloping sides of the voltage waveform are linear, 
the average value over a half-cycle is (1 + 2k,)V,/2 volts, and 
at no load this may be equated to the average induced e.m.f., 
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Fig. 2.—No-load waveforms. 


(a) Voltage across half primary winding. 
(b) Core flux. 
The contacts are closed during the intervals te, open during fo. 


given by AfON x 10-8 volts. Hence the number of turns 
required in each half of the primary winding is given by 


ad + 2k)V, x 108 

8 fBA, 

_0-89V, x 108 
4fBA, 


N= 


for k; = 0-39 ee alan aD 


Comparison may be made with the expression for a sinusoidal 
supply, namely 


Wa aes 108 
4-44 fBA; 


_ 0-:90%, x 108 
4fBA, 


(2) 


The two expressions are almost identical, but it should be noted 
that V,; in the vibrator formula is the peak value (the battery 
voltage) not the r.m.s. value. 

Sometimes! the value of flux density B. attained at the end 
of a closed interval of the contacts, rather than the true peak 
value B, is regarded as the important design figure. Since a 
steady e.m.f. of V; volts is induced by a flux change of 2®. in 
a time k,/f seconds, the expression for B, is 


kV, xX 108 
B. ae FOFAIN 7 . . . . . (3) 
In one method of calculating the buffer capacitance 
(Section 3.2) a knowledge of the average flux density B,, during 


an open interval of the contacts is required. By integration 
over this interval its value may be shown to be 


0 4+4k)h% x 108 
B,, FAN Shey eee eons) 


For k, = 0-39 the three flux densities are related by B 
= 0°875B and B,, = 0-968. 


fo 


(2.2) Asymmetry of Flux Waveform 


Unsatisfactory operation of vibrator convertors may be caused 
by conditions in which the transformer flux has a unidirectional 
component. For example, the employment of half-wave recti- 
fication [Fig. 1(c)] would produce such a component and this 
circuit is therefore not recommended, except possibly as an 
auxiliary supplying only a fraction of the total output. A 


4 
similar flux unbalance would result from the adoption of f 
wave transformer input, that is a circuit in which the prin 
winding has no centre tap and the current flowing is me 
interrupted instead of being periodically reversed as in 
conventional arrangement. 

Assymmetry of the flux waveform may also result if tig ¢ 
tacts on either side of the vibrating reed have unequal con 
resistances or unequal closure-time, or if the halves of 
transformer primary winding have unequal resistances. J} 
mally, the effect of these inequalities is small, but it incre 
with load and may be important in vibratory convertors for I 
powers. 


(3) BUFFER CAPACITANCE AND NO-LOAD LOSSES. 


(3.1) Calculation of the Buffer Capacitance by means 
of the Equivalent Circuit 
(3.1.1) Theoretically Ideal Buffering. 

Under no-load conditions the equivalent circuit is that 
Fig. 3, where the transformer primary winding is representec 
an inductance L, carrying the magnetizing current an 
parallel resistance R,, carrying the loss current. The effec 
leakage inductance and the resistance of the primary winc 


\ 
\ 


| 
1 
LC __ 4 


Fig. 3.—Equivalent circuit referred to the primary winding 
at no load. 


may be neglected at noload. For simplicity the buffer capac 
C, is shown connected across the primary winding ant 
double-pole change-over input circuit is considered. 

At the moment when the contacts open, the circuit is at 
voltage V,, and it then oscillates freely until the contacts ¢ 
after the interval t,. Ideally, the capacitance should be 
related to the other circuit parameters and the intervals £, | 
t, that the voltage just reaches the value —V, as the cont 
close. The voltage then has the waveform shown in Fig. | 
and the current in L, has a shape similar to that of the flux 
shown in Fig. 2(b). If a capacitance larger than the idea 
employed, the transformer is said to be over-buffered, and \ 
too small a value it is under-buffered. It is usual in prac 
to adopt over-buffering, but the theoretical ideal will be c 
sidered first. 

It may be shown by the method outlined in Section 11.1 
for ideal buffering the circuit parameters should be related by 
equation 


(a? + w*)t, sin wt, 
2w 


where « = — 1/2C,R, and w* = 1/L,C, — (1/2C,R,)*. Tl 
is a corresponding expression for the non-oscillatory condit 
when 1/L,C, < (1/2C,R,)?. 

When the substitutions t, = k,/f and t, = (1 — 2k,)/2f 
made, the equation is seen to be in three variables, nat 
kif *L Cp and fL,/R,. The relationship between the last tw 
plotted in Fig. 4(a) for three values of k, centred on 0-39. 
boundary between the oscillatory and non-oscillatory regio! 
also shown. 

It will be observed that in general there are two value 
f?L,C, for any value of fL,/R,, but it is found that the k 


— cos wf, —cosh at, = 0 
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Fig. 4.—Relation between circuit parameters of Fig, 3 
4 for ideal buffering. 


(a) General. 
a (6) With negligible iron loss (R;, —> ©). 
& O.P. Typical practical operating point. 


s not of practical importance because its adoption causes 
loltage to pass through a peak before reaching the final 
value of —V,; also the peak current is high. 

z. 4(a) also indicates that for a given value of k, there is a 


of f7L,C,. This means that if the losses are sufficiently 
R,, small) it is impossible to choose a capacitor to give the 
vaveform. The waveform then resembles that for the 
uffered condition [Fig. 5(e)]. 
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Fig. 5.—Calculated voltage and current waveforms at no load. 


Actual waveform. 
----- Free oscillation. 


(a)-(c) With ideal buffering, Cy; = 9:45 uF. 


(d) With under-buffering, C, = 8 uF. 
(e) With over-buffering, Cy, = 12 uF. 


V; = 24 volts, f= 110 c/s, ki = +39, Ly = 0-1 henry, Ry = 225 ohms. 
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At the opposite extreme is the case of negligible losses (R,, > oo) 
for which eqn. (5) reduces to 


twt, = cot 4wt, sce a, mene) (6) 


where w* = 1/L,C,. This equation is in two variables, k, and 
f?L,,C,, and is plotted in Fig. 4(5). A typical value of fL,/R,, 
is 0-04, and since in this region the curves of Fig. 4(a) are fairly 
flat it is seen that neglect of the iron losses is usually justified. 


(3.1.2) The Effect of Buffer Capacitance upon Voltage Waveform. 

The effect of buffer capacitance upon waveform is illustrated 
in Fig. 5. The moment when the contacts open has been chosen 
as the time origin; the figure shows what the waveforms would 
be if the contacts did not close again (damped oscillations) and 
also the waveforms which are actually obtained owing to the 
cyclic switching of the contacts. 

Figs. 5(a)—S(c) relate to the ideal value of buffer capacitance 
given by the appropriate curve of Fig. 4(a) and were plotted with 
the aid of eqns. (36), (37), (38) and (40). 

Figs. 5(d) and S(e) were plotted with the aid of eqns. (37), (38) 
and (39). In the under-buffered condition the voltage falls 
suddenly from 34-6 volts to 24 volts as the contacts close, and 
in the over-buffered condition it rises from 15-5 volts to 24 volts. 

Departure from ideal buffering involves a waste of power and 
is a source of radio interference, but under-buffering is the more 
destructive condition owing to the peak voltages which occur. 
In order to allow for the fall in closure-time during the life of 
the contacts it is common practice to over-buffer initially to 
such an extent that the vertical portion of the waveform is about 
40% of the peak-to-peak amplitude. 


(3.2) Direct Calculation of the Buffer Capacitance from the 
Magnetization Curve of the Core Material 


The method-of Section 3.1.1 requires a knowledge of the 
inductance of the transformer primary winding, which would be 
calculated from the magnetization curve of the core material. 
However in practical design a more direct method, which 
neglects the effect of the iron losses, is to employ the curve to 
read off the magnetizing force H,,, corresponding to the average 
flux density B,, existing during an open interval of the contacts 
[eqn. (4)]. The average magnetizing current, [,,, which is to be 
supplied by the buffer capacitor may thus be determined, due 
allowance being made for the effective length, /,, of the air-gap 
introduced by the construction of the core. 

For the purpose of calculation, it will be assumed that all the 
capacitance is supplied across one half of the primary winding, 
or across the whole primary in the case of a double-pole change- 
over input. The equivalent capacitance for any other winding 
may be derived, since it is inversely proportional to the square 
of the number of turns in the winding. 

With the usual degree of over-buffering the free oscillation 
during an open interval of the contacts encompasses a voltage 
change of 1-:2V,, so that the average capacitor current in this 
interval is 1-2V,C,/t,. Since t, = (1 — 2k,)/2f, the required 
capacitance is 
Sea ee maar se on 

“ATV, 

A more convenient form for expressing the result graphically 
in terms of the peak working flux density is obtained by sub- 
stituting [,, = (H,,1 + 0-8B,,/,)/N, and then eliminating N by 
means of eqn. (1). Finally, by writing JA; as M/6, and rearrang- 
ing, the expression 


CV2 |g = Dee § 
i 3-337 eg Hn 0-8B,, te) x 10- . (8) 


is obtained. z 
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Fig. 6.—Buffer capacitance and total no-load losses for transfor 
incorporating typical silicon-iron laminations. 


(a) Cy is recommended capacitance in farads, allowing for contact wear, and is’ 
referred to half-primary. Constructed for ky = 0:39. 

(b) Constructed for ky = 0:39 and f = 110 c/s; laminations 0:014in thick. Le; 
to curves, multiplied by 10-4, denote values of ratio 4/l. 


Since for a given core material, H,,, is a function of B,,, which 
turn is a known function of B, the value of C »V% per unit 
ight of iron depends only upon B, k,, and the no [,/1. In 
ticular it is independent of frequency. Fig. 6(a) gives 
ues of C,V? per pound of iron for a typical silicon iron, 
ing k, to be 0:39. Once the size of lamination and depth of 
< have been decided it is possible to determine the buffer 
acitance, because the values of all the relevant parameters are 
n known. 
Fig. 6(a) indicates that a high proportion of the buffer capaci- 
ice is required for the air-gap, so that in the interests of space 
momy it is essential to assemble the laminations with great 
e. The value of /, may then be taken to be about 0-003cm. 


: (3.3) Losses at No Load 

3.1) Iron Loss. 

A comparison may be made between the iron losses for a 
en core material, frequency and peak flux density when the 
x is produced by a trapezium-shaped voltage and a sinusoidal 
tage respectively. It may be shown that the loss is lower 
“vibrator operation, but the difference is so small that it is 
mmon practice to refer to curves of total iron loss which have 
nn determined for sinusoidal waveforms. 


3.2) Loss due to Over-Buffering. 

it is found that if a vibratory convertor is operated at no 
d and the buffer capacitance is varied, there is a point at 
ich the battery current, and hence the input power, is a 
aimum ; at this point practically all the input power is absorbed 
iron loss and the voltage waveform assumes very nearly the 
al trapezium shape. [Experimental results for a_ typical 
wertor are given in Fig. 7. 
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. 7.—Effect of buffer capacitance upon battery current at no load 
\ (experimental results). 
Capacitor connected across secondary winding. 
eak induced e.m.f. = 206 volts. 
Battery voltage = 12 volts. 

[he extra power loss with imperfect buffering is explained by 
fact that there is a sudden change of voltage across the 
acitor as the contacts close, accompanied by a pulse of 
Tent of high peak value, which gives rise to a loss in the 
istance of the transformer windings, battery leads, etc. With 
usual degree of over-buffering the change in the voltage 
Oss one half of the primary winding is 0-8V, volts, so that if 
capacitor is connected across this half-winding the energy 
sis 4C,(0- 8V,)?. Since this loss occurs twice in each cycle, 
power loss is given by 


} P, =0-64C,V2 «1... 


es of C,V? against peak flux density have already been 
in Fig. 6(a) and thus for a given frequency only a change 
is required to convert this graph into one showing the 
ffering loss. An additional curve may be inserted giving 
on loss for the particular core material and frequency, and 
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hence, by addition, curves of total no-load loss may be plotted. 
Fig. 6() gives such curves for a typical silicon iron at 110 c/s. 
In typical cases the over-buffering loss is about 20°% of the total 
no-load loss. 


(4) A.C. OUTPUTS 
(4.1) Resistive Load 


(4.1.1) Load Characteristics. 


At no load the voltage across each half of the primary winding 
is approximately trapezium-shaped and of peak value V,, giving 
an r.m.s. value 4/(1 + 4k,)V,/,/3. Thus the r.m.s. output is 
VA + 4k)aV,[/3. 

For low voltage inputs (e.g. 2 volts) the neglect of the voltage 
drop due to the no-load current flowing in the primary winding 
may not be justified, and in this case a corrected value (V) may 
be substituted for V, in all calculations. It is derived as follows. 
If the mean battery current at no load (given by the total no-load 
losses of the transformer) is J,, then the mean value during a 
closed interval of the contacts is /,,/2k,, so that the voltage trans- 
formed at no load is given by 

Vi = VY, — Rl, [2k 
where R; is the resistance of the primary circuit. This is the 
corrected value of input voltage and may be employed for any 
condition of load, and with rectified as well as a.c. outputs. 

If a purely resistive load is connected across the secondary 
winding the voltage waveform will approach the rectangular 
shape of Fig. 8(a), because the buffer capacitor will be rapidly 


Fig. 8.—Waveforms with a.c. output, resistive load. 


(a) Output voltage. 
(6) Battery current. 


discharged each time the contacts open; the output current will 
of course have the same waveform. If the r.m.s. output current 
is denoted by Ihp, the peak current is Ipp/\/(2k,) and the peak 
output voltage is nV, — Rp/\/(2k,). R is the total circuit 
resistance referred to the output side, and comprises the contact 
resistance together with the resistances of the half-primary and 
secondary windings. It follows that the r.m.s. output voltage is 


Vor =VQ2k)nV, — Rhp - (10) 


so that the convertor behaves as a source of voltage 1/(2k,)nV, 
in series with a resistance R. This characteristic is not valid 
near open-circuit, where, as mentioned above, the waveform is 
trapezium-shaped rather than rectangular. 

The battery current is of the same waveform as the output 
current except that the rectangular pulses are unidirectional 
[Fig. 8(6)]. The average output current calculated over a half- 
cycle is 1/(2k,)Jpp, so that the mean value of battery current is 
given by 

I, = V(2ky)nlhp (1) 


This is the load component of the input current, supplying the 
copper losses (RIB) and the-external load; to obtain the total 
current to the convertor, the components supplying the trans- 
former constant losses and the vibrator driving power should be 
added. 

Each half of the primary winding carries only alternate current 
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pulses, so that the r.m.s. current J,, in the winding is nl),/4/2. 
In terms of the battery current this may be expressed as 


fe T,]2/k, 


(4.1.2) Power Rating of the Transformer. 


It is well known that the power input at unity power factor 
to a transformer may be written 


P, =AfBIA;|A, X 10-8 (13) 


For a sinusoidal input with a non-rectified output, A has the value 
2:22. To determine A for a vibrator transformer with a centre- 
tapped primary winding and feeding a.c. into a resistive load 
we may rearrange eqn. (1) to make V,; the subject and, multiplying 
by J,, we obtain 


P, = 8/(1 + 2k,)fBA;NI, x 10-8 (14) 


Now the primary and secondary windings occupy respectively 
net copper areas of 2/,,,N/J and I,,.nN/J, so that with the aid of 
eqns. (11) and (12) we obtain 


LN]Vky + [N/V 2k) = JAx 


18 oiekd) 
PES REP 


The coefficient A may be employed as a measure of the per- 
missible power rating of a transformer of given size. It is seen 
that the power for a given size of vibrator transformer would be 
26% lower than that of a transformer with a sinusoidal input 
of the same frequency, even if the same flux density could be 
employed. Since the working flux density is normally con- 
siderably lower, the power rating is further reduced. It should 
be noted, however, that the vibrator frequency is usually at least 
100 c/s, so that the rating would not necessarily be less than 
that of a 50. c/s mains transformer. Moreover, if a double-pole 
change-over circuit is adopted [Fig. 1(g)] the value of A is 
improved to 1-98. 


(12) 


Hence A 


= 1-64 for k, = 0°39 


(4.2) Inductive Load 


Sometimes a vibratory convertor is required to supply alter- 
nating current to a highly inductive load, such as a fluorescent 
lamp with its series stabilizing choke. In such an application, 
the buffer capacitance needed to supply the load current during 
the open intervals of the contacts is many times greater than 
that for normal applications, where only the transformer mag- 
netizing current has to be supplied. In such highly inductive 
circuits, the voltage waveform—provided that the correct buffer 
capacitance is supplied—closely resembles the trapezium-shaped 
no-load waveform. The problem is to calculate the magnitude 
of the voltage of this waveform necessary to send a current of 
known r.m.s. value, J52, through a load consisting of a resistance 
R, and an inductance L, in series; and also to determine the 
optimum buffer capacitance under these conditions. 

In the equivalent circuit shown in Fig. 9(a) the transformer 
resistance R has been added to the load resistance R, to give the 
total resistance R,, and similarly the leakage inductance L has 
been added to L, to give L,. All values are referred to the 
secondary; V is the peak induced secondary e.m.f. and is equal 
tonV,. The problem is closely analogous to that of Section 3.1.1 
(Fig. 3), the only difference being that the resistance and induc- 
tance are in series instead of in parallel. An outline of the 
solution is given in Section 11.2, where it is shown that the 
buffer capacitance should satisfy the following relation. 

2 SNe, 
sinh «f, sin wt, + cosh at, cos wt, + cosh a(t, + t,) = 0 


+ ARS) 


2aw 


R.M.S, CURRENT FACTOR, 9 


8 10 
Rr/ fly 


Fig. 9.—Equivalent circuit and characteristics, a.c. output, 
inductive load. 


(a) Equivalent circuit referred to secondary winding. 
(b) Relation between circuit parameters for ideal buffering. 
(c) Output characteristics. Load current given by 
hr = gV/2nfLp 
O.P. Typical practical operating point. 


where « = — R;/2L, and w? = 1/L,C, — (R;/2L,)*. V 
t, and ¢, are written in terms of k, and f, the equation is 
to be in three variables k,, f*L,;C, and R;/fL;. In Fig. 
f?L7C, is plotted against R,/fL, for three values of k,. 

As in the case of no-load buffering, there are in general 
values of C, for any particular value of R;/fL;, although 
the higher value is of practical importance, and for each v 
of k, there is a value of R;/fL; above which it is impossib! 
obtain the ideal waveform. 

For a purely inductive load the circuit coincides with 
for no-load operation neglecting iron losses, so that Fig. 
may be employed, substituting L, for L,,. 

It should be noted that the capacitance C, given by Fig. 
is that required across the secondary winding for a theoreti 
ideal waveform, and that in practice the value should be incre 
by about 50% in order to allow for wear of the contacts. M 
over, to determine the total capacitance it is necessary furth 
add that required to supply the transformer magnetizing cu 
(Section 3.2). 
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indicated in Section 11.2, an expression for the r.m.s. load 
nt in terms of the peak induced e.m.f. V is 
; \ 


: V 


3 Tyr ~ 8 OnLy (16) 


g may be termed the “r.m.s. current factor’ and is a 
ion of k, and R;/fL;. Values are plotted in Fig. 9(c). 
€ power dissipated in transformer and load is Bale es and 
is power is ultimately supplied by the battery at voltage V; 
lows that the mean input current (load component only) is 
by 
T, = Rp 3 Ql V, (17) 


f.m.s. current in the primary winding, if centre-tapped, is 
ame in terms of Jyp as for a resistive load, namely 


). D4 = nlz//2 (18) 


(5) D.C. OUTPUTS, MEAN RECTIFIED VOLTAGE 


(5.1) Leakage Inductance Neglected 


the majority of designs for power outputs of up to about 
atts the effect of transformer leakage inductance upon the 
it voltage may be neglected; the output characteristics 
r these conditions will therefore be derived first, and the 
fying effect of inductance considered separately in 
Bn 5.2. 

€ equivalent circuit referred to the output is that shown in 
10(a), and a constant voltage is assumed to be applied across 
erminals AB, although it is of course effective in supplying 
oad only during the portions of the cycle in which the 
ying contacts are closed. The applied voltage is the peak 
. induced in the secondary winding at no load and is equal 
V, volts, or nV; if the voltage drop due to the no-load 
ary current may not be neglected (see Section 4.1.1). The 
ance R is the total circuit resistance referred to the output 
- The following results apply also to circuits employing a 
jer instead of self-rectifying contacts, but in this case R 
des an allowance for the mean resistance of the rectifier, 
the closure-time ratio to be considered is that of the inter- 
< contacts (k,) instead of the rectifying contacts (x3). 

© voltage and current waveforms are illustrated in 
-10(6)-10(d), and it is required to deduce an expression 
g the mean voltage V, across the reservoir capacitor C in 
s of the mean load current J. The problem is rather simpler 


Se oy en 


10.—Equivalent circuit, d.c. output, neglecting leakage 
inductance of transformer. 

(a) Equivalent circuit referred to output. 

(6) Voltage across EF. 

(c) Voltage across capacitor C. 

(d) Current in resistor R. 


than for the corresponding transformer-rectifier system operated 
from a sinusoidal supply, because the voltage is applied to the 
circuit for a fixed time (the closure-time of the contacts) and is 
constant during this interval. In the case of a sinusoidal supply,°® 
however, the duration of each current pulse is dependent upon 
the circuit constants and the magnitude of the load current, 
because the rectifier begins to conduct when the applied voltage 
rises to equality with the capacitor voltage, and ceases to conduct 
at the instant when the current falls to zero. 

In Fig. 10(a) choke L, and capacitor C, constitute the smooth- 
ing circuit. The percentage variation of voltage across C over 
a cycle is not large, and the percentage variation of current in 
L, is even smaller, because the smoothing circuit and load 
present a high impedance to alternating current. Hence for the 
purpose of calculating the mean rectified voltage and the ripple 
voltage across the capacitor C it will be assumed that the current 
in L, is constant throughout the cycle at the value J,. The 
assumption is a usual one for capacitor-input rectifying systems, 
and moreover it is found in practice that for medium and light 
loads the calculation is sufficiently accurate even when there is 
no smoothing circuit beyond the capacitor C. 

With the foregoing assumption it may be shown that the 
output characteristic is linear (see Section 11.3.1) so that the 
convertor behaves as a source of constant voltage (the open- 
circuit voltage) in series with an effective resistance R,. Thus 
the internal power loss is R,J3, but since it is due to an r.m.s. 
current Jp flowing in the circuit resistance R it follows that 


Iyr\” 

RS Ee) 

In words, the effective resistance of the convertor viewed from 

the output terminals is equal to the true resistance R of the 

circuit multiplied by the square of the form factor of the current 

flowing in R. The form factor is of course greater than unity, 

so that R, is greater than R. 

The open-circuit output voltage for full-wave rectification is 

nV,, and hence the output characteristic has the equation 


V> = nV, ra RI, 
R, = sR 


(19) 


(20) 
(21) 


where s may be termed the resistance multiplying factor, since it 
is the quantity by which the circuit resistance is multiplied to 
obtain the apparent or effective resistance. In Section 11.3.1 
a general expression for s in terms of CR and the interval t, and 
t, is derived. For full-wave rectification it becomes 


(1 — 2k? k 
ifeR C ace) 


which is a function of k and fCR. Values are plotted against 
1/fCR in Fig. 11(@). Two special cases of interest are treated 
below. 

If the reservoir capacitance is very large the voltage across it 
is almost constant over the whole cycle at the value V, so that 
the current in R consists of rectangular pulses of peak value 
(V — V>)/R. The form factor of such a current is 1/,/(2k), so 
that from eqn. (19) it follows that s = 1/2k. The same result 
may be obtained from eqn. (22) by finding the limit of s as 1/fCR 
approaches zero, remembering that cothx = 1/x for small 
values of x. 

Reference to Fig. 11(a) shows that the curves of s are fairly 
flat for small values of 1/fCR (i.e. large capacitance) so that for 
a considerable range, say up to 1/fCR = 4, the output is sub- 
stantially independent of reservoir capacitance and vibrator fre- 
quency, and the effective resistance depends only upon R and k. 
Within this region a good approximation to the true value of s 


It is convenient to write 


ie (Payee 


(22) 
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RESISTANCE MULTIPLYING FACTOR, S 


RESISTANCE MULTIPLYING FACTOR, S 
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Fig. 11.—Effective resistance of convertor, d.c. output, neglecting 


Fig. 12.—Effect of reservoir capacitance upon mean rectified output 


leakage inductance Re = sR. 


(a) Full-wave. 
(b) Half-wave. 
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voltage (experimental results). 
Full-wave rectification. 


f = 110 ¢Js. 


Constant load resistance = 4 630 ohms. 
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is given by 1/2k. Fig. 12 gives test results obtained on a ty 
convertor when the voltage across a constant load resi 

was measured while the reservoir capacitance was varie 

will be noted that for capacitances above about 2 F the vo 
js constant and therefore has the same value as with an in 
capacitance. Since in practice a capacitance of about 

would be provided in such a convertor, it would nor 
operate well within the region in which an assumption of in 
capacitance is justified. These conditions apply in the maj 
of designs employing full-wave rectification. 

The other special case is when the circuit resistance R is 
small (1/fCR large). Since coth x = 1 for large values of 2 
effective resistance becomes : 

(1 — 2k) 

R= SRA “fC a 
so that even in the case of a circuit with negligible resis! 
there would still be an effective resistance, having magn 
(1 — 2k)?/4fC. This is because the reservoir capacitor suf 
the whole load and its voltage therefore falls, during the p 
that the vibrator contacts are open. This fall in voltage is 
portional to the load current, and the resulting fall in the 1 
voltage over the cycle is also proportional to the load cu 
so that the net effect is that of the insertion of a resistance. 

For half-wave rectification the output eqns. (20) and (21) 
apply, but s is a different function of k and fCR. Value 
plotted in Fig. 11(8). 

In a voltage-doubling circuit, each capacitor is part of a 
wave circuit, so that the output equation and the value of 
one capacitor is the same as for half-wave rectification. 
total output is twice that for each capacitor and is ther 
given by 


k)R 4 


V, == 2nV, sod Rh 


where now R, = 2sR. The circuit resistance R is much si 
than in a full-wave circuit of the same power output, so 
1/fCR is much larger. Consequently, the effect of frequ 
and capacitance is more pronounced (the working point 1 
longer on the flat part of the curves of s) and an assumptic 
infinite capacitance is not usually justified. 

Tn all circuits, a decrease in frequency, reservoir capacit 
or closure-time ratio causes an increase in the effective resist 
although in different degrees as remarked above. The ot 
formulae are summarized in Table 1, the limiting cases 


Table 1 
MEAN RECTIFIED OUTPUT VOLTAGE NEGLECTING LEAKAGE INDUCTANCE 


Full-wave Half-wave Voltage-doubling 
Output equation V2 = nV, — ReIn V2 = 2nV, — Rela 
Effective resistance, Re Re = sR Re = 25K 
Resistance multiplying , 2k) k 1 — kj? k 

ee s=201 —) + ee coth Gee) s=2-KES FcR colh (5 SCR) 
Plotted in Fig. 11(a) Plotted in Fig. 11(6) 

s (C large) ia tol 

a OE WOR: 
R. (R small) (1 — 2k) a da —k2 is ad —k 

Re = 201 re aC Re = @ — WR + —a5G— Re = 2(2 — K)R + Fee 


; 
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H.W. 
CIRCUIT 
i 4°5 9:0 


RESISTANCE MULTIPLYING FACTOR, S 


iO aol) 


fe} 0-OS O10 O-15 0-20 0-25 0:30 


, eroutr! |: fL/R 

i. (-) 

included. The application of Table 1 in design involves 
iber of estimates, as is usual in such problems: it is necessary 
imate the required transformer turns ratio, calculate the 
ince of the resulting winding, calculate the output by 
of the formulae or curves, and compare this with the 
value. If it is not correct, a second estimate is then 
and so on. 

y be noted that V, is the mean voltage across the reservoir 
and that the final output is less than this value by the 
drop R,J, in the winding of the smoothing choke L,. 


RESISTANCE MULTIPLYING FACTOR, S 


Fig. 13.—Effective resistance of convertor, d.c. output, 
considering leakage inductance R, = sR. 
(a) Full-wave, k = 0-34. 
(b) Half-wave, k = 0:34. 
(c) With infinite reservoir capacitance, full-wave and half-wave. 
(i) Boundary of oscillatory region. 
(ii) Curve along which contact unloading occurs. 


(5.2) Leakage Inductance considered 

The equivalent circuit shown in Fig. 10(a) is now modified by 
the addition of the transformer leakage inductance referred to 
the secondary winding L, in series with the circuit resistance R. 

It may be shown by the method given in Section 11.3.2 that 
the output characteristic is again linear and has the same 
equation as for the non-inductive case, except of course that the 
expressions for the multiplying factor s are different. The factor 
s is now a function of k, 1/fCR and fL/R; values for full-wave 
and half-wave rectification assuming k = 0:34 are plotted in 
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Figs. 13(a) and 13(6). For a voltage-doubling circuit the curves 
relating to half-wave rectification are again employed. The 
figures include the curve having the equation 1/fCR = R/4fL, 
which denotes the boundary between non-oscillatory and oscil- 
latory charging of the reservoir capacitor; conditions are non- 
oscillatory in the region to the left of the curve. 

It may be noted from Figs. 13(a) and 13(b) that each curve 
of s has a minimum value, and hence the output voltage is a 
maximum at some finite value of 1/fCR, in contrast to the non- 
inductive case, in which the output attains a maximum for 
1/fCR = 0 (infinite capacitance). Moreover, for part of its 
length, a curve for high inductance may be below one of low 
inductance; over this range, therefore, high leakage inductance 
conduces to high output voltage. These results are due to a 
resonance effect between the leakage inductance and the 
reservoir capacitance, and are similar to those obtained for trans- 
former-rectifier systems operating from a sinusoidal supply.® 

Sometimes inductance is deliberately introduced to so shape 
the current pulses in the transformer that the contacts open 
at virtually zero current. This condition is fulfilled along the 
curve (ii) in Fig. 13(6). The subject is more fully discussed in 
Section 8. 

For large values of reservoir capacitance the expression for 
the multiplying factor reduces to a simple function of k and 
FSL[R (see Section 11.3.2). The function is plotted in Fig. 13(c), 
from which it may be noted that the value of s for half-wave 
rectification is twice that for full-wave rectification, other 
parameters being equal. 

For a range of transformers designed for different frequencies 
but a given power, the value of fL/R increases with frequency. 
Thus the role played by leakage inductance in determining the 
regulation of convertors will be greater as vibrators of higher 
frequencies are employed. The value of fL/R also increases 
with size, i.e. with power rating. Moreover, it is higher for 
a voltage-doubling circuit than for a full-wave circuit. Typical 
figures for 110 c/s are 0-05 to 0-08 for full-wave rectification 
and approximately double these figures for the voltage-doubling 
circuit. Typical values of 1/fCR are 1 to 5 and 7 to 15 respec- 
tively for the two circuits. 


(6) D.C. OUTPUTS, COPPER LOSS AND TRANSFORMER 
POWER RATING 


(6.1) Currents and Copper Loss 
The battery current corresponding to the rectified load current 
I, is gi b 
2 is given by T Sat, (25) 


for full-wave and half-wave circuits 

and by I, = 205 : 
for voltage-doubling circuits. Once again, as for a.c. oul 
this is the load component, and to obtain the total cv 


flowing to the transformer the no-load component must be ai 
For all circuits the copper loss due to the load current is 


P,, = R,I3 . 
Since this power is also equal to RJZp, it follows that the 1 
current in the circuit resistance R for full- or half. 
rectification is given by 
Pye V/ (s)I5 


and for the voltage-doubling circuit by 


I, Ria a/ (2s)I, . : . . 

In order to determine the current density in the transfc 
windings it is necessary to derive expressions for the 1 
currents. With an untapped primary winding and & 
rectification these currents are given by 

Iy2 = lp =V OD . 

Do ao nv/(s)Ip ae VJ (i; 

On the other hand, if either winding is centre-tapped 
alternate current pulses flow in each half, and then the ¢ 
expressions are divided by 4/2. 

The above results and the remaining expressions for a vol 
doubling circuit are summarized in Table 2. The half- 
circuit is not included, because owing to flux polarizatio 
magnetizing current assumes importance and invalidates s 
expressions for the current in the windings. The num 
value of s in Table 2 is read from the curves appropriate t 
particular type of rectification, and the value of k is either 
ky according as an external rectifier or a self-rectifying vib 
is employed. The Table also includes the corresponding r 
for negligible leakage inductance combined with large rese 
capacitance, i.e. putting s = 1/2k for full-wave rectifice 
and so on. 


and 


(6.2) Power Rating of Transformer 

In Section 4.1.2 it was indicated that the power ratii 
transformers in different circuits may be compared by mea 
the coefficient A in eqn. (13), and the numerical value of A f 
a.c. output was computed. Similarly, with the aid of the ex 
sions for J,, and J,,. given in Table 2, A may be calculate 
the various types of rectifying circuit. The results are 
marized in Table 3. The: particular case of negligible le: 


Table 2 
CURRENTS FLOWING IN VIBRATORY CONVERTOR (RECTIFIED OUTPUT) 


Til, 1 
TwalT2 
Rectifying circuit Centre-tapped primary Double-pole change-over primary Iilh 
(@) () (@) (0) (a) () 
E V/s 1 1 V/s 1 

Full-wave (centre-tapped secondary) V2 Ik EVA) Vk V2 Wk n 

; V/s 1 1 1 

ll- ae Pieese | 

Full-wave (bridge) V2 Vk V/s VOR V/s Vk) n 
Voltage-doubling. . : 


Iwi, [y2 = ¥.m.s. currents in primary and secondary windings. 
h, b= bape in! ey load current (mean values). 


(a) 


eneral. 


(b) With L = 0, C =o. 


Centre-tapped primary 


Type of output 
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Table 3 
POWER RATING OF VIBRATOR TRANSFORMERS, VALUE OF COEFFICIENT A 


73 


Double-pole change-over primary 


. @ 
- a 


(0) 


(c) (a) (6) (c) 


8/2 V ky : 
Lap 4/2 1 = 2ky 


erating current 


: vk ; 
1-64 4/25 ae 1-98 


-wave rectification (centre- 22 1 Via 1-31 8 1 8/2 V/ ko 1-54 
apped secondary) (1 + 2k1)+/s 1 + 2k; 1$ 4/2 @ + 2k)Vs\1+ 721+ 2k 

p me ; 8 Dae BV 2.104 bo ' 1 /ko 
l-wave rectification (bridge) .. eo (1 Oh a/s | 172 TS Ds 1-54 Ai Bhai s BA As Wee, 7 + hy 1-86 


8/2 1 8/2 


Vk 1 


1:54 Leon 


ltage-doubling rectification fe £ Day/s 


(a) General, (6) L = 0, C = ©. 


ctance and large reservoir capacitance is included, and these 
fitions are then further particularized by putting k, = 0-39 
k, = 0-34, thus obtaining a numerical value of A. A self- 
fying vibrator is assumed except in the general case 
s(a)]. The value of A for an a.c. output is also included 
mpleteness. As is to be expected, the employment of 
tapped windings, where each half supplies power only 
alternate half-cycles, substantially reduces the permissible 
‘rating of a given size of transformer. 


(7) D.C. OUTPUTS, RIPPLE VOLTAGE 
‘ (7.1) Peak-to-Peak Ripple Voltage 


uring an open interval of the contacts the voltage across the 
‘voir capacitor falls from v, to vp [see Fig. 10(c)]. Except 
ighly inductive circuits such as are employed for contact 
jading (Section 8.3), v, and vp are the maximum and minimum 
of the instantaneous voltage during a closed interval also, 
at the peak-to-peak ripple voltage is v. — v,. If the current 
ing in the smoothing choke is again assumed to be sub- 
aly constant over the cycle at the value J,, this ripple 
ge is given by 
/ —— Vo 


(32) 
fe 

the appropriate values of ¢, are substituted, the formula 
‘ull-wave rectification al 


= Vo = I,t,[C 


‘a — 2k 

| y= = FC = IRs § (33) 
that for half-wave olay 

ak 

i = He =i, (34) 


CAPACITOR 2 CAPACITOR | 


TOTAL VOLTAGE 


. 14.—Voltage waveforms in voltage-doubling circuit. 


Ua) Se 2k 


(gE 


1-86 


ac + 2ky)+/s 1+ 2k 


0, C 0, ky 


0-39, ko = 0-34. 
For a sinusoidal input, and a.c. output, A = 2-22. 


In a voltage-doubling circuit the total output voltage rises while 
either vibrator contact is closed and falls while both are open 
(Fig. 14). In this latter interval, whose duration (1 — 2k)/2f 
seconds is the same as in full-wave rectification, the load current 
is supplied by the two capacitors in series, so that the effective 
capacitance is 4C farads. The fall in voltage, and hence the 
peak-to-peak ripple, is thus given by 
1 — 2k 

P, Te vis I, 

Taking the ripple for full-wave rectification to be unity, that 
for a voltage-doubling circuit is seen to be 2, other factors 
being equal. On the same basis, and assuming k = 0-34, the 
ripple for halfwave rectification is 4. It will be noted that 
the ripple voltage is directly proportional to load current, 
inversely proportional to vibrator frequency and reservoir 
capacitance, and substantially independent of the impedance 
and output voltage of the transformer. 


(35) 


(7.2) Harmonic Analysis of Ripple Voltage 

The fundamental frequency of the ripple voltage is that of the 
vibrator for half-wave rectification, and is twice this value for 
full-wave or voltage-doubling circuits, provided that the contacts 
on either side of the reed have equal closure times. 

In Section 11.4 the harmonic content of the ripple is analysed, 
neglecting the small modifying effect of transformer leakage 
inductance. In order to obtain the results in dimensionless 
form a ripple factor r, is introduced, which expresses the r.m.s. 
value of the gth harmonic as a fraction of the peak-to-peak 
ripple voltage J. 

For a voltage-doubling circuit, the ripple harmonics across 
each capacitor are given by the formulae for half-wave rectifica- 
tion, but the net output ripple must be calculated by combining 

CAPACITOR | 


aan 
ahh 


CAPACITOR 2 
) 
Fig. 15.—Harmonic analysis of ripple in Hee doubling circuit, 


(a) Fundamental. (b) Second harmonic. 
The Figure illustrates the waveforms during one cycle of the vibrator and 


demonstrates that odd harmonics cancel, even harmonics add. 
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‘ipples across the two capacitors, and these are not in phase. 
fever, it is shown in Fig. 14 that the waveform across one 
citor is the same as that across the other, but shifted by a 
period of the vibrator. As shown in Fig. 15, which 
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; Fig. 16.— Magnitude of harmonics of ripple voltage. 
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fe) ike} 


(/#CR - 0°02 ° 


(a) Fundamental. 
(6) Second harmonic. 
F.W. = Full-wave; H.W. = half-wave. 
' D = voltage-doubling circuit. 
All curves are fork = 0°34. | . 
The r.m.s. value of gth harmonic = rgV;. 
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employs the fundamental and the second harmonics as 
examples, this means that the odd harmonics are 180° out of 
phase so that they cancel each other, but the even harmonics 
are in phase so that they are additive. Thus the amplitude of 
the qth output harmonic is twice that of the 2gth harmonic 
across one capacitor. 

The formulae for peak ripple and ripple factor are given in 
Table 4 for the three circuits. The limiting cases fCR-—> co 
(large reservoir capacitance) and fCR-> 0 (small circuit resis- 
tance) are also included. In the former case both the charge 
and the discharge of the reservoir capacitor are substantially 
linear, and the ripple factors for the voltage-doubling and full- 
wave circuits are equal. 

An examination of the formulae given in Table 4 indicates 
that the ripple factor for any circuit is a function of g, k and 
FfCR only. In Fig. 16 the formulae have been plotted for the 
fundamental (q = 1) and the second harmonic (q = 2) for the 
three rectifying circuits, taking k = 0-34. The higher har- 
monics are usually unimportant, especially when the reservoir 
capacitance is large. 

Further smoothing of the ripple may be accomplished in the 
conventional manner by means of the choke L, and the capacitor 
C, [Fig. 10(a)], the harmonic of angular frequency qu, being 
attenuated by the factor 


(qw,)*L,C, — 1 


(8) D.C. OUTPUTS WITH CONTACT UNLOADING FOR 
HIGH POWER OPERATION 


(8.1) General 


Dixey and Wilman7 have investigated and described circuits 
in which the current pulses are so shaped that the contacts open 
virtually at no load. The main purposes are to achieve 

(a) Greatly reduced transfer of contact material, enabling vibrator 
convertors to be operated at much higher powers than 
hitherto (e.g. 200-300 watts, compared with approximately 
50 watts). 

(6) Elimination of the high voltage peaks which normally occur 
owing to the interruption of the current flowing in the trans- 
former leakage inductance. Hence the insulation of the 
vibrator and the transformer would be less highly stressed 
and radio interference would be reduced. 

In this Section the series-resonant unloading circuit, as applied 

to convertors with rectified output, will be analysed. 

The general effect of the transformer leakage inductance and 
reservoir capacitance on the rectified output voltage was dis- 
cussed in Section 5.2. In a circuit employing a self-rectifying 
vibrator, if the reservoir capacitance is progressively decreased 
from a large value, all other parameters remaining constant, 
then, provided that the circuit inductance is sufficiently high, the 
waveform of the current flowing in the secondary winding 
changes in the manner indicated in Fig. 17, which shows only a 


@) (2) A, 
(2) ‘© (f) 


Fig. 17.—Waveforms of current flowing in rectifying contacts 
during one half-cycle of the vibrator. 


(a)-(f) are for decreasing values of reservoir capacitance; contact unloading occurs 
(c) and (f). 
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half-cycle of vibrator operation. The primary current will have 
a similar waveform. It is seen that it is possible to choose the 
capacitance in relation to the inductance such that the current 
is zero at the instant the rectifying contacts open [(c) and (/) in 
Fig. 17]. In (©) the waveform has completed a half-cycle of 
the damped oscillation, in (f) a whole cycle. The latter is of 
course undesirable, as the reversed current. subtracts from 
the mean rectified output current. The circuit inductance L 
required to achieve the desired waveform is usually greater than 
the transformer leakage inductance, so that a separate choke 
is usually included in series with the transformer secondary 
winding. 


(8.2) Relationship between the Circuit Parameters 


The necessary relationship between the circuit parameters for 
the current to take the waveforms (c) or (f) is given in 
Section 11.5.1 [eqn. (64)]. For a given type of rectification and 
contact closure-time ratio it may be expressed as a relation 
between f2LC and fCR;; this is plotted in Fig. 18 for a half-wave 
circuit with a range of values of k, and for a full-wave circuit 
with k = 0-34. 

It will be noted that the relationship depends only upon the 
parameters of the vibrator and the circuit; it is independent of 
the load current J,, a useful feature when the load is variable. 
Mathematically, this independence is the consequence of the 
initial assumption that the current in the smoothing choke 
is substantially constant over the cycle. In other words, in 
order to render the unloading property independent of the load 
current, the load and smoothing circuit must have a high a.c. 
impedance compared to that of the reservoir capacitor. Thus 
the smoothing inductance L, and the capacitance C should each 
be high, conditions which are desirable in any case in order to 
minimize the output ripple. If the impedance of the smoothing 
choke is not sufficiently high, it is found that at heavy overloads 
the contact unloading property is lost to some extent and the 
waveform approaches that of (b) in Fig. 17. 

The curves in Fig. 18 show that in general there are two 
possible values of f2LC for any value of fCR. The higher value 
corresponds to waveform (c), the lower to (f). Moreover for 
any value of & there is a maximum permissible value of fCR 
above which it is impossible to achieve the desired unloading 
property. 

The practical application of the curves for half-wave rectifica- 
tion is in the voltage-doubling circuit, while the full-wave 
circuit usually employs a centre-tapped secondary winding, each 
half of which has twice the turns of the corresponding voltage- 
doubling winding. It may be shown that as a consequence the 
resistance of the full-wave circuit is about 54 times that of the 
doubling circuit. Since Fig. 18 indicates that the maximum 
permissible values of fCR in the two circuits have a ratio of about 
1 : 24, it follows that the maximum permissible values of reservoir 
capacitance have a ratio of about 1:14. This low value of 
capacitance in a full-wave circuit necessitates high values of both 
series input inductance L and smoothing inductance L,. More- 
over, the size of the series choke will be further increased by the 
fact that it carries current having a unidirectional component. 
For these reasons a centre-tapped secondary winding is not 
usually employed and the voltage-doubling circuit is often 
favoured. An alternative would be a full-wave bridge circuit 
employing metal rectifiers or extra contacts on the vibrator, as 
this would eliminate some of the disadvantages of the centre- 
tapped circuit. It may also be mentioned that the use of a 
double-pole change-over input in place of a centre-tapped 
primary winding has the advantage of keeping R low and hence 
C high. 

The choice of operating point on the curves of Fig. 18 will 
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Fig. 18.—Relation between circuit parameters for contact unloa 


All curves for half-wave (or voltage-doubling) circuit, except one marked | 
full-wave. 
O.P. Typical practical operating point. 


now be considered. It will undoubtedly be on the upper 
of a curve, but it remains to be decided whether fCR sha 
large or small. Current waveforms for increasing value 
SCR are given in Fig. 19. When fCR is small the wavefo1 


it. 
(@) @) ey ¢«) 


Fig. 19.—Current waveforms with contact unloading. 
(a)(c) are for increasing values of fCR. 


nearly symmetrical, having the appearance of one half of a 
wave, and the rate of change of current at the moment 1 
the contact opens is high. As fCR increases the wave 
develops a trailing tail and its front becomes steeper. Fo 
limiting value of fCR (at the turning point of the curv 
Fig. 18) the rate of change, as well as the magnitude, o 
current is zero at the moment of opening. An approac 
this condition is desirable because it permits the timing o 
contacts to vary considerably during operating life without 
substantial current being interrupted. Thus it appears tha 
reservoir capacitance (and hence fCR) should be large, 
ticularly as this is also the condition which best accommo 
changes of load. Moreover, it requires a lower value of s 
inductance, both because f?LC is lower and because, even. 
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en value of f*LC, L is inversely proportional to C. There is 
e disadvantage, however. For small values of fCR the curves 
Fig. 18 are fairly flat, ic. the current unloading property 
comparatively insensitive to changes in the circuit resistance. 
yw a high proportion of the circuit resistance is due to the 
‘face resistance of the vibrator primary contacts reflected into 
> output, and this quantity may be very variable. It follows 
it to avoid variations in the current waveform from this cause 
> reservoir capacitance should be small. One possible solution 
to make fCR large (about 0-9 of the permissible maximum) 
d to take measures to keep the contact resistance low and 
nstant, for example by filling the vibrator with a non-oxidizing 
3. 

If a change in any of the parameters causes the operating 
int to move off its appropriate curve in Fig. 18, the current 
il assume the waveform (b) or (d) (Fig. 17), depending upon 
ether the new operating point is above or below the curve. 


(8.3) Mean Rectified Voltage and Ripple Voltage 


The same linear output characteristics apply as in the more 
neral case dealt with in Section 5.2, but the expression for the 
istance multiplying factor s now assumes a simpler form 
in. (67) of Section 11.5.2]. In the general case it was expressed 
a function of k, fCR and fL/R (Fig. 13), but now the relation- 
P existing between the parameters allows it to be expressed 
a function of k and fCR only, Numerical values for a half- 
ve or a voltage-doubling circuit are plotted in Fig. 20. For 
yoltage-doubling circuit the effective resistance R, is again 
ren by 2sR. 

It may be noted that each curve in Fig. 20 is fairly flat until 
> turning point is approached, so that for a given transformer, 
d hence a given value of R, the choice of reservoir capaci- 
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70, —Effective resistance of convertor, with contact unloading, 
] half-wave, or voltage-doubling rectification. 

Half-wave: Re = sR. 

Voltage-doubling: Re = 2sR. 

O.P. Typical practical operating point. 


tance C is not important as far as the output voltage and the 
efficiency of the convertor are concerned. A curve of s against 
1/fCR for half-wave rectification has been added to Fig. 13(d). 
A similar curve is not included in Fig. 13(a) (full-wave rectifica- 
tion) because the values of 1/fCR are outside the range covered 
in the diagram. Fig. 13(5) shows that for the larger values of 


fL[R the operating point for contact unloading occurs not far 


beyond the point of minimum s. In all cases the value of s 
with contact unloading is lower than it would be for zero 
inductance with the same values of Cand R. Thus the addition 
of inductive impedance in order to achieve contact unloading 
actually increases the output for a given reservoir capacitance. 
The value of s is, however, always higher than it would be with 
zero inductance and very large capacitance (1/fCR —> 0). 

The relative power rating of the transformer may be deter- 
mined by substituting in the expressions of Table 3 [column (a)] 
the values of s given by eqn. (67). 

It remains to determine the ripple voltage across the output 
before smoothing. Only the voltage-doubling circuit is dealt 
with, as this is the most common application. The peak-to-peak 
ripple V,, for the non-inductive or slightly inductive circuit has 
been derived in Section 7.1 [eqn. (35)]. The corresponding 
ripple V; for the contact unloading circuit is derived in 
Section 11.5.3, and the result is plotted in Fig. 21 in the form 
of the ratio V;/V, [eqn. (71)]. 
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Fig. 21.—Peak-to-peak ripple voltage of voltage-doubling circuit, 
with contact unloading. 
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(11) APPENDICES 


The method of analysis adopted is as follows. The voltage 
or current cycle may be divided into two distinct intervals, namely 
the closed interval of the vibrator contacts (¢, seconds) and the 
open interval (¢, seconds). The differential equations governing 
the waveforms in the two intervals are formulated and then 
solved, using the fact that each cycle is identical with the next 
once starting surges have died away; hence the initial and final 
conditions of the interval t, are respectively equal to the final 
and initial conditions of the interval f,. 


(11.1) Analysis of Buffering Circuit 


Consider the equivalent circuit of Fig. 3. During the interval 

t, the instantaneous current in the inductance follows the relation 
‘ 1 : 

i=—t—i 36 

me (36) 

where the initial condition i = — i, has been incorporated. 
During the interval 4, the instantaneous voltage across the 


circuit with initial condition v = V, is given by 
v = VieX(G sin wt + cos wt) (37) 
where « = — 1/2C,R,, w? = 1/L,C, — (1/2C,R,)?, and G is a 


n? 
constant to be determined. The expression for the instantaneous 
current i is of the same form. 
The final current for the interval f, is i,, and the initial and 
final currents for the interval ft, are respectively i, and i,. 
Insertion of these conditions yields three simultaneous equations, 


the solutions of which are 


4 wt, — €%o sin wr, | 

a G 

© TE Gy eo SIN GL, — COS: Wp) 
Vitae 

Ib = io mete : (38) 
a i 

C———— 
WwW wCc, V; 


These expressions are valid for any value of buffer capacitance, 
and not merely for the optimum value. 

For any buffer capacitance, the voltage across the circuit just 
before the contacts close is 


V,e%o(G sin wt, + cos wt,) feat (39) 


For optimum buffering, however, this voltage is — V;, so that 


1 7 eticose@r, 


Gis : 
es 6% sin Wt, 


( 
By substitution in eqn. (38) and elimination of i, and i,, | 
expression relating the circuit parameters for optimum buffer 
may be shown to be 


(a? + wt. sin wt, 
2w 


cos wt, — cosh at, = 0 


For the non-oscillatory case put w = jf, and eqn. (5) ti 
becomes 


(a? — B?)r, sinh Br, 
28 


(11.2) A.C. Outputs with Inductive Load 


The equivalent circuit is shown in Fig. 9(a) and the wavetor 
are of the general shape shown in Fig. 2. During the inter 
t, the load current is given by 


0 a } 
ie oe . - a 


and during the succeeding interval t, the voltage across © 
circuit follows the relation 


—cosh Bt, —coshat,=0 . ( 


v = Ve4(G sin wt + cos wf) ... _— 


where « = — R,/2L, and w* = 1/L,C, — (R,/2L,)*- 
is a similar expression for the current. Insertion of the app 
priate boundary conditions yields the following relation betw 
the circuit parameters for an ideal trapezium-shaped wavefori 


a2 — w? 


sinh af, sin wt, + cosh at, cos wt, + cosh a(t, + t,)- 
( 


For a purely inductive load (R; — 0) the equation reduce: 
tot, = cotLGone a). «an 


where w* = 1/L,C,. 

The r.m.s. load current in the general case may be deduced 
follows. The quantity of electricity flowing from the source 
voltage V in a half-cycle is given by 


te 


Vt L 
idi = Rie, Ts . 
| aie RW io) 
0 


The power input is this quantity multiplied by V/(t, + f,) < 
may be equated to R;JZp. Substitution of the values of i, ¢ 
i, yields an expression for Jj2 which is most conyveniet 
written 


pag V 
. 2R amie! a fie fLy 
where g is given by 


ay) t 


2w cosh at, + cos wi 
Ry, ieee (a? + w?)t, 


2 — Aq? 
sin wt, 


For a purely inductive load, eqn. (45) reduces to 
g? = 2 [f*LG, + SG — 26/12] 


where f*L,C, is the function of k, defined by eqn. (44) 
displayed graphically in Fig. 4(5). 


(11.3) Mean Rectified Voltage 


1.3.1) Leakage Inductance Neglected. 
The waveforms are illustrated in Fig. 10. Expressions for the 
ipacitor voltage v during the intervals ¢, and t, respectively are 


¥ =V — RI, — (V — RI, — v,)e—t1CR (47) 
id et, It{C (48) 


he mean voltage across EF is 


(Ops 7 Onis 
| M+ 3 | 


id this expression may be equated to V, + RJ), since I, is the 
ean current in R as well as in L,. Substitution of the expres- 
ons for v, and v, derived by the insertion of the appropriate 
yal conditions in eqns. (47) and (48) yields the following 
(pression for the mean rectified voltage: 


V,=V—sRI, (49) 
ee eS coth ( fe .) VerGo} 
: eee ICR ICR 


hus the load characteristic is a straight line of slope sR. 
For full-wave rectification t, = (1 — 2k)/2f and for half-wave 
ctification ¢, = (1 — A)/f. For either circuit t, = k/f. 


1.3.2) Leakage Inductance considered. 
The instantaneous capacitor voltage during the interval ¢, may 
ow be written 

» = V— RI, + Gemt + Kemat 


Be 2 y/((£) - 2. 


By integration of v over a cycle it may be shown that eqn. (49) 
ain applies but that s is now given by 


(51) 


here i= 


Ny ony t te 
B12 47, 2CR 
ie eee (m, — mz) — E, — mt)(L — Ey — mygt,) 
| RG, +1, i a TN 
5 Wise ty (OZ) 


mere E, = ee and Ey = ere, 
The corresponding expression for oscillatory conditions is 


1 ty ty 
= +4, 2CR 
eee (1 — ee cos wt, — at,)* + (e% sin wt, + wt,)* 
\ Dat lat, w(1 — e%e cos wt,) + aée*e sin wt, 
(53) 


ere «@ = — R/2L and w? = 1/LC — (R/2L)?. 


By allowing the value of C in eqn. (52) to increase indefinitely 
may be shown that for large reservoir capacitance the expres- 
n for s simplifies to 


plore tal da. ls ae —RtelL) | 


(54) 
(3 

Y 

D (11.4) Harmonic Analysis of Ripple Voltage 


he voltage across EF in the equivalent circuit of Fig. 10(a) 
wn in Fig. 10(6). In Fig. 22 it is redrawn as a function 
e angle @ such that the period of one cycle is 27 instead of 
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Fig. 22.—Voltage waveform across EF of Fig. 10 as function of 0. 


t, +1t,. The contacts are closed for an angle w,f, and open 
for wrt,, where wr = 27/(t, + 1). 

The ripple voltage across EF may be expressed in the form of 
the Fourier series 


v = > S,singé + > Q, cos gO (55) 
gq—1 G—t 


where the voltage and 0 axes are placed as in Fig. 22 and the 
coefficients are defined by 


27 
7S, =| v sin g0d0 


i (56) 


TQ, = | v cos g@dé 
J 


Employing the expressions for v, and v, derived during the 
calculation of the mean rectified voltage, it may be shown that 


eae 27 — teste 
So SS ae (6 = 17) sin god@ 
4ayjte 
ihe Db D3 ie 
= aire sOe f sin (°F :) (57) 
mgC qwyt, 2 
Safle 
2 vale 
and 0, = ) (v oe 5 =) cos qOdé 
) 
= th 
7q ( acre sen) 68) 


Between EF and the reservoir capacitor C the gth harmonic is 
attenuated in the ratio »/[1 + (gw,CR)’], so that the gth 
ripple harmonic (r.m.s. value) across C is the vector sum of the 
quadrature components, 


Sq and Qe 
VV + GeyCR] V/2V/[1 + Geo, CRP 
Finally, each of these components may be expressed as a 
fraction of the peak-to-peak ripple voltage V, by means of the 
ripple factors r,, and r,,. The total qth harmonic (r.m.s. value) 
is then given by. es one 
fg = Ve, + 1) (59) 
It may be deduced from eqns. (57) and (58) that the component 
ripple factors are given by 


z V2 
"a ~ Iarga/[1 + (qeo¢CR)?| 


( qwrt, | 2 an sot) 
qwrt, 2} 
and - 
4/2CR 


plies qwrt, 
“4 agt,/[1 + (qweCR)?] 


| 
iC spoon sca) Bread 


(61) 
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(11.5) D.C. Outputs with Contact Unloading 
(11.5.1) Equation for Contact Unloading. 

Contact unloading can be achieved only if the circuit is 
oscillatory, ie. if (R/2L)?<1/LC. During the interval 1. 
the current flowing in the contacts and the voltage across the 
reservoir capacitor may be written 


i= I, + Le*(G sin wt — cos wf) (62) 
v= V— RI, + Lhe 
[G(« sin wt — w cos wt) — a cos wt — w sin wt] (63) 


where a = — R/2L and w* = 1/LC — (R/2L)*. The discharge 
of the capacitor in the succeeding interval t, follows the same 
relation as in the non-inductive case [eqn. (48)]. Insertion of 
all the boundary conditions establishes the following relation 
between the parameters for contact unloading, 

(a? + w?)t, sin wt, 

2w 

The expression for G is 


G= — 


— cos wt, + cosh at, = 0 (64) 


Lie acosats 


me (65) 
exte sin wt, 

In the limiting case of zero resistance (~—>0) eqn. (64) 
simplifies to 
(66) 


bie 
€ 
= 


— tan twt, 
where w* = 1/LC. 


(11.5.2) Mean Rectified Voltage. 
The same output characteristic as before (Section 11.3.2) 
again applies, but the multiplying factor s is now given by 


ae is w sinh at, 
Sa sp PA Se 75K “a sin wt, ) oy) 
For zero resistance the corresponding formula is 
3 t (wt)? 
= S 68 
“eo” See) (68) 


where w? = 1/LC. 


(11.5.3) Peak Ripple, Voltage-Doubling Circuit. 

When the total instantaneous voltage across the two capacit 
is a minimum or a maximum, one capacitor is charging at 
same rate as the other is discharging. Thus each capacitor carr 
a current J, and the transformer at this instant is therefc 
supplying a current 2/,. Let the minimum and maxim 
voltages occur when wt takes the values ys, and yf respective 
time being measured from the beginning of the interval ¢,. Th 
from eqn. (62) it follows that ys, and po are given by the solutic 
of the equation 


evlo(Gsinys—cosf#)=1 . . . 


where G is given by eqn. (65). 


It may be shown that during the interval from ys, to th 
total voltage rises by 


Vi, = oLh cot (b, — y) + tan (v2 < 5 a ») | — Tf. — ple 
(7 
where tany = 1/G, and this therefore is the peak-to-pe 


ripple. Alternatively it may be expressed as follows, as 
fraction of the ripple V,, for a non-inductive circuit, 


Vy t, wt, ss 
Fine fe, i cae ay) 


[2 7 - aS bo eae by 7 
a (v2 2 »)| wt i ‘a 
In the limiting case R -> 0 this expression simplifies to 


Vi 1 — 2m/(f?LC) — 
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SUMMARY 

‘The behaviour of filters having jump-function inputs is investigated. 
‘he output of the filter is approximated by a jump function, and the 
atio between the Laplace transforms of the two jump functions 
efines the jump-transfer function of the filter. A serial operator for 
he filter can then be written down, and approximate analysis carried 
ut using time series. A method of deriving a serial number for any 
ime function having an analytical form is stated. Tables are given 
howing the jump-transfer function and serial operator for commonly 
iecurring filters, and a comparison is made with the method due to 
‘ustin of calculating approximate responses. A high degree of 
qathematical rigour has not been aimed at in the treatment. 


i 

} LIST OF PRINCIPAL SYMBOLS 

f(t): Time function, having zero or non-zero initial value. 
f(t) =0; 7 0. 

P(t): Rectangular pulse, height unity, width 7, starting at 
p10, 

ee rom 

P(p): ———_,, Laplace transform of P(#). 


f,, = f{(nz), ordinate of f(f) att =n7,n=0,1,2... 
[f: Jump function of £(9; [{( = > f,P(t — nz). 
: 0 


u(t): Response of a filter to P(t). 
H(t): Heaviside unit step function. 
A(t): Response of a filter to H(?). 
zZ= EF, 


__ p = Complex number. 
) (1) INTRODUCTION ' 


The method, due to Tustin,! of analysing linear systems in 
erms of time series is particularly applicable when either the 
esponse to an arbitrary input, not representable in analytical 
orm, is required, or when it is necessary to calculate the responses 
0 any inputs, arbitrary or otherwise, of systems whose per- 
ormance requires to be estimated from experimental tests. 
juch calculations are made by the expression of any time function 
yy a series of numbers representing, in one method, the ordinates 
f that function at equal intervals, these being so chosen that a 
easonable approximation of the time function is obtained; the 
fect of any system when subjected to an input so expressed i is 
issessed by the serial operator for the particular system in 
uestion. The various methods of representing time functions 
y ordinates (A-units), step functions and rectangular pulse units 
ite dealt with by Tustin. The serial operator for any particular 
ystem is shown to be obtained either from a known test input 


Y ae 2 fl, —1 
id the output it produces, or by the substitution p = 5 vo 
1 the known transfer function of the system. , 
Brown? has described the application of finite-difference 


! 
| 
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operators to linear systems and has shown in this connection 


2d — £7! 
that the operator p = 5 ee whose time series equivalent 
2 {1, —1 ; peo e 
5 Se was simply deduced by Tustin, is only one, and indeed 


the simplest, of a series of quotients of polynomials in E—! which 
express the differential operator p to any desired degree of 
accuracy. More recently Barker? has drawn attention to the 
pulse-transfer function W(z) of a filter, whose input and output 
are sequences of impulse functions, and has shown its applica- 
tion to sampling servo-systems. The material of this note 
relates to the transfer functions of filters whose inputs and 
outputs are jump functions. A jump-transfer function (j.t.f.) is 
derived, being very similar to the pulse-transfer function (p.t.f.) 
of the filter, and by means of the j.t.f. a serial operator for the 
filter is obtained. Likewise, the Laplace transform of a jump 
function may be used to derive, for a continuous time function 
of known analytical form, a serial number which is a quotient of 
two finite serial numbers, rather than an indefinite sequence of 
numbers representing the ordinates. Simple calculations are 
given to illustrate the method. 


(2) THE JUMP-TRANSFER FUNCTION 


(2.1) Basis 


Consider the filter shown in Fig. 1, having the jump-function 
input [f(4).* Y(p) is the transfer function of the filter and the 


CO) eae Si 


(n-l)r nt 


Fig. 1.—Filter with jump-function input. 


boxes A are devices converting the continuous functions f(d), 

g(t) into the jump functions [f(‘) and [g(t). The true output, 
g(t), of the filter may not, however, have a continuous first 
derivative. It is desired to formulate the transfer function 
relating the Laplace transform of [g(r) to that of [f(2). 


* The notation used for jump functions is that of Gardner and Barnes.* 
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Let P(p) be the Laplace transform of the rectangular pulse 
P(t) of unit height and duration 7, starting at ¢ = 0, i.e. P(p) = 


(1 —e~-*)/p. Then the transform of jo iS Yd fe7"P(p). 


Now let u(?) be the response of Y(p) to the unit pulse P(Z). 
Then co 
x(t) = foul) + Ault 7) +... = Efuule = 17) 

and g(0) = fou(O), g(7) = fou(r) + f,u(d), ete. 


If the ordinates of u(t) at t = 0, 7, 27, . . . nz are denoted by 
Up, Uy, Ua, .. - U,, then 


= folly Ae fie + foun _2 apo bac + flo 


Hence [g(t) = fovoP(@ + Som +fiuo)P@—7) +... 
(Soll + Siln a + «+ «+ F,Mo)PG — nz) 


and the transform of [g(¢) is 


P(r) [foo + (fos + fue? +... 
Sota + Ata be + fle oe ee 


=F uenr” & fe" Pp) 
0 0 
If z = e*?, then the ratio [transform of [g(s)]/[transform of 
SS eee 
0 


U(z) will be termed the jump-transfer function, denoted by 
j.t.f. for brevity. It is formally identical with the pulse-transfer 


ff(@] is given by U(z) = 


function, see Barker,? given by >) w,z~”. In the case of the 


j.t.f., the uw, are the ordinates of the response to a rectangular 
pulse of finite height unity and duration 7. In the case of the 
p.t.f., the w, are the ordinates of the response to an impulse of 
finite area unity and infinitesimal duration. 


(2.2) The Jump-Transfer Function of Common Filters 


The jump-transfer function corresponding to the filter 
Y(p) = 1/(p + «&) is deduced below for the purposes of illustra- 
tion. It is necessary to find u,, the sequence of ordinates repre- 
senting the response to a unit rectangular pulse. This may be 
obtained by writing uy = Ao, u, = A, — A,_1,n = 1, 2, 3,..., 
where A,, is the sequence of ordinates representing the response 
to a unit step. 

Therefore 


DY u,Z—" = Ag + (Ay — Ag)z7! + (Ag — ADz-?2 +. 
0 oy 
(A, — ALE ee (LS 2) ye 
0 
In this case A(t) = (1 — e~“)/a and at t =n7, A, = (1 — d”) Ja 
where d=e~*, Also Ayg=0O. The j.t.f. is therefore 
(1 — d)z—!/a(1 — dz—!). This procedure may be repeated for 


other commonly occurring filters. Table 1 summarizes the 
results obtained. For all of the transfer functions given, u(f) 


is zero at t=O and therefore the j.t.f. }) u,z~”" reduces to 
C) 0 
ecm 
1 


may be split up into simpler ones by the use of partial fractions, 
and if desired, the overall j.t.f. may then be formed by summation. 


More complex transfer functions than those given 


(2.3) Filter with Finite Time-Delay 


If a finite time-delay is added to a filter having the transfer 
function Y (p), the resultant transfer function becomes e—*? Y(p), 


where {7 is the finite Be) inserted. The same holds for th 
j.t.f., which becomes z~? > u,z ". The effect of the delay ca 


also be written in terms of the ordinates of the response to th 
unit pulse, the response now occurring fr later in time. If Be 
integral, then the response is zero up to t = Br, and for t=m 
the ordinate of the response is w,,_ b> where u(r) is the respons 
of the original filter without finite time-delay. The j.t.f. of th 


filter with delay is therefore s upagz ae 
n=B 
If P is a fraction of the interval t an analogous result hold: 
Let B be the fraction (1 — m) ofr. Then at t =7, 27, 37...m 
the ordinate of the delayed response is u(m7), u(t 4 mT 
ee + mr) , HG —I1r+mr). The j.t.f. is therefor 


Sa Ca aera 1 3) epee 


(2.4) Lapiace Transforms of Jump Functions 


For either the exact analysis of systems in which jump function 
are the variables or, as will be shown later, the approximat 
analysis of systems having continuous variables, the Laplac 
transforms of jump functions may be used. Table 2 therefor 
shows the Laplace transforms of common jump-functions 
These may be deduced in an elementary manner using th 
definition of the Laplace transform or by means of theorems ¢ 
transform theory (see Gardner and Barnes‘). ' 

The inverse process of finding a jump function given if 
Laplace transform leads, as shown in Section 3, to the concept o 
serial numbers or time series, and also the concept of serié 
multiplication. 


(3) TIME SERIES AND THE USE OF JUMP FUNCTIONS ih 
APPROXIMATE ANALYSIS 


(3.1) Inverse Laplace Transformation of Jump Functions: Seria 
Numbers 


The inverse process of obtaining a jump function from it 
Laplace transform may be done in several ways. First, th 
transform may represent a known jump-function or be capabl 
of breaking up, by the process of partial fractions, into a numbe 
of recognizable jump-function transforms. This being a! 
elementary method employed in normal transform theory, it wil 
not be discussed further. 

A second approach is to expand the transform as a serie 
inz 1: te take an example, consider the Laplace transforn 


TD) ee 


Expansion gives 


Cre wal. 
TP(p)z—![1 + 22-1 4+ 32-2 +. tz -@ D+. | 
ie.  7[z~'!P(p) + 2z~2P(p) +... + nz—"P(p) +. . .], 
which is the Laplace transform of 
7[P@—7) + 2P¢— 27) +... +P — nr) +. J 


P(t) being the unit rectangular pulse of duration 7, starting a 
t=0. This gives the required jump-function, in this case [| 
The series may be obtained by simple division of the polynomial 
in z—! in the numerator and denominator, if the latter is not th 
sum of a recognizable series. 

It is also evident that the jump function [t may be describe 
by its ordinate heights at t = 0,7, 27-. = ., etc. This gives, 1 
this case, the sequence 7[0, 1, 2, . . <Jj hich is referred to @ 
a serial number or time-series. In this sense, the power of z~ 


{ 
\ 


Table 1 


ELEMENTARY JUMP-TRANSFER FUNCTIONS 


3 1 CRUICKSHANK: A NOTE ON TIME SERIES AND THE USE OF JUMP FUNCTIONS IN APPROXIMATE ANALYSIS 


Transfer function Ordinate of u(t) at f = nz, n > 1; up = 0 Jump-transfer function 
Wi Y(p) ike SD) gy 5 HD 
n=0 
ie 
iH i ge 
Dp Ee 1—z-1 
1 T2 t+ z—1)z-1 
z yen == iN) 2! d —z-12 
1 T3 3 (1 + 4z—-1 4 z-2)z-! 
ss) 31077 — 3n+ 1) 31 (ez 
1 r t §(z-1) 
ae Be ee 5 ye ee “ 
pr rl er 7 ra Ss SN 
1 dn fv RE Ss 1—d_ z-1 
pra 0 ee a (= a=1 
1 Dena a Ie hen Zt) ole = a=) Sd oI) 
(p + ar a ar—aq! q=0%'—4q! Be Ey) er (USGL ea 
f 1 1 y (1 — cos wr) C= 2-2-1 
| aa eer tee aileos a(n — 1)t — cos wnt] = AO fie al nce ee) 
Pp 1 ee Pitre va sin wt az) zt 
y 7 al sin cont — sin w(n — 1)t] eh = Dz lees oe =a) 
—1 2 
ES es sin [w(n — 1)t + ¢] — ad” sin [wnt + 4]} ae Ee = 
| 1 ae J or2(1 — 2dz—1 cos wt + d2z—2) 
| a)? + m2 Sslign ae i 
| (p + &) REE a ay oa A= — wd cos wt ad sin OT 
I) % B= wad2 — wdcos wt + ad sin wr 
| Cz—-1 + Dz-2 
4 pt+« 1 r2(1 — 2dz—1 cos wt + d2z—2) 
pat ealke a oe ee bes a 
, (p + @)2 + w2 ytd cos [oor = eid] — a" cos fone + $)} C = a — adcos wt + wdsin wt 
D = ad2 — adcos wt — wd sin wt 
; ée—PwY(p) oo eo 
i —6 Se sas 
B an integer un—@ Zz ay? » Un—@zZ—" 
e—BWY(p) . ; we. othirn <2 ba 
B fractional equal to (1 — m) eo ae z ol? = late 
“sz q)) = ¢qidz—t |)? ~t— az 0 
a 1 1 — dz—! 
1 1 
Et ill ; 
edhe Ewch pts Ulises, 
g@@—)! @—2° 


* See Reference 5. 
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LAPLACE TRANSFORMS OF COMMON JUMP-FUNCTIONS: SERIAL NUMBERS 


[to = > f,P(t — nt), f, = f(n7) 


Time function Laplace transform Jump function 
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Table 2 


Laplace transform 


—tp 


PCY) Bip) =2 


(DH Tf@ 


AH() J AH} 


J AM 


[FHO 
[FHO 


J e-“H@ 


TH(1) 
a H(a) 
SH 


e-%tH(r) 


te—atH(1) J te-stH() 


(sin wt)H(A) J (sin oH 


p2+ w2 


(cos wf)H(A) P J (os oD) 


p2 + m2 


w J (e-2t sin oH) 


(e—«t sin wt)H(r) (p + 2 + w2 


Dae 


(e—#t cos wt)H(A) (p+ a2 + w2 


| (e-#t cos wf)H(A) 


may simply be regarded as locating the position of the ordinate 
along the time axis. Hence the jump function is also adequately 
described by its original transform, the z~! and P(p) being 
ie TO; 1) Taam 
: [1, =9 IP WU ee, 17 

_ Tule for evaluating [1, —1]* being the same as that for evaluating 
(1 — z~!)?, namely multiplication of polynomials, as stated 
by Tustin. 

This derivation of a serial number for a time function from 
the Laplace transform of the corresponding jump-function now 
‘makes possible the expression of the serial number in ‘‘closed 
form’ rather than the straightforward ordinate sequence which, 
of course, may always be written down. Alternatively, it 
may be regarded as a summing process for ordinate sequences 
which are not otherwise recognizable. For example, the 
serial number (ordinates at t = 0,7, 27. . .) for e€~“ cos wt is 
[1,e—%* cos wt,é—2%*cos2wrT, ...] = [1, dcos wr, d* cos? wr...] 
where d =e *. This may be summed as it stands but it is 
also given by the Laplace transform of [e~“ cos wf, omitting 
powers of z—1, which are regarded as locating marks in the time 
axis, and leaving out P(p). Thus the serial number for 

[1, —dcos wT] 
[l, —2d cos wr, d?] 

[1, — cos wr] 

[1, —2 cos wr, 1] oh 


omitted oThat =is7 [0 2 the 


€-“ cos wt is Similarly the serial number 


for cos wt is 


[1] 


[ fo. fi: f2 .. J 
{1] 
io) 
[0, 1] 
“fl, —1P 
t2 {1; 1)[0, 1) 
(i — z-1)3 Ql. —138 
(1 + 4z-1 + z-2)z-1 a [t,.4, 1][0, 1 
(i — z-14 3f of, —1¥ 
[1] 
id) 
= (0; a] _ 
“fl, dP 
[0, sin wt] 
[1, —2 cos wr, 1] 


P(p) 3 faz-”, Z = 6? 
0 


= 1 
va ey A 


<e()) =— ie 


ys 


1+ z-1)z-1 


Pn) 


31 * B(p) 


= 1 
PO) eet wep ani deren 


az-1 
d — dz-1)2 
z-1sin wt 
1 — 2z-1cos wt 4+ z-2 


tP(p) —— 


P(p) 


[1, — cos wt] 
{1, —2 cos wt, 1] 
(0, d sin wt] 

[1, —2d cos wt, d?] 


(1 —z-1 cos wt) 


PCr); — 2z-lcos wt + z-2 


dz—1 sin wt 
1 — 2dz-1cos wt + d2z-2 
d= e-at 


P(r) 


[1, —dcos wt] 
Ll, -2d cos wt, d2] 


(1 — dz-1cos wt) 
1 — 2dz-1cos wt + d2z-2 


P(p) 


This also leads to the important effect which damping has on 
the serial number for, say, cos wf. Referring to Table 2, if 
C(z—)P(p) is the transform of [cos wt, then C(dz—!)P(p) is the 
transform of [e~“ cos wrt; that is, dz! replaces z—! exclusive 
of the part P(p). The effect on the serial numbers, as can be 
seen from the examples, is to change the ordinates from /,, to 
d"f,, nm >1, whether the numbers are infinite sequences oF 
quotients of finite sequences. 

A third method of evaluating the transforms of a jump function 
is to consider it as the product of two simpler transforms repre- 
senting known jump-functions. Use is then made of the theorem 
regarding the transform of the convolution of two time functions. 

go 
aq—zy 
——;» which represents the transform of the unit 


For a simple example consider the transform TP(p) 
iene ae 


zl | 
d=7) = ne aig? 4, Then 
%,(p) is the transform of 8(t — 7) + 8(t — 27) + S(t — 37)... 
(1) being the unit impulse, whose transform is unity. According 
to the convolution theorem,* therefore, <,(p)*2(p) is the trans: 


steps, Let x>(p) = 


'S 
form of [sexe —)dr. The result of the integration is 
lo 


* See Reference 4, p. 228. 


Mea) + x(t —27) +. . . = y(t), say, which gives the 
equence [yo, ¥j, ¥2..-] = [0, 1, 2, 3... .]. It may be verified 
that this is the sequence resulting from multiplication of 
@ tz 7+237+...) by 0 +2-1+2-2+...), which 
tepresents the unit step. Serial multiplication of sequences can 
|therefore be looked upon as a numerical convolution process. 


(3.2) Use of Jump-Transfer Function in Approximate Analysis 


There are two obvious methods whereby a jump function 
may be used to approximate a continuous function. The first 
approximation is one in which the heights of the rectangular 
jpulses are the averages of the two adjacent ordinates of the 
‘curve marking the beginning and end of the rectangular pulse 
im question. The second method is that in which the heights of 
ithe rectangular pulses are given by the ordinates of the curve at 
ithe mid-points of the pulses. In the paper, more consideration 
is given to the first method, which in fact amounts to calculation 
in terms of the ordinates at t = 0,7, 27 ..., etc. It is desired, 
therefore, in the first place, to derive from the j.t.f. a serial 
operator which is the ratio of the serial numbers of the output 
and input when these are the simple ordinate sequences. 

Consider Fig. 2 in which the input f(A) to a filter is approxi- 


Os T2387 


ie Fig. 2.—Approximation of curve by jump function. 


mated by the jump function B, having the Laplace transform 
B(z). If U() is the j.t.f. for the filter, the jump function whose 
pulse heights are equal to the ordinates of the output at t = 0, 
7, 27, . . ., etc., has the transform U(z)B(z) = D(z), say. But 
Bz art, + 2)C(z) where C(z) is the transform of the jump 
function whose pulse heights are equal to the ordinates of f(r) 
at t = 0,7, 27,..., etc. The serial operator for the filter, equal 
to the ratio (serial number of. pee) Keerial number of input), 
is therefore given by D/C) = 4(1 + z)U(z), omitting all 
powers of z~!. For example, Caister the transfer function 
4 + a) which has the j.t.f. (1 — d)z—1/(1 — dz—!). The serial 
operator is obtained from 4(1 + z)U(z) when the powers of z~! 
are regarded as locating points on the time axis and are now 
omitted. This gives the serial operator 4(1 — d)[1, 1]/[1, —d] 
the value of d = e—* depending on the value of 7 adopted. 
7 equals one-fifth of the time-constant 1/x, then d = 0:8187 
- the serial operator is 0-0906[1, 1]/[1, —0-8187]. If the 
put is a ramp function, say, then its serial number is 
mo, 1, 2, 3, .] and the output is 0-09067[0, 1, 2,3 ...] x 
: 1/U, —0-8187]. Evaluating gives 7[0, 0-091, 0-347, 0-737, 


+24, 1:83, 2:5, 3-22, 4:0. . .] compared with the exact solution 
, 0-093, 0-351, 0-744, 1-246, 1-84, 2-51, A: 

To summarize, therefore, the procedure ‘of approximate 

alysis, the steps are: (a) Derive the serial operator for the 

icular transfer function; this is obtained from 4(1 + z) times 

selected j.t.f. from Table 1, bearing it mind that more 
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complex transfer functions have j.t.f.2s which may be built up 
from the simple ones listed. 

(6) Multiply the serial operator by the serial number repre- 
senting the input; this may take the form either of the ordinate 
heights at 0, 7, 27, . . ., etc., or of a quotient of two finite serial 
numbers, as given by Table 2. 

(c) Evaluate the serial product so obtained by division, 
multiplication or otherwise 

The above procedure will hold in calculating the responses 
only to inputs which have a zero initial value. That this should 
be so is evident if it is remembered that the transform of the 
jump-function approximation* to a function f(f) is 


4{[1 + z][transform of [f()] — zf()P(»)} 


Thus only when f(0) = 0 may the factor $(1 + z) be taken along 
with the j.t.f. in deriving a serial operator which is to be the 
quotient of the ordinate sequences of the output and input. 
The lack of generality does not, however, constitute any difficulty, 
for inputs with non-zero initial values may always be split up 
into a step function and an input with a zero initial value. In 
the case of a step function the question of approximate analysis 
does not arise, for the step function is the exact jump-function 
Afi, 1,1,...], A being the height of the step. The serial operator 
for a step-function input is therefore the j.t.f. for the filter, 
omitting the powers of z—! as before. For example, the output 
of the filter «/(p + «), when subjected to the input (1 + NA(A), 
and with 7 = 1/5«, is 


Mi teidy eet | (0, 1] 

a Meee fe Oem 
= 710-0010°347, 0-737, 12241... 

+ [0, 0-181, 0:329, 0-451, 0-550 . . .] 


lO sea Ee eee el 


It is not proposed to deal in detail with the second method of 
approximating a continuous function by means of a jump 
function, that is, where the pulse heights are equal to the ordinates 
of the function at f = 7/2, 37/2,...(7 +4)7... The procedure 
is very similar to that of Section 2.1 and the results are formally 


the same. Thus if a jump function >) F,P(¢ — nz) is applied 


n=0 
to a filter and the output G(f) is approximated by the jump 
function }) G,,P(t — nz), where in this case G,, = G[(n + 47], 
n=0 io) 
then the j.t.f. is still » u,z—", but here u,, = u[(n + 47], ie. the 


ordinate at t= (nm + ar of the response of the filter to a unit 
pulse of width r. 

The application to approximate analysis follows simply, for 
if F,, is now equal to F[(n + 4)r], ie. the second type of approxi- 
mation to an actual input F(#), the approximation is consistent 
for both input and output, and the serial operator is the j.t.f. 
omitting the powers of z~! as before. This applies for any input. 
The j.t.f. for the filter is of course slightly different from that 
previously used, since u, is now u[( + 4)7] instead of u(nz). 
For instance the j.t.f. for the filter 1/(p + «) is now 

1 di —z—) 


a al — dz!) 

where d = ¢~**. This method introduces rather more complex 
j.t.f.’s than the first approach and it is not quite so convenient 
to work in terms of the ordinates at ¢t = (m + 4)7 as to use 
those at t =nr. The process does hold, however, for all inputs, 
whether their initial values are zero or not. 


* That is, pulse heights of jump functions are averages of ordinates on either side 
of pulse. 
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(3.3) Comparison with Method of Substituting p = Piro in 
Transfer Function t {i, 1 


The method used by Tustin to calculate approximate responses 
is to substitute p = fen 
[1, 1] 
system. This rule enables a serial operator to be obtained for a 
general form of the transfer function such as the quotient of two 
polynomials in p. Clearly this procedure is much simpler than 
breaking the transfer function up into simpler ones by a method 
of partial fractions and then obtaining a serial operator for each. 


in the transfer function of the 
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The comparison may also be made using the transfer functio: 
a/(p + «), which gives the serial operator (1 — d)[1, 1]/2[1, —d 
where d =e %. Expanding in terms of «7, using powers 
to «373, this may be written 


a ze [eat ‘ 
6 eee abr 
b (1 ar + 5) 6 | | 


If the substitution p = palate 
came Wie | 


a272 


1 


is made in Y(p) and a simila 


Table 3 


COMPARISON OF SERIAL OPERATORS 


Serial operator using p = 


Pi es a 
= [1,0 


Serial operator* using 
d +2) 
2 


(jump-transfer function) 


aan bee 
AB =i 
2 Tt Se 
4 =e 
73 [l, 3, 3, 1] 


Si ie 
Ul, 1] 


(2 — at) 


t Ul, 1] 
2ie= 
2 [1,1 
4 [l, =1P 
73 [1, 55ya 
12 teat 
CP mia 


1G, 
Spee (ls or 


v2 [l, 1}? 


(2 = &) a 


(i, aie a 


(1 — cos wt) [l, 1]2 


22 


P+ @w 


4+ w?2r2 [1], —2c, 1] 
c= (44 — w?r2)/(4 + w?r2) 


2t (Mig), 1 
4 + wr2 [1, —2c, 1] 


[1, —2 cos wr, 1] 


sinat _ [l, 0, =—1) 
2m [l, —2 cos wt, 1] 


1 


72 [iy 20th 


A [l,1+ B/A, B/A] 


2 2 
(p+a)2+ g [1 ny aos 


g =4+4 4ar + r?r2 


r2 = a2 + w2 


& 


=] 2wr2 [1, —2d cos wt, d2] 
g 


A= @ — wdcos wt — ad sin wt 
B= wd2 — wdcos wt + ad sin wt 
d= e-a, r2 = g2 + @2 


pte t(at + 2) 


(1, 1 + Afk, h/k] 


Cit, te DiGae 


(p+ apt oF g 


Ff, g as above 


Sat 
1, —2flg, 1 — ad 
fg. z 


h=ot—2,. k= ot +2 


2r2 [1, —2d cos wt, d2] 


C= «—adcos wt + wd sin wt 
D = a«d2 — ad cos wt — wd sin wt 


* Serial operator for inputs having zero initial value, see Section 3.2. 


In the case of the simpler transfer functions the serial operators 
may be compared, as shown in Table 3. From this it can be seen 
that for Y(p) = 1/p, 1/p?, the same serial operators result in 
both methods. In the case of Y(p) = 1/p3 the different operators 
ae Wile Se aU) 7 [Sh So 
and 

8 [i, —1} 12 [1, —1}3 
three times the ramp function [0, 1, 2,3 ...]. The results are 
[0, 0-125, 1-0, 4°13, 12-0, 28-13, 57, 104-1, 176-0 . . .] and 
[0, 0:0834, 0-834, 3-75, 11-33, 27-1, 55-5, 102-1, 173-4. . .]. 
The correct result is [0, 0:0416, 0-667, 3-37, 10-67, 26:05, 54-0, 
100-0, 170-6 ...]. The second is the more effective operator. 


may be compared by integrating 


expansion carried out, the result 


1 arr a ar 
5(o7 p Sage Fs 


[, 1] 


(ee 


2 4 


is obtained. Since the two operators differ only in the cubii 
term in a7 they will give the same result if a reasonable spacin; 
of the ordinates is chosen in the first place, i.e. 7 reasonably small 
It is difficult to state, in general, which of the two methods wil 
give the greater accuracy, since this appears to depend on thi 


: 


nA 


a a ili re 


type of inputs being considered. The method proposed here, 
1owever, is exact for step-function inputs. The serial operator 
for any transfer function is then given by the j.t.f. without 
modification by the factor 4(1 + z). 


(4) CONCLUSION 


_. The use of jump functions in approximate analysis has been 
demonstrated and the connection with serial numbers and serial 
‘operators has been discussed. The jump-transfer function has 
been defined as the ratio of the Laplace transforms of two jump 
functions. These are the input to a filter and the jump-function 
approximation of the actual output. The jump-transfer function 
may be replaced, for the purposes of approximate analysis, by 
‘an equivalent serial operator, and rules have been given for the 
formation of this operator for any transfer function. The 
method is exact for step-function inputs. 

A ‘closed form’ serial number representation of any input 
(except an impulse input) has been deduced from the Laplace 
‘transform of the jump-function representation of that input. 
This is, in effect, a summation process which may be done using 
‘the Laplace transform. The procedure has been demonstrated 
numerically and compared with existing methods of calculating 
approximate responses. 
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SUMMARY 


The paper is concerned with the effect of “infinite” peak clipping!3 
on certain types of signal definable in statistical terms. The analysis 
is further extended to include subsequent differentiation of the clipped 
waveform with respect to time. 

It is shown that with certain signals of common occurrence there 
is a marked similarity in spectral content before and after clipping. 
Furthermore, the phase relationships present a high degree of 
coherence. 

Speech waveforms have certain attributes in common with these 
idealized signals, and it is therefore concluded that the high intelligi- 
bility of “infinitely” clipped speech is a phenomenon to be expected. 


(1) INTRODUCTION 


It has been found, as a result of experiment, that a large 
degree of non-linearity can be tolerated in an amplifier before 
there is any marked degradation in the intelligibility of normal 
speech. In the limit the amplifier may have a characteristic of 
the form shown in Fig. 1, where the amplitude difference OA 
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Fig. 1.—Amplifier characteristic. 


is about 60dB below the average level of the speech input signal. 
This is sometimes referred to as “‘infinite’ peak clipping.! 
Assuming an input signal of the general form shown in Fig. 2(a), 
the output waveform of the amplifier will consist, for practical 
purposes, of a train of positive- and negative-going rectangular 
pulses of varying width, as in Fig. 2(6). For convenience we 
assume the clipping levels to be +1 and —1 units of amplitude. 

If this clipped signal is now differentiated, we obtain the pulse 
train shown in Fig. 2(c). In practice, of course, the pulses will 
be of finite width and finite amplitude. 

If either train of pulses is fed into a loudspeaker it will be 
found that, although the quality of the reproduced sound is very 
poor, the intelligibility is high.!.2,3 Morespecifically, articulation 
tests based on sets of one-syllable words selected by a carefully 
controlled random process show articulation scores of the 
general order of 90% in each case. An initial period of accom- 
modation is required whilst the listener gets used to the noisy 
character of the sound, and, moreover. fatigue is liable to set in 
fairly soon if the test is continued too long. By passing the 
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Fig. 2.—Effect of “‘infinite’’ peak clipping on a typical waveform, 


(a) Original waveform. 
(b) Clipped waveform. Mes 
(c) Clipped waveform with subsequent differentiation. 


pulse trains through a low-pass filter, the tonal quality is improved, 
but the effect on the intelligibility is not important. 

When comparing the distorted waveform with the original 
it is evident that the only characteristic that is retained is the 
relative position of the zeros of the signal. It would therefore 
seem logical to conclude that the greater part of the information- 
bearing content of speech must be contained in the relative 
positions of the zeros. This conclusion, however, seems to be 
at variance with the almost universally accepted concept of the 
ear as a short-time Fourier analyser. 

The object of this paper, therefore, is to examine to what 
extent the spectral content of the waveforms of Figs. 2(b) and 2(¢) 
is similar on the-average to that of the original signal of Fig. 1(a). 
More important still, however, is the degree of coherence 
between the two spectra under consideration, i.e. the extent to 
which corresponding regions of the spectrum are phase-related 
in a fixed rather than a random manner. (The term “‘coherence” 
is defined precisely in Section 3.3, but its use in this context is 
by no means new.‘) 

If it can be shown, as in fact it will be, that the spectral energy 
distribution is to a large extent invariant under clipping, it may 
be concluded that the high intelligibility of clipped speech is 4 
phenomenon to be expected. However, it should be stressed 
that the method is only valid in so far as it relates to averages 
over long periods of time. Further and more detailed work is 
still required to show what are the important invariants in the 
case of individual sounds. 

In order to simplify the analysis, various assumptions will be 
made regarding the character of the original waveform. It 
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will be shown that these simplifications do not in fact invalidate 
the essential conclusions in any way. 


(2) REPRESENTATION OF THE ORIGINAL SIGNAL 
In order to simplify the analysis that follows the continuous 
waveform of Fig. 2(a) will be time quantized in the manner 
illustrated in Fig. 3(@). The more important results of the paper 
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Fig. 3.—Time-quantized waveforms. 


(a) Original pulse train [time-quantized version ot Fig. 2(a)]. 
(6) Clipped pulse train. 
(c) Differentiated clipped pulse train, with pulse reshaping. 


are independent of the length of the quantizing interval, which, 
if so desired, may be considered as tending to zero. 

_ As regards the signal amplitudes, it does not matter whether 
we assume the range of values to be continuous or to be quantized 
in discrete levels. From the notational point of view it is simpler 
to assume continuous functions, but this does not in any way 
constitute a restriction. 

' The waveform of Fig. 3(a) will be referred to throughout the 
paper as the original pulse train, and that of Fig. 3(6) as the 
clipped pulse train. 

_ The original pulse train is assumed to be generated by some 
form of stationary random processes;>-© i.e. the statistics of the 
signal remain invariant under any shift in the origin of time. 
No consideration is given to purely periodic waveforms, since 
these may be handled by simpler and more conventional 
techniques.7.8 

_ For the purpose of this analysis, signals will be divided into 
two classes as follows: 

(a) Signals produced by a generating process such that the 
_ amplitude of one pulse is in no way modified by the nature of the 
pulse sequence immediately preceding that pulse. This will be 
_ referred to as a totally random signal. 

: (6) Signals such that the probability of a given amplitude is a 
function also of the sequence of amplitude levels preceding the 
‘pulse under consideration. This will be referred to as a partially 
_ constrained signal. 

For the most part the paper deals with signals in category (a). 
These may be defined simply by means of the one-dimensional 
obability distribution p(x), where p(x)dx is the probability 
at the amplitude x of a pulse lies between x and x + 6x. 

No restrictions are placed on the form of p(x) except that 
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us normalizing the distribution p(x). 
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i.e. the d.c. level of the original pulse train is zero. 
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The third restriction, which in effect states that positive and 
negative amplitudes are equally likely, ensures that there is no 
d.c. component in the clipped pulse train. The effect of relaxing 
this restriction is considered in Section 6. 

No other restrictions are placed on the form of p(x) except, of 
course, that it must be wholly real. For amplitude quantization, 
p(x) will consist of a set of discrete values instead of a continuous 
function, but in the present instance this provokes no special 
difficulties. 

With the partially constrained signal it is necessary to make 
use of the n-dimensional probability distribution p(x,, x,), which 
denotes the joint probability that x lies between x, and x, + dx 
at time ¢,, and between x, and x, + dx at time f,. 
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Fig. 4.—Probability distributions. 
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Two specific probability distributions for p(x) will be con- 
sidered, both of which satisfy the above restrictions, namely 


(2/26 
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and 


where o,, is the standard deviation, defined as 
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The first is the Gaussian distribution and is characteristic of 
thermal noise. Moreover, it has been found experimentally that 
it also represents, to a close approximation, the instantaneous 
amplitude distribution of unvoiced speech sounds? (e.g. frica- 
tives). The second, sometimes referred to as the exponential 
distribution, is a close approximation to the instantaneous 
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amplitude distribution of voiced speech sounds? (e.g. vowels, 
semi-vowels, etc.). 

True speech signals should in fact be classified as partially 
constrained signals. However when ft, > ¢,, p(x,, x,) tends to a 
single probability distribution p(x). Hence it will be evident 
that under certain circumstances it will be legitimate to use eqns. 
(4) and (5) to derive results relating to speech intelligibility, and 
this in fact has been done. 


(3) SOME PROPERTIES OF THE CORRELATION 
FUNCTION 


(3.1) Definition of the Correlation FunctionS:¢ 


Let the original signal (or pulse train) be represented by the 
function x(#), and the distorted signal (or pulse train) by y(f). 
The cross-correlation function may be expressed as 


+T 
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where 7 is the time displacement of the signal y(t) relative to the 
signal x(f). 

It is customary to normalize the correlation function in the 
following manner: 


PG) = FAD) O66, ee (8) 


with the result that the function now ranges between limits of 
+1 and —1. 

If the function )(f) is identical to the function x(f), it is known 
as the auto-correlation function. 

When the signals x(t) and y(t) are each generated by a 
stationary random process>»® we are obliged to redefine eqn. (8) 
in statistical terms as follows: 


1 +o _+0 
Pxy7) = =| | xyp(%,y:nt)dxdy. . . (Q) 
Oxy} Joy 


where p(x,y : 7) denotes the joint probability of x lying between x 
and x + 6x and y lying between y and y + dy when the dis- 
placement of y(t) relative to x(f) is T. 

It will be observed that whereas eqn. (8) represents a time 
average of the product of the two signals expressed as functions 
of time, eqn. (9) is an average over the ensemble of possible 
product values at a single instant of time. The use of the second 
form instead of the first is legitimate only when stationary random 

‘conditions prevail. 


(3.2) The Correlation Function and the Spectral-Energy-Density 
Function 


. It has been shown elsewhere>© that the correlation function 
and the spectral-energy-density function are a Fourier transform 
pair, 


+o 

i.e. pr) = | e(fjer2irfedf . (10a) 
+o 

and c(i) — | pref dr . (10d) 
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where g(f) is the spectral-energy-density function, and both p(7) 
and g(f) are normalized functions. 

In the case where p(7) is an auto-correlation function the above 
result may be verified without much difficulty. However, when 
p(z) is a cross-correlation function, and g(/) is therefore a/cross- 


spectral-energy-density function, the derivation is a little less 
obvious. For this reason, and because of the dominant r 
that relationship plays in the subsequent analysis, it is con 
sidered advisable to outline briefly the manner in which it may 
be derived. 

In the first place it should be emphasized that a random signal. 
like other signals, may be defined by a complex spectrum a,(f) 
(Once again this is assumed to be a normalized function.) 
However, whereas |a,(f)| is determinate, and hence also g,(f) 
the phase function ¢,(f) can only be expressed in statistical terms 
It will therefore be evident that to derive the cross-spectral- 
energy-density function we must of necessity average the product 
a3(f)a,(f) over all possible values of ($, — dy). Moreover. 
whereas g,,(f) must be wholly real, 8&,(f) may in the general 
case contain both real and imaginary parts, each of which is an 
independent function of frequency. 

Since |a,(f)| and |a,(f)| are determinate, so also must be the 
product |a,(f)||a,(f)|. Hence all we require i, the average value 
of etlt,M—-*¢A(/)1] as a function of frequency f Without any 
formal analysis it is easy to show by means of a diagram suck 
as Fig. 5 that the average value takes the form 
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where |K(f)| <1 and both K(f) and ®,,, are determined by the 
probability distributions appropriate to ¢,(f) and ¢,(f) and the 
properties of the filter. 


UNIT 
CIRCLE 


Fig. 5.—Phase fluctuation on the Argand diagram. 


P fluctuates between A and B. 
C is the mean position of P. 
®,, is the mean yalue of (¢, — dy). 


Hence the solution for g,,(/) is 
&xf) = |a,(f)| |a(f)|Kfevoa (11) 


If the function y(f) is displaced by 7 relative to the function x(f) 
we may rewrite this equation as 


Buf) = |a.(f)| a(P| KG eta +20 fe (12) 


By integrating eqn. (12) over all positive and negative values 
of f we obtain the average cross-product as a function of T. 
But, by definition, this is in fact the cross-correlation function. 
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which demonstrates the validity of eqn. (10a). 


(3.3) Coherence 
Although g,,(f) in eqn. (12) may contain both real an¢ 
imaginary parts, the imaginary part must be odd, since af{f) 
and a,(f) are the transforms of real functions of time, anc 


therefore integrate to zero when the integration is carried out 
over the full range of both positive and negative frequencies. 
| \ 
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‘Thus the correlation coefficient p,,(7;) is a measure of the average 
in-phase energy of the two signals for a given time displacement 7,. 
In other words it is a measure of the coherence of the signals.4 

| Now in general there will be some special value of 7, say 7’, 
which makes |p,,(z)| an absolute maximum. This maximum 
value of the correlation coefficient will be called the “first 
coherence coefficient” Hhik 


| 


ie. = |py(7)| (15a) 
be 
= | sonar (154) 


_ In the case where x(‘) is the input to, and (4) the output trom, 
a non-linear filter it is evident that jf may under certain circum- 
stances provide a useful first-order measure of the expected 
average intelligibility at the output. On the other hand it is 
possible that a better measure will be given by 
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which will be referred to as the “second coherence coefficient” 
{note that |g,,(f)| is independent of 7]. 

' The difference between the two coefficients may be clarified 
by a specific example. For simplicity let us suppose that y(t) 
is derived from x(t) by means of a passive all-pass network having 
a phase characteristic that is a non-linear function of frequency. 
Evidently in this case must of necessity be numerically less 
than unity, because there is no single value of 7 which will ensure 
that the spectrum of y(t +7) is in phase with the spectrum of 
x(t) throughout the entire frequency range. On statistical 
grounds, however, these two signals might be considered as 
being coherent, and this viewpoint would be in accordance with 
the observation that the ear is relatively insensitive to phase. 
Furthermore, it is evident that there always exists, in theory at 
any rate, an inverse network capable of recovering the original 
signal in its entirety. 

\ The above considerations suggest that when a non-linear filter 
incorporates frequency-sensitive elements the second coherence 
coefficient is likely to prove a more satisfactory indication of 
intelligibility. 


oO THE EFFECT OF INFINITE CLIPPING ON A TOTALLY 
RANDOM SIGNAL 


(4.1) The Cross-Correlation Function 


The original waveform before clipping is illustrated in 
Fig. 3(a@) and has the mathematical properties outlined in 
Section 2. The clipped waveform, shown in Fig. 3(4), will be 
symbolized by the function y(t). To a set of values x, x2, x3, 
@tc., at t,, ty, t;, etc., there corresponds a set of values y,, 2, 3, 
etc. By definition only two values of y are possible, namely 
#1 or —1. 

_ The mechanism of clipping may be symbolized mathematically 
by the relationship 
(17) 


In the limit, n may be 


ee 


re n is a very large odd integer. 
med to tend to infinity. 
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To evaluate the cross-correlation function of the two signals 
use will be made of eqn. (9). However, it is necessary first to 
obtain expressions for the probability distribution p(x, y;7), 
which may be done in the following manner. 

Consider the situation relevant to one pair of channels out of 
the ensemble of pairs of channels. This is illustrated in Fig. 6, 
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Fig. 6.—Calculation of the correlation function px,(z). 


where 7,, is the instant of time ai which the observation is made. 
Let this observation be made during the rth pulse. Evidently t,, 
may lie anywhere between ¢ and ¢ + Ar with equal probability. 
Hence provided |r| < Ar we may say that the probability of an 
overlap of x, with y, at ¢,, is (At — |r|)/At, and the probability 
of an overlap of x, with y,,, at ¢,, is |r|/At. However, given 
that x, and y, do overlap, the joint probability p(x,, y,)dxdy is 
identical to the probability p(x,)dx, whilst given that x, and y,., 
overlap, the joint probability p(x,, y,. ,)dxdy is identical to the 
probability p(x,)p(«,. ,)dxdy, i.e. the product of the independent 
probabilities. 

Hence for the range |r| < Ar we may rewrite eqn. (9) in the 
form 
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(18) 
This expression may be simplified by noting that 
(a) The second integral equates to zero. 
(6) Since n is odd, x1+1/” = |x,]. 
(c) As a result of the restriction involved in eqn. (3) 
0 + 
fi ri | p(x,)dx = — 2| X,P(x,)dx = + 2 x,p(x,)dx . (19) 
ae } 


+ 0 
To simplify the notation, the quantity | x,p(x,)dx, which 


represents the average value of the DOSE 2 OIne pulses (or 
alternatively the average value of the negative-going pulses), 
will be given the symbol A,.. 

By noting furthermore that 

(d) The r.m.s. level of y(t), ie. o,, is unity. 

(e) For |r| > Ar all integrals Lee to zero [for the same 
reasons as does the second integral of eqn. (18)], we peal 
obtain the result that 
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Ie) for |7| < Ar 


for |r| > At (20) 


This is illustrated graphically in Fig. 7. 
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Fig. 7.—Normalized correlation functions for clipped pulse train. 


Pxx(t) and ey,(t): Auto-correlation functions before and after clipping. 
— — — 2,(t): Cross-correlation function for distribution p;(x). 
—-—- 0z,(t): Cross-correlation function for distribution p(x). 


The first coherence coefficients for the two specific probability 
distributions considered in Section 2 may now be evaluated as 
follows: 


Pyy = 2A,/o, = V/(Q/7) = 0-798, for p(x) (21) 
Mxy = 2A,/o, = 1f\/2 = 0-707, for p2(x) (22) 


It is interesting to note how high these values are numerically. 
It is also interesting that they are generally of the same order 
as the percentage articulation scores obtained during tests with 
clipped speech. The fact that articulation scores average some 
10% higher is not surprising, however, in that the above analysis 
is pertinent only to a totally random signal. This point will be 
considered again in Sections 7 and 9. 


(4.2) The Auto-Correlation Functions 


Applying the same methods as before, the following interesting 
result is obtained: 


Pxy(T) a PxyPxx(7) = HexyPyylT) (23) 


In other words, the two auto-correlation functions and the 
cross-correlation function are identical in shape. The absolute 
amplitudes differ only by a constant factor of proportionality 
equal to the first coherence coefficient. 


(4.3) The Spectral-Energy-Density Functions 


Since the three correlation functions are identical except for a 
constant factor of proportionality, it is evident that the three 
spectral-energy-density functions will also be identical except 
for the same constant factor. Applying the transform given in 
eqn. (100) to eqn. (20) the following result is obtained: 


; sin2afAt 
8xx(f) = &y (f) = aA (24a) 
and Sxy(f) = b8x Af) (246) 


_ Since g,,(/) is wholly real for all values of f, it follows that 
both definitions of coherence are identical; 
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The spectral-density functions are plotted in Fig. 8 for values 
of »« appropriate to the Gaussian and exponential distributions of 
eqns. (4) and (5). 


(5) DIFFERENTIATED CLIPPED RANDOM PULSE TRAIN 


(5.1) Outline of the Method 


If the infinitely clipped waveform of Fig. 2(d) is differentiated, 
a train of alternate positive and negative delta impulses will be 
obtained as in Fig. 2(c). These impulses are theoretically of 
zero duration and infinite amplitude, but in practice they will be 
smoothed by the finite bandwidth of the system. As an analytical 
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Fig. 8.—Normalized spectral-energy-density functions for clipped 


pulse train. 


Lxx(f), gyy(f): Spectral-energy-density functions before and after clipping 
— — — gx,(f): Cross-spectral-energy-density function for p(x). : 
—— &zxy(f): Cross-spectral-energy-density function for p2(x). 


simplification it is assumed that they are reshaped to form unit- 
amplitude rectangular pulses of the same duration Ar as the 
original time-quantized pulse train [see Fig. 3(c)]. 

In comparing Fig. 3(c) with Fig. 3(b) it is evident that the 
possible signal transformations may be grouped into four main 
categories as follows: 


(a) Two positive values of x(t) in succession. This produces zero 
output after differentiation; hence z(t) = 0. 

(b) Two successive negative values of x(t). Again z(t) = 0. 

(c) A positive value of x is succeeded by a negative value of x. 
In this case z = —1. 

(d) A negative value of x is succeeded by a positive value of x. 
Hence z =;-F1. 


It is not difficult to show that the absolute probability of each 
category is 4. 

The analysis then proceeds on lines somewhat similar to 
those of Section 4.1. This involves a calculation of the 
probabilities of the two possible products which may occur for 
each of the four signal sequences described above. These 
probabilities will be functions of the time displacement T. 
Multiplying the product by its probability and integrating over 
the ensemble gives the average product for each category. The 
sum of the four average products, each weighted by 4, expressed 
as a function of 7, is by definition the correlation function, ~ 

Full details of this analysis are given elsewhere.’ However, 
it should be noted a considerable simplification may be effected 
by making use of the principles outlined in Section 7.2. 

The final result is that 


0,(7) = — +/Q)4,GArbani@eh,. 7 
for —3At<7 < — 4Ar 
+2/(Q2)A,7K(o,An, 
for —4Ar<7r<+4Ar | 


= + 4/ (2)A,(3At — 27)/(20,An), 
for +4At<7r<+2Ar 


= 0 for all other values of 7 J 


(25) 


This is illustrated in Fig. 9. 
By inspection it is evident that 


Bxz = V(2)Ax1 oy 
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ig. 9.—Normalized correlation functions for differentiated clipped 
pulse train, with pulse reshaping. 

Qrz(t): Auto-correlation function of x(f). 

Beeetevaicte & Q2:(t): Auto-correlation function of z(f). 

— — — 6z,(t): Cross-correlation function for distribution p1(x). 

—- Qx2(t): Cross-correlation function for distribution p2(x). 


| Comparing this result with that obtained for the clipped pulse 
‘ain it can be seen that the effect of differentiation has been to 
sduce the first coherence coefficient by a factor of 1/2. The 
ignificance of this is discussed in Section 5.3. 


(5.2) The Auto-Correlation Function of z(t) 


“Computation of the auto-correlation function of the differen- 
ated clipped signal is much simplified by the method of quantiza- 
ion Outlined in Section 7.2. The result is illustrated in Fig. 9(d). 


b (5.3) The Cross-Spectral-Energy-Density Function 


‘The Fourier transform of the cross-correlation function may 
e evaluated by standard methods without difficulty. The 
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ig. 10.—Normalized spectral-energy-density functions for differen- 
i tiated clipped pulse train, with pulse reshaping. 

x2(f ): Spectral function for original pulse train. ‘ t 

— — — g-(f): Spectral function for differentiated clipped pulse train with pulse 
reshaping. 
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Bowing result for the cross-spectral-energy-density function is 


byes 
a _2j¥ OAs sin TAA pt 


om? f2At ee) 
2\/(2)A,psint wfAt sin? wfAt cos 7fAt 
a it: mepeat mf 2At ) 
(27b) 


ja(f) 
+10 


< oe Se 


<= Z 
-|-O +1-O 


Oo) 
—rf ht —— 


=2'O: 


Fig. 11.—Cross-spectral-energy-density functions for differentiated 
clipped pulse train, with pulse reshaping. 


— — — Modulus of gzy(f). 
Real part of gzy(f) for a relay t = +4At. 

Curves are for distribution pi(x). For distribution p2(x), multiply ordinate values 
by 0:89. 


The real part of eqn. (27) has been plotted in Fig. 11 for the 
first probability distribution [see eqn. (4)]. 
The second coherence coefficient may be written 


+ co 


Vig =| \Sx2(f)| af (16) 
+ 00 e 
_ 2/Q)A, | |sin3afAr| 
= | PPM ff Ri cen iain (28) 


The solution to the above integral, suggested by L. Lewin, 
leads to the result that 


Vyz = 4\/(Q)A,[70,, = 1:273 pw, 
= 0-900 pry 


Hence the effect of differentiating the clipped signal may be 
summarized as follows: 


(29) 


(a) The first coherence coefficient is reduced by approximately 
29%. 
(b) The second coherence coefficient is reduced by only 10%. 
The latter result is of interest in that it has been found that 
subsequent differentiation does not materially affect the 
intelligibility of clipped speech. 


(5.4) The Spectral-Energy-Density Function of z(t) 


There are three possible ways of obtaining the spectral- 
energy-density function g,,(/) of the differentiated clipped signal: 


(a) By computing the Fourier transform of pzz(t). 
(5) By substituting gx-(f),, and jax(f)| = [gxx(f)}_in eqn. (12) 
and identifying the correct expressions for K(f) and ©x-(f). 
(c) By operating on the expression for gy,(f) given in eqn. (24a). 
The first is rather tedious. The second is instructive and leads 
to the result K(f) =2A4,/o, and O,,(f) = — 7/2. The third 
method, however, is the simplest and will therefore be described. 
Differentiation is equivalent to passing the signal through a 
filter whose response rises with frequency at the rate of 6dB 
per octave. Hence the first step is to multiply g,,(f) by (27fAd)?. 
To reshape the signal into a rectangular pulse train we imagine 
it to be passed through a filter having a sin x/x type response. 
This in turn involves multiplication by (sin wfAd)?/72f?At. 
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Finally, in order to normalize the result we multiply by a suitable 
constant so as to satisfy the requirement 


+o 
| elf rdf = 1 (30) 
This leads to the simple result 
&,A(f) = Asin mfAn4 |? f2At (31) 
By comparing eqns. (27) and (31) it will be seen that 
&AS) = Ble,Af)|Ibxz (32) 


(6) THE EFFECT OF ASYMMETRY IN THE ORIGINAL 
WAVEFORM 
The third restriction on the form of p(x), given in eqn. (3) of 
Section 2 will now be relaxed. As already pointed out, the 
clipped signal will then possess a d.c. component. 


0 +0 
Let | D(x)dx = | p(x)dx (33) 
sie. 
where OE <7 ae <i oo) 


Then the probability of a positive pulse is 1/(1 + sé) and the 
probability of a negative pulse is k/(1 + 4). 

If y is the average value of y, or in other words the d.c. com- 
ponent, then 


J=(1—-AH/A+4A). (34) 
and oy = (2 — 7) 
= 2W(H/d +4 (35) 


The presence of a d.c. component does in principle necessitate 
the substitution of (vy — ») for y in eqns. (7) and (9). However, 
in the present instance X is zero. This being so, it may easily be 
shown that the result is independent of whether or not the sub- 
stitution is made. Hence it follows that the only modification 
is due to a change in value of o,. The first coherence coefficient 
is thus increased to 


Hy = A, (1 + Alo, Vk (36) 


This result, which may seem a little surprising at first sight, 
can conveniently be demonstrated by reference to Fig. 12. As 


Fig. 12.—Probability distributions with increasing asymmetry. 


the degree of asymmetry is progressively increased, the tendency 
is to concentrate the probability curve into a narrow thin hump 
of high probability on one side of zero, balanced by a much 
wider range of possible values, all of relatively low probability, 
on the other side. The average product is accordingly increased 
because negative values of y are much more frequent than 
positive values, and the set of possible values of x producing a 
negative value of y are much more restricted in range. 

In the case of the differentiated clipped signal the following 


considerations apply. First there can be no d.c. compone 
after differentiation. Secondly, the probabilities of the sign 
transformation categories (c) and (d) described in Section 
are each reduced from } to’k/(1 + k)?. Thirdly, o, is reduce 
from 1/4/2 to 2,/(A)/( + k). 

Hence the first coherence coefficient is reduced to 


Une = 2/DA Alo +. . . ae 


The reason why this result is the contrary of the previo 
result is to be found in the operation of the assumed pul: 
reshaping circuit which follows the differentiating circuit. / 
trace of the original asymmetry is lost, and therefore the fir 
waveform becomes less and less like the original as the asyi 
metry is increased. 

In conclusion, it should be emphasized that relaxing restricti 
(c) in no way alters the shapes of either the correlation functio 
or the spectral-density functions. As has already been point 
out, these are independent of the form of p(x). Wy 


(7) PARTIALLY CONSTRAINED SIGNALS 


(7.1) Coherence 


The general form of the correlation function is given 
egn. (9). Letting 7 — 0, it is evident that 


P(x, ¥3 7) > Gy) 7: iw) 


But in the case of the clipped signal, y is a function of x onl 
and hence 


P(x, Y) = p(x) ee, 


Hence p,,(0) is a function only of the instantaneous amplitu 
distribution p(x) and is independent of the transition probabilitis 
But the first coherence coefficient is, by definition, 


B= |[Pxy(7| 
= |p,, (0)| for the clipped signal. 


Hence with infinite clipping the first coherence coefficient 
determined entirely by the form of p(x) and is independent | 
the statistical constraints between successive signal values. C 
the other hand, when y is a function of time also, as with # 
differentiated clipped signal, the coherence coefficient becomes 
function of the transition probabilities between successive sign 
values. 


(7.2) Computation of the Correlation and Spectral- 
Density Functions 


The following discussion is applicable whatever the form | 
the non-linear filter producing y from x, provided that y is 
function of x only, and is therefore not limited to the simp 
case of infinite clipping. Certain of the observations can, hot 
ever, be applied to the case where there is time dependence, bi 
a certain caution should be exercised. 

In deriving eqn. (18) it was possible to assume that 


poe Vr+ vp = P(X,)PO,-+ ) 


In the more general case of partially constrained signals it is n 
possible to make this simplification. Hence the second integr 
in eqn. (18) does not necessarily equate to zero, Furthermor 
for |r| > Az, p,,(7) may have values other than zero. 

It can be shown without much difficulty that, if the origin 
signal is time-quantized into rectangular pulses, as in Fig. 3(4 
the correlation functions can also be quantized into a series | 
overlapping triangular pulses as illustrated in Fig. 13. The su 
of these pulses, denoted by the dotted line, defines the correlatic 


pe) 
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x, 13.—Time-quantization of correlation function into elementary 
i triangles. 


action. Hence it is only necessary to calculate p(7) at the 
ecific values tT = 0, +Ar, +2Az, etc. 

This proposition can, without formal proof, be seen to follow 
‘a general manner from the nature of eqn. (18). The first 
fegral defines the triangular pulse centred at 7 = 0, and the 
ond integral (assuming it is non-zero) describes the triangular 
se centred at tr = Ar. When 7 exceeds A+? the first integral 
excluded from the equation, but a second one takes its place 
scribing the pulse centred ont = 2Ar. This process is repeated 
definitely for increasing values of 7. 


The values of p(7) at the points mAt, where m is a positive or 
‘gative integer, or zero, are given by 

| 1 +0 .+0 

y Pxy(mAr) = | | XV in P(X, Vy dxdy (41) 
} oe ae 

here Von. = Vt + mAD), if x = x(t) 

Now PV m: *) = PVm|) P(X) (42) 


here POVm{x) is the dependent probability distribution defining 
€ probability of y at (¢ + m/z) given the value of x at ft. This 
uation can be rewitten as 


+ 0 


+0 
PxymAt) =| xp(x) | InP - | (43) 


— 00 =e 


In general this represents a more useful formulation than 
in. (41) in that the variables have to some extent been separated. 
athermore, the expressions p(x) and p(y,,|x) can be deduced 
perimentally in a somewhat more direct manner. 

The same methods can be extended to the calculation of the 
ectral-density functions by virtue of the well-known Fourier 
perposition theorem. 

j sin? wf Ar 


Us ExyS) = »: PxymAne in fmat (44) 


Go ym f7At 
Finally it should be stressed that the above results are appli- 
ble to the study of both auto- and cross-correlation functions 
id both auto- and cross-spectral density functions. Thus to 
fine the auto-correlation function p,..(mA?) it is only necessary 
eqn. (43) to substitute x,, for y,,. 


(7.3) Relationship between the Three Correlation Functions 


Tn the case of totally random signals it was shown that the 
fee correlation functions p,,(7), Pyy(T), Px,(T) were all identical 
Cept for a constant factor of proportionality. With par- 
ly constrained signals this is no longer necessarily true. 
lus for a sinusoidal input x = cos wr, p,,(7) is sinusoidal in 
mm, and so is p,,(r), but p,,(z) is triangular.’.8 

- would be interesting and perhaps useful to find the con- 
tions under which the following identities are either jointly or 
arately satisfied: 


(45) 
(46) 


PryT) = CPxA7) 
Pyy(7) mail Pxx(T) 
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This is not an easy problem, and as far as is known no rigorous 
explicit solution has been obtained. It is possible, however, to 
show that at least one important class of signals satisfies the 
+ 00 
first requirement. These are signals for which bac X,)ax 
— oo 
can be expressed in the form P(x)Q(m), where P(x) is a function 
of x only and Q(m) is a function of m only.!° This result was 
realized independently by the author, but was expressed rather 
differently in what is believed to be a more general and at the 
+0 
same time more useful form, namely that J xp(x|x,,)dx should 
— 0 
be of the form P(x)Q(m). Verification of either of these forms 
may be accomplished by substituting in either eqn. (41) or (43) 
as appropriate, and observing that O(m) may be moved outside 
the integral, thus leaving an integral which is independent of m. 
An important form of p(x, x,,) in the above category is the 
normal bivariate distribution 


1 


Eb? +x i, —xxXmRac) 20 — Ree()] 
2a[1 — R2.(7)}? 


(47) 
The properties of this distribution for various types of dis- 


tortion have been treated by several writers.!!,!2 In the case of 
infinite clipping the correlation function of the output signal is 


DX, Xp) = 


2 

Ryy(7) = = arc sin [R,,,(7)] (48) 

An even more general class of signals has been defined.!° It 
includes the previously mentioned class as a special case, but it is 
certainly not exclusive. Nevertheless, the formulation is so 
broad as to include, almost certainly, all cases of practical 
interest. 

The second identity, of eqn. (46), (which inevitably requires 
that eqn. (45) be satisfied also) will be met if 


00 
3 | xp(x|x,,)dx = 02 >| D(x|x,,)dx — | 


0) 0 


= S(x)T(m) . (49) 


where S(x) is a function of x only and 7(m) is a function of m 
only. (It should be noted, however, that this result is specific 
to the case of infinite clipping only.) 

It is possible that there may be other probability distributions 
that do not meet the above requirements but still satisfy the 
relation of eqn. (46). 

In conclusion, it is worth while emphasizing once again that 
although clipping may modify the spectrum of a partially con- 
strained signal very considerably, the coherence coefficient still 
provides a reliable indication of the average common spectral 
energy. 


(8) SUMMARY OF RESULTS 


The signals treated in the paper may be divided into two 
principal categories, namely ‘“‘totally random” and “partially 
constrained” signals. In both cases it is convenient to time- 
quantize the signal so that it consists of a train of adjacent 
rectangular pulses of varying amplitude [see Fig. 3(a)]. 

Two coherence coefficients are defined, namely w and v. 
The first, which is applicable to the case of straightforward 
clipping, is given by the maximum value of the cross-correlation 
function. The second is defined as the integral over all fre- 
quencies of the modulus of the cross-spectral-energy-density 
function. 
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The effect of infinite clipping on a totally random pulse train 
is considered. It is shown that 

(a) The three correlation functions are related in the simple 
manner indicated by eqn. (23). They are all identical in shape 
(see Fig. 7), and this shape is a function only of the manner of 
quantization. 

(b) The  spectral-energy-density functions are therefore 
similarly related, and again identical in shape (see Fig. 8). 

(c) On the assumption that the three restrictions of eqns. (1)- 
(3) are valid, the expression for the coherence coefficients is 
singularly simple, namely 


[o8) 
2 
Vig =e z| xpd . (50) 
re 0 


where o,, is the standard deviation of the probability distribution 
p(x) defining the range of amplitudes x of the original signal. 

(d) When p(x) is Gaussian in form [see eqn. (4) and Fig. 4], 
/4,, has the value 0-798. For an exponential distribution [see 
eqn. (5) and Fig. 4] ,, has the value 0-707. It is interesting 
to note that in both cases the coefficients are relatively large. 

The effect of subsequent differentiation is considered. Ex- 
pressions for the correlation functions and also the spectral- 
energy-density functions are deduced, and are illustrated in 
Figs. 9, 10 and 11. The only simple relation between these 
functions is that the spectral-energy-density function of the 
output signal is identical in shape to the real part of the cross- 
spectral-energy-density function. It is shown that the first 
coherence coefficient ys is reduced by a factor of 4/2 as a result 
of subsequent differentiation. By contrast, the second coherence 
coefficient is reduced by only 10%. 

The third restriction on the form of p(x) expressed in eqn. (3) 
is relaxed. The only change is that the coherence coefficients 
are modified in the simple manner indicated in eqns. (36) and (37). 
Whereas asymmetry increases the coherence for simple clipping, 
it decreases the coherence when the clipped signal is subject to 
subsequent differentiation. 

The mathematical techniques previously described are applied 
to the case of partially constrained signals. It is shown that in 
the case of simple clipping the coherence coefficient is defined as 
before and is independent of the nature of the statistical con- 
straints relating the values of successive signal amplitudes. A 
quantized technique is indicated for evaluating the spectral- 
energy-density functions and correlation functions of clipped, 
partially constrained signals. It is shown that there is no simple 
criterion for determining the conditions under which the signal 
is least likely to be mutilated by the process of clipping. How- 
ever, certain special cases can be formulated, amongst which is 
notably the normal bivariate distribution. 


(9) CONCLUSIONS 
(9.1) Speech Clipping 

It is important to examine to what extent the results obtained 
may be applied to the case of clipped speech. 

In the first place it is evident that speech falls into the category 
of partially constrained signals. However, this by itself does 
not constitute a limitation, since it has been shown in Section 7.1 
that the first coherence coefficient is unaffected by the character 
of the statistical constraints between successive signal values. 

Secondly, it is clear that the results only have significance in 
respect of very long samples. In other words, p,(x) and p2(x) 
in eqns. (4) and (5) are the respective averages over all the 
possible unvoiced and voiced sounds. With this formulation 
nothing can be deduced about the intelligibility of individual 
sounds, except of course that large deviations below the average 
must be relatively infrequent. 


The principal difficulty is the unknown relationship 
the coherence coefficients and intelligibility. In the case 
clipped speech the theoretical values of coherence coe 
are 80% for unvoiced sounds (e.g. fricatives) and 71 % for v voice 
sounds (e.g. vowels, semi-vowels, etc.). The measured ar 
culation scores for single-syllable words (voiced and unvoic 
sounds mixed) rises from about 70% to a maximum of 90% 
the test proceeds, after which there is a falling off owing 
fatigue.' Further investigation? has shown that the vowel soun 
suffer more than consonants; this is in general accord with t 
relative values of coherence coefficient for unvoiced and voice 
sounds. The effect of subsequent differentiation is to redt 
the first coherence coefficient by a factor of 1/2, and the seco: 
coherence coefficient by only 10%. Ardealation tests! show 
no significant change due to subsequent differentiation, a 


would seem to justify the use of the second coherence coe’ 
in this case. ) 

On the basis of the above figures it is tempting to assume 
on a post hoc ergo propter hoc basis—a denite formal relationsh 
between coherence coefficient and intelligibility. This wou 
indeed be dangerous, but on very general grounds it does see 
likely that the coherence coefficient must provide an approxima 
first-order indication of intelligibility. A more accurate criteri 
would be based on the correlation function as a whole, and al 
the higher-order product moments. 

The margin between the coherence coefficient and the ar 
culation score may in part be due to the marked asymmetry 
the average speech waveform, which must be taken into accou 
in the numerical calculation of the coherence coefficient. Ho’ 
ever, the greater part of the margin must be attributed to # 
ability of the ear to utilize the inherent redundancy in the wav 
form to combat the effect of signal distortion. 

With regard to the relationship between the auto-correlati 
functions before and after clipping, it is interesting to note th 
some preliminary experiments with a computer described in 
companion paper’ have shown a marked resemblance for tho 
sounds so far tested. 


(9.2) Further Pertinence of the Results 


Clipping may be utilized as a form of coding, i.e. it resembles 
pulse-code-modulation system in which the signal is represent 
by a single binary digit. The percentage harmonic distortic 
due to sampling is then 1/[2(1 — p)], where p is the coheren 
coefficient as defined in Section 3.3. 

The mean-square error and the correlation coefficient a 
related in the following manner: 


GW =2+P 


Hence it is possible that a few of the results may be of use in tl 
calculation of the response of highly non-linear servo mechanisr 
to random inputs. In particular, the technique of quantiz 
tion outlined in Section 7 may assist in simplifying speci! 
computations. 
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5 
By J. L. FARRANDS, Ph.D., B.Sc. 


SUMMARY 


Problems in the generation of millimetre waves are considered, and 
further study of sparked generators is found desirable. A contribution 
is made to the simple theory of such generators. Experiments made to 
verify the theory are not wholly successful, but their evidence, together 
with that of other workers, strongly suggests that this simple theory is 
largely correct. Experiments at variance with the present results are 
examined critically. It is concluded that useful results can only be 
obtained with sparks in oil. 


LIST OF SYMBOLS 


j2 = Permeability in boundary-value problem. 
e€ = Permittivity in boundary-value problems. 
1 = Characteristic length. 
7 = Characteristic time (e.g. period of the field). 
C;, C2 = Parameters required to be constant for similarity of 
boundary-value problems. 
o = Conductivity in boundary-value problem. 
w = Angular frequency. 
a = Radius of sphere. 
flies 
E(t) = Radiated field at time ¢. 
a = Damping coefficient of natural oscillations of sphere. 
Wo, = Natural angular frequency of sphere. 
G(w) = Amplitude of component having frequency w in the 
spectrum of E(Z). 
G*(w) = Complex conjugate of G(w). 
Aw = Element of frequency selected by a spectrometer. 
P(w) = Power radiated in the element Aw. 
m = Resolving power of the spectrometer. 
n = A parameter given by a = nw . 
p = Dipole moment of a metallic sphere in an electric 
field E. 
W = Potential energy of the sphere in a static field. 
s = Number of discharges per second. 
7 = Efficiency of energy radiation. 
V,, Vz = Output and input amplitudes of pulses to amplifier. 
B = Amplifier bandwidth. 
y = Crystal parameter—volts video output per watt of rf. 
input. 


(1) DIFFICULTIES WITH COHERENT OSCILLATORS 


The region of the electromagnetic spectrum between the 
wavelengths of about 200 microns and a few millimetres remains 
relatively unexplored, even after half a century of radio research. 
This region is at present of special interest to physicists, bio- 
physicists, engineers and chemists, because of the many problems 
of physical structure and instrumentation whose solution would 
be greatly facilitated by suitable sources and detectors for electro- 
magnetic waves in this part of the spectrum. 

The recent extension of the infra-red techniques to 700 microns 
by McCubbin! is an important contribution to the subject, but 
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the extension of the radio spectrum has met with consideral 
difficulties. Attention has been drawn to the problems 
Pearce? and Klumb,? and it is not intended to restate their vie 
here; however, it is desirable at this stage to examine some 
the suggested methods and to examine critically some of 1 
work that has been reported. 

Necessary properties are, of course, that source and detec 
should have sufficient power and sensitivity to allow for oh 
tions and power losses in the apparatus and material bei 
examined. It is further desirable (e.g. in the examination 
fine structures) that the radiation used should have as narroy 
bandwidth as possible. This latter requirement can be met 
the application of filtering techniques (e.g. spectrometers) 
wideband sources, but for the sake of efficiency it would 
better if the source itself were a so-called ““monochromat 
source such as, for example, a klystron, or to a lesser degr 
a magnetron. Consideration of the probable sensitivities 
thermal detectors (Golay cell, thermocouple, etc.) and cryst 
in this part of the spectrum leads to the expectation that t 
minimum useful resolved power is of the order of a microwa 

The scaling of conventional electronic devices is impeded 
the nature of materials available. Stratton4 has shown that t 
boundary-value problems are similar if the following relatic 


hold: 
He(; J 


po =) 


In constructing a shorter-wayelength scale model of an os« 
lator, eqn. (1) is easily maintained by making / proportional 
the wavelength. Such a transformation will not satisfy eqn. ( 
however, unless the quantity jzo is increased in the ratio of t 
wavelength. With present-day materials this is impossible unl 
superconductors are employed; indeed, far from jo increasi 
at decreasing wavelengths, it decreases by the loss in “effect 
conductivity” (i.e. high-frequency measured value) owing to 1 
deterioration of surface finish relative to the wavelength. 1 
overall result of this is, of course, an increase in the losses of 1 
inert circuit of the scaled oscillator, so that the oscillations beco! 
more and more feeble at shorter wavelengths until they eventua 
cease. 

Apart from the somewhat fundamental difficulty mention 
above, there are those mentioned by Pearce.? Briefly these a 
first, that the electron-beam current varies as the square of t 
wavelength if present current densities are maintained, a 
secondly, that the dissipation of heat varies linearly with 1 
wavelength for conduction and as the square of the wavelens 
for radiation. The deterioration of heat-loss efficiency leads 
higher and higher temperatures of components at shorter wa’ 
lengths until eventually the melting points of present materi 
are reached. 

These considerations lead to the unhappy conclusion that 1 
scaling of conventional oscillators such as klystrons is unlik 
to go very far towards closing the gap in the spectrum. It 
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fobable that the limit is reached at wavelengths of a few 
illimetres. 

For certain applications, e.g. microwave spectroscopy of gases, 
has been possible to retain the advantages of coherent sources 
’ frequency multiplication>»* in non-linear elements or by the 
rect use of harmonics.? These techniques are of limited 
plication because of the very low powers involved, but they 
ypear to be capable of reaching wavelengths of between one 
id two millimetres. 

Tt would appear that progress in this spectral region with 
jherent oscillators must await some really novel generators or 
storters. In the meantime, it is necessary to reconsider the 
‘acticability of incoherent oscillators for investigations. 


(2) SPARKED RESONATORS 


The oldest and most successful generator of short electro- 
agnetic waves is the sparked resonator. One or more resonators 
‘arbitrary shape are placed between a pair of electrodes and 
varks are allowed to pass between them. The sparks are 
ompanied by damped trains of waves of random phase. 
prototype of this is the Righi-Hetz dipole, and oscillators 
this kind were used very successfully by Nicholls and 
car9,10 to produce waves about 2mm long as early as 1923. 
lany other workers have employed sparked resonators.!!-16 
msiderable ingenuity has been shown by these workers in 
eloping resonators which can suffer frequent sparking with 
Minimum of erosion. The resonators of Nicholls and Tear 
ere short thick linear dipoles sealed in glass; Arkadiewa!?,!3 
sed a mixture of metal filings in oil (the so-called ‘mass 
diator’ *), while Lewitsky,!! and later Rohrbaugh,!> used a 
sometrical array of resonators on a glass plate (the so-called 
matrix radiator”); Daunt used lead shot in an oil stream—a 
iriation of the mass radiator. 

In spite of the considerable effort expended over nearly half a 
ntury, it must be admitted that the phenomena of these sparked 
scillators are only vaguely understood. New workers in the 
ld find very little explicit and unequivocal information, and 
any questions arise immediately. The first is whether all these 
chniques are the same in principle. The simplest picture of 
yy of them is to imagine an inhomogeneous distribution of 
larges induced on the resonator by the field between the elec- 
odes; the passage of the spark causes the binding field to 
lapse, and if the rate of collapse is sufficiently great, there will 
an oscillatory redistribution of charge with radiation. Alter- 
itely the resonator may be regarded as a filter which separates 
it and readily radiates the desired components of frequency 
tained in the current pulse of the spark. 

Such a model is not supported by the experiments of Kelliher 
id Walton,!7 which suggest that a mechanism exists which 
nds to maintain the oscillations of the resonator. Further 
lestions arise, such as whether regular and predictable spectra 
n be obtained with regular resonators; whether the resonators 
multiple systems, such as the mass radiator and matrix 
diator, oscillate singly or in pairs and groups as suggested by 
rkadiewa;!2 the effect of the surrounding medium and whether 
arks in air can be used as reported by Rohrbaugh or whether 
Imust be used as in the methods of all other workers; whether 
ficient power can be generated for useful absorption measure- 
its, and whether the power can be calculated. 

Considerable technical advantages would be obtained by using 
arks in air. Calculations are simplified because no unknown 
Mmittivities are introduced and experiments are simpler. 
darks through oil generate dirty carbon suspensions and 
lemical impurities, very small amounts of which greatly modify 
€ conditions of experiment. Apart from this, the explosive 


nature of a spark in oil precludes the possibility of rigidly 
mounting resonators while introducing a minimum of perturba- 
tion to their characteristic frequencies. 

There is not, so far, sufficient experimental evidence to answer 
all the questions precisely, particularly since the reports in the 
literature are often fragmentary as to method and frequently 
contradictory. An effort is made in the following Sections to 
obtain the maximum amount of information from some of the 
reports. As is well known, boundary-value problems involving 
cylinders and rods are not easy to solve, and so it will be neces- 
sary to obtain most of the information from experiments using 
spheres, since these provide the opportunity to compare the 
experimental results with theories which may be derived. 


(3) SPECTRUM RADIATED BY A SPHERE 


It has long been known!8.!9 that the natural oscillations of a 
perfectly conducting sphere in its lowest mode are described by 
the function 
2 86 


exp (— iwf) = exp ( —) V(ewyt a) 
where € and yp are the permittivity and permeability of the 
medium in which the sphere is embedded. The damping term 
in the expression arises from the radiation which is so efficient 
that the introduction of the finite conductivity of the sphere into 
the expression has little effect. 

If the radiation from a sparked sphere were entirely due to the 
redistribution of charges freed by the removal of the field, the 
radiated field might be expected to have the same form, namely 


Ei) — Oni 
E(t) = «—“ sin wot Meee oe LS (4) 
0-5 
where = 9.8G 20 


The Fourier transform of this wave is 


Ga 
G(w) = =| EQ )emtOdtan® «es. 9 4(5) 
—o 
and the power product is 
2 
* = 20 6 
G(w)G*(@) Gear roe ee? ag} (6) 
So that the power radiated in the frequency range 
Aw beans Aw 
62) — ea CO a 
is given by 
2A 
P(w) = ea ©) 


Bar| (ae ce w)? + 4o2w?] 


For gratings and spectrometers generally, it can be assumed— 
at least over a small range—that the resolving power is a constant, 


ie. Aw/a =m 


so that eqn. (7) becomes 


Pw) = AGT oF a a ae (7a) 

and the apparent-power distribution curve becomes 
Pw) _ a(x? — Aww (8) 
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Egn. (8) can be rearranged and normalized by the substitution 
& = NW to the form 


roe eo() 


PO) ds spies pes Se elethae” NOO/ at Bie hee hea 1) 


Beds G +] eae anr( 2) 
0 0 


This function, with the value of n appropriate to spheres, is 
shown in Fig. 1. The points in triangles are obtained from the 
experimental results of Daunt et al.'® 
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Fig. 1.—Theoretical curve of spectral distribution of energy. 
4 Normalized values from Daunt et al. 


The experimental points appear to suggest a spectrum slightly 
narrower than the theoretical one. It should be remembered, 
however, that the detector used was almost certainly not uniform 
in its response, probably falling off in sensitivity at shorter wave- 
lengths, and that the grating efficiency probably declines at long 
wavelengths (i.e. large angles of diffraction). The high point at 
w/wo = 1-8 can probably be ascribed to harmonic radiation. 

On the whole, the agreement between the experimental results 
and the predictions of the simple theory are surprisingly good. 
The agreement strongly suggests that if there is an oscillation- 
maintaining effect in the spark it has negligible effect. The 
point may be raised as to whether the effect observed by Kelliher 
and Walton!? was due to filtering, possibly through some 
resonance in the detector assembly. 

Information of interest in another field of physics appears to 
be derivable from this result. It is implicit in eqn. (4) that the 
binding field is removed instantaneously. In practice, of course, 
this is not so, as the field decays in the time of build-up of the 
spark. The agreement found above suggests then that the time 
of breakdown is not greater than a quarter of a period of the 
_ waves used by Daunt ef al.,!° i.e. the breakdown time in the oil 
used by them may well have been less than 4 x 10~!?sec. 


(4) THE AVAILABLE POWER 


The success of the simple picture in predicting the frequency 
radiated by the sparked spheres suggests that it may also be used 
to calculate the available power. 

The charge distribution on a metallic sphere between spherical 
electrodes presents a problem of considerable complexity which 
it is not worth while to solve accurately in the present case. A 
sufficient approximation is obtained by considering the sphere 
to be immersed: in a homogeneous field. It is known that a 
field E through a medium with permittivity € will induce in a 
conducting sphere of radius a a dipole moment p, where 


p = 4reEa3 (in M.K.S. units) . “44, 0) 


The potential energy of this dipole is us 


Vee ‘lac a 


and presumably this is the maximum amount of energy that « 
be radiated in a single discharge. The appropriate value o 
is the breakdown field strength of the medium in which 
sphere is immersed. If there are s discharges per second: 
average power radiated is 


P = pEns 
= 4trensE* 


where 7 is the efficiency, i.e. the ratio of energy radiated to 
original energy of the sphere. (The absence of significa: 
damping from the radiated specials suggests that 7 is ve 
large—nearly 100%.) 

It was stated earlier that it is desiraliie to carry out experimen 
with sparks in air, so that it is now worth while inserting 908 
possible values in eqn. (11). 


Taking E =3 x 105volts/m 


1 
eae -9 
«2 ae x 10-9farad/m 


a =2-5 X 10-4 metre 


n= 1 
Eqn. (11) yields 


W = 16 x 10~'! joule per spark per sphere 
and from eqn. (12), 
P = 10~7 watt, for 3 spheres at 200c/s. 


This is a very small signal, but it may be in considerable err 
for several reasons. The first is, of course, that the breakdoy 
strength of air may greatly exceed 3 x 105volts/m if sufficient 
sharp rising pulses are used; secondly it may not be correct 
assume that 7 is nearly unity, as an increase in damping may | 
obscured by the experimental effects referred to in Section 3. 

Not all the energy radiated can be used for measurement 
If an optical spectrometer is used, there are the apertures | 
radiating and detecting mirrors and the relative inefficiencies | 
diffraction gratings. (It would be unwise to use an echelc 
grating of high efficiency with such a wide spectrum, since erro 
of interpretation would arise through the overlapping of highe 
order diffraction maxima.) It is estimated that the signal di 
to all frequencies in a single order would be reduced to abo 
5% of its original value through these causes alone. 

Dispersion of the spectrum to give a usefully narrow line by 
grating of, say, 100 lines (i.e. Aw/w = 1/100) Beads toa 7 
power at centre frequency, wo, of 

= i 
| P(w)dw 


0 


These corrections lead to a resolved power in the experime 
proposed of 10~!° watt. Even this ignores the possibility ' 
smaller signals due to inadequate deionization of the gap : 
200c/s, and further, the difficulty of focusing all the energy ¢ 
the detector since the detector size is not fixed. 


(5) DETECTORS F 


A practical difficulty in working in this part of the spectrum 
that the properties of detectors are unknown and remain J 


4 


atil known amounts of power can be generated and properly 
ftenuated. In the absence of single-frequency oscillators, it is, 
' course, impossible to use the sensitive techniques of super- 
sterodyne detection. Consequently, it is necessary to fall back 
1 either thermal detectors or crystal rectification. 

| Thermal detectors, such as the Golay cell,”3 have a sensitivity 
about 5 x 10—!! watt in the infra-red region, but it is not 
‘own whether this sensitivity is maintained at wavelengths of 
out a millimetre. On the whole, it is suspected that it is not, 
ecause of the effect of aperture size and resonant effects in the 
\vity. A characteristic of this type of detector is its long time- 
pnstant (about 35sec), which not only makes for tedious 
speriment but is a real disadvantage with sparked oscillators 
‘hose life is very short. 

| An interesting extension of the normal use of crystal detectors 
xr this type of problem has been made by Dickey?° using a 
tsult of Montgomery.*! It is found that if a pulse of duration t 
ad amplitude V, is incident on a filter of bandwidth B, the output 
ulse is of amplitude V3, ‘where 


V2, = $BrA, (14) 


‘B is much less than the spectral width of the incident pulse. 
The output pulse of a crystal is proportional to the input 
ower, 


ce. V; =a yP 


here y is a constant of proportionality in volts per watt, and 
3 the input power, so that eqn. (14) may be written 


; V> =— ar ByP 
r V> = 3ByW . 
a W = Pr is the pulse energy. 


(15) 


If the spreading resistance of the crystal is small compared with 
le non-linear barrier resistance, and if the frequency is in excess 
fa few thousand megacycles per second, y is expected to vary 
s the square of the frequency.?°.??_ Extrapolation of charac- 
tistic properties to wavelengths near a millimetre suggests that 
al be approximately equal to 100mV/watt. 
The use of such a crystal with a single-sphere pulse, as cal- 
es in the previous Section, would lead to a signal of very 
early 100V for the direct signal having a bandwidth of 4 Mc/s. 
\fter frequency separation by the grating, this signal would be 
duced to about 0-1 uV. 
While it must be realized that the results given are, at best, 
roximations, it will be appreciated that the prospect of 
btaining useful amounts of power in this part of the spectrum 
; not great. However, the calculations are based on the most 
imple hypothesis, and although this has received partial con- 
ation through the spectrum experiments, it has to be faced 
lat experiments have been reported using sparks in air. Con- 
squently the calculation above cannot be accepted until further 
‘perimental work has been done. 


q 

) EXPERIMENTS AT THE IMPERIAL COLLEGE OF SCIENCE 
i} AND TECHNOLOGY 

Attempts to verify the predictions of the simple theory of the 
rked resonators in air with a matrix radiator were not wholly 
essful. Hard steel balls tuned to 1-8mm were mounted on a 
lass plate. (The resonators of Lewitsky were fixed to a glass 
a e with Canada balsam, and the irregular chromium particles 


n the present case very small indentations were etched in the 
lass; the indentations were filled with a thermosetting plastic 
dt esive to bind the metal spheres without immersing them in 


e adhesive itself. 
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It was found that these assemblies of resonators had a limited 
life owing either to the erosion of the spheres or, more rarely, 
to failure of the adhesive. It was also found that, depending on 
the current allowed to pass in the spark, the life was limited by a 
change in the surface of the glass at high spark rates. This 
change, which was not permanent, appeared to be due to heating 
of the glass surface providing a conducting path, so that the dis- 
charge no longer took place through the air but over the surface. 
The attainable voltage was considerably reduced, and the glass 
frequently cracked under these conditions. 

The voltage source was a pulse modulator similar to those 
used for magnetrons. The pulse length was either 2:5 or 
Smicrosec, and the pulse repetition frequency was variable. 
The source and detector were located at the foci of 20in aperture 
front-silvered mirrors. Gratings were made from. tin-foil 
mounted on expanded Bakelite sheet. 

Attempts made with a Golay cell?3 were wholly unsuccessful, 
while experiments with a crystal detector were not much better, 
but some results were obtained. The signal from the crystal 
was amplified in a 4Mc/s bandwidth amplifier at 60Mc/s and 
displayed on a high-speed oscillograph. This oscillograph 
display was a considerable advantage, as it enabled the signal 
due to the spheres themselves to be separated from other 
unshielded signals accompanying the discharge. 

Signals obtained with the grating in the zero-order (specular 
reflection) setting were of the order of 200V input to the ampli- 
fier. No signals could be detected in the dispersed spectrum 
from the grating. Attempts made to discover the frequency of 
the radiation by using a Boltzmann‘ interferometer were unsuc- 
cessful owing to the extreme fluctuations in signal amplitude; 
indeed it was impossible to learn by this means anything more 
than that the wavelength was considerably less than I cm. 

While a measurement of wavelength would be definite proof 
of the nature of the radiation, there is nevertheless no doubt 
that the radiation emanated from the spheres themselves. This 
is shown by experiments with shielding and by the fact that the 
signal disappeared if the spheres were removed from the spark. 
(That this was not due to a change in the conditions of the spark 
was shown by readjusting the gap between electrodes to the 
same dimensions as that formerly existing between the spheres.) 

It was found that the signal amplitude increased with the 
number of spheres up to about three; however, this increase 
appeared to be less than linear with the number of spheres. 
This is to be expected, of course, because of the difficulty of 
focusing an extended line-source on the crystal. On the other 
hand, it suggests that the effect of cascaded breakdown of the 
gaps is probably less than might have been expected. 

These experiments appear to confirm, at least in part, the 
consequences of the hypothesis. The position is not wholly 
clear, of course, since considerable extrapolation was used and 
many assumptions were made. It is extremely unlikely, in fact, 
that the breakdown strength of air is as low under pulse con- 
ditions as has been assumed, so that either the radiation process 
is less efficient than assumed or the detector is less sensitive. 
Both may be true. On the whole, however, the agreement is 
felt to be good. 

In spite of this conclusion, the fact remains that another group 
of workers has made successful experiments with a dispersed 
spectrum from sparks in air, and since this represents, at first 
sight, a contradiction of the theory, it is necessary to examine 
their results in more detail. | 


(7) EXPERIMENTS OF COOLEY AND ROHRBAUGH, ET AL. 

The transmission curves shown in Fig. 2 were obtained at 
New York using an array of irregular chromium particles 
embedded in a glass plate. Sparks were passed through the air 
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Fig. 2.—Transmission curves for polystyrene obtained by Cooley and 


Rohrbaugh, ef al. 


(a) din sheet. 
(6) Two tin sheets together. 
(c) 3in sheet from another manufacturer. 


This diagram is reproduced from Journal of Applied Physics, 1948, 19, p. 1093. 


between the particles. The spectrum was dispersed by a grating. 
It is understood that a thermal detector was used. The trans- 
mission measurements were made on flat sheets 4in thick. 

Several features of these curves should be noted. The first 
is the quite unexpected very sharp edge in the Amphenol samples. 
The very high transmission at wavelengths greater than 1-3mm is 
surprising in view of the necessary reflection losses. A final 
observation is the absence of interference maxima and minima, 
particularly in the transparent region of the curves; it is unlikely 
that these effects would be beyond the resolution of the spectro- 
meter employed. (Transmission is claimed to be measured to 
5%, so that such effects should be readily observable in a material 
with the permittivity of polystyrene.) 

McCubbin?> has measured the properties of polystyrene with 
his long-wave infra-red spectrometer, and these results are 
presented in Fig. 3, together with those of Cooley and Rohrbaugh, 
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after conversion to loss per unit length. The agreement does not 
appear to be good. Other results of McCubbin, e.g. on rock 
salt, appear to agree with the observations of other workers in 
the infra-red and in the radio spectrum. 

It would seem from these remarks that the measurements made 
by Cooley and Rohrbaugh can only be accepted with considerable 
caution. 

Presumably those workers could have achieved greater radiated 
powers than in the present work by the use of faster rising 
voltages, although there is probably not a great gain since even 
the fastest rising pulses will be considerably rounded by the 
capacitance of the spheres. Furthermore, any increase ip energy 
due to this cause would be considerably offset by the use of 
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irregular particles, as irregularities would decrease the brea 
down voltage and also distribute the energy over a wid 
spectrum. 
(8) CONCLUSION 
It is unfortunate that neither the experiments at the Imper 
College of Science and Technology nor those carried out overs 
are wholly conclusive, but it is felt that the weight of evidence 
in favour of the simplest hypothesis. Since one of the cons 
quences of this hypothesis is that sufficient power for measui 
ment purposes is unlikely to be obtained using sparks in a 
there seems to be little point in pursuing this line of research. 
There can be no doubt that the sparking of resonators in « 
is successful, as shown by Nicholls and Tear and Jater by Dau 
et al. There is scope for quantitative work on the ener, 
radiated by these systems, and for research into the speed 
breakdown of the oil. A final conclusion is that a considerat 
improvement in the performance of mass radiators could | 
obtained by using regular spherical radiators instead of ft 
irregular metal filings used by Glagolewa-Arkadiewa. 
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THE RADIATION OF A HERTZIAN DIPOLE OVER A COATED CONDUCTOR 
By D. B. BRICK, Ph.D., S.M., A.B. 
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SUMMARY 


The idealized problems of an infinitesimal Hertzian dipole in and 
over a perfect dielectric coating a perfect conductor and an Abraham 
dipole lying on the conductor are treated. Unintegrated forms of the 
Hertz potentials are obtained both for electric and magnetic dipoles. 

Integrated far-zone forms of the potentials and fields are obtained 
for electric dipoles by means of asymptotic integrations. Far-zone 
radiation patterns are given in order to indicate the distortions of the 
fields and the magnitudes of the residue waves caused by the dielectric 
coatings. These show that such layers cause a very large increase in 
the relative field strength in the direction along the surface. 

It is proved that the power radiated by the dipole may be divided 
into two independent quantities—the power fed to radiation-type and 
that fed to surface or guided-type fields. For certain cases numerical 
results are given for the total power radiated and the relative powers 
fed to the two types of fields. 

Formulae are derived and illustrated with numerical examples of 
the radiation resistances of the dipoles and the attenuation coefficients 
of the surface modes due to finite conductivity of the ground plane. 


LIST OF PRINCIPAL SYMBOLS 
B = Magnetic flux-density, webers/m?. 
d = Thickness of the dielectric layer, m. 
E = Electric force, volts/m. 
J = Impressed current density, amp/m/?. 
/ = Quasi-surface current, amp/m. 

M(@) = Relative magnitude of the 6-component of the 
electric force with respect to its maximum 
value. 

n = Refractive index, or the square root of the rela- 
tive permittivity of the dielectric layer with 
respect to that of the space above the di- 
electric layer. 
P = Power, watts. 
= Impressed polarization density, coulombs/m?. 
r, OD, z = Cylindrical co-ordinates, m, rad, m. 
R, 8, ® = Spherical co-ordinates, m, rad, rad. 
Re = Radiation resistance, ohms. 
v = (es) + = Characteristic velocity of the half-space above 
the dielectric layer, m/sec. 
z’ = z-co-ordinate of the dipole source, m. 


pz )= Vertical Hertzian! dipole: at 7/0) z= Zz, 
coulomb-m. 

m(z’) = Vertical magnetic dipole at r=0, z= 2’, 
amp/m_?. 


a = Attenuation coefficient, nepers/m. 
B = wy/(eu) = Characteristic phase-change coefficient of the 
half space above the dielectric layer, rad/m. 
nB = Characteristic phase-change coefficient of the 

dielectric region, rad/m. 

") = Dirac delta-function. 

e = Permittivity of the half space above the dielectric 
layer, farad/m. 


dz 
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Aj = Cylindrical radial (r-directed) propagation c 
stant of a surface guided mode, rad/m. 
}t = Magnetic permeability of the dielectric layer a 
the space above it, henrys/m. 
o = Conductivity, mhos. | 
ys = z-component of the electric Hertz vector, volt- 
z-component of the magnetic Hertz vect 
volt-sec. \ 
w = 2m x frequency, rad/sec. 
V2 = Laplace operator. 
JS = Imaginary part of a complex quantity. 
H# = Real part of a complex quantity. 


Superscript F denotes the far-zone component of the quantity 
which the superscript is attached. 

Superscript G denotes that the quantity is characteristic of 
surface-guided wave. 

Superscript + denotes that the quantity is characteristic of 
spherical or radiated wave. 

Subscript A indicates that the source is in the space above ’ 
dielectric layer. 

Subscript B indicates that the source is in the dielectric layer. 

Subscript C indicates that the source is an Abraham dipole ly. 
on the conductor. : 

Subscript / refers to the jth guided mode. 


(1) INTRODUCTION 


A study of the coated conductor problem was undertaken 
an effort to explain certain characteristics of an antenna fi 
pattern obtained from measurements taken over an aluminii 
ground screen. The effect of the finite conductivity of | 
aluminium did not yield an adequate explanation of the obser} 
characteristics near the ground screen, and subsequent measu 
ments showed that the phenomenon could be emphasized by : 
addition of a dielectric layer to the ground plane. Since 
dielectric-coated metallic surface can support a guided wave 
any thickness of coating, it was deduced that the thin coating 
aluminium oxide present on the ground screen was responsi 
for the behaviour. 

The idealized problem involves a uniform layer of perf 
dielectric covering an infinite, perfectly-conducting plane; 
Hertzian dipole is in one of three positions: Case A, above 
dielectric; Case B, in the dielectric; or Case C, an Abrah 
dipole on the plane, Fig. 1. Unintegrated expressions are deri 
for the Hertz potentials in and above the dielectric due to bi 
vertical electric and magnetic dipoles. For the special cases 
vertical electric dipoles in or near fairly thin dielectric coati 
the integrated forms of the far-zone fields are obtain 
Marcuvitz! has derived a similar expression for the Hertz poten 
above the dielectric due to a dipole above but near a thin dielec 
coating, by a somewhat different method. The mathemati 
details of this problem are similar to those of the vertical dip 
over a conducting earth.*.3 ; 

The resulting fields, comprising a radiated-type wave 
compensating wave) and one or more guided-type waves, hé 
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a 


4 


pi (case A) 
=d + Hy 


1.—Cross-section of the coated perfect conductor showing the 
co-ordinate system used. 


‘en combined at a typical distance for a polystyrene coating to 
eld field patterns. Several examples of these are given illus- 
lating the distortion of the patterns due to dielectric layers. 
b illustrate further this distortion, expressions are derived for 
le total power output of the dipole, the ratio of the powers in 
'¢ guided and radiated waves, and the radiation resistances of 
'e dipoles. Where possible in the illustrative curves of these 
pressions, comparison .curves for metal surfaces without 
electric coatings are given. In addition, the expression for the 
tenuation coefficients of the guided waves due to finite but large 
ductivities of the conducting plane is derived. No attempt 
made in the paper to compute the attenuation due to con- 
tivity of the dielectric. A close approximation to this 
ftenuation is given by Attwood.4 


i 


(2) FORMULATION 

‘Let an infinitesimal electric Hertzian dipole, a magnetic dipole, 
“an Abraham dipole be oriented along and parallel to the 
a is of the cylindrical co-ordinate system r, ©, z, Fig.1. 
his system is independent of ®. Region 1, d<z< oo, with 
yt stants €, 4, o = 0, is the space above the dielectric; region 2, 
it constants n’e, pp, 0 = 0, 0 <z < d, is the dielectric region; 
region 3, z < 0 is a perfect conductor with o = oo. The 
lectric constant of medium 2 relative to that of medium 1 
2 where nv is the index of refraction. 

AS is well known, the electromagnetic field excited by electric 
¢ magnetic sources oriented in the z-direction of a cylindrical 
ordinate system may be derived from the z-components of 
.electric or magnetic Hertz vectors. Hence, the problem will 
ormulated in terms of these components. 

e problem is subdivided into five divisions according to the 
ons of the dipoles and to whether the electric or magnetic 
s treated. The harmonic time dependence, «®’, is assumed 
roughout and is suppressed in all expressions. 


ertical Electric Dipoles. 


Case A. A Hertzian dipole above the dielectric atd <z 


< CO, 
FO. 
TE oe pa — region1 . (1) 
(A) (A) 
Vb. + 0B A = 0 region 2 . (2) 
(A) (A 


'Case B. A Hertzian dipole in the dielectric at 0< z’<d, 
= 0. 


Vb, + ie ==1() region 1° > (3) 
(B) B 
Pye tepys= MEM nr 
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O(z — z’)d(r) 
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: Case C. An Abraham dipole on the ground plane at z’ = 0, 
ee 0. An Abraham dipole is haif a Hertzian dipole which 
with its image forms a Hertzian dipole. 


V-s, + Bo, =0 region] . (5) 
(C) (C) 
V2, + n2Bxby = = PADEOO) region2 . (6) 
(C) (C) Aan €F 

The appropriate boundary conditions are 

oy vee es dp - r 
(a) nee d, Zz ) =F yn (7 > d, Zz ) . (7a) 
(b) eps (r, d, 2’) = nexs%(r, d, z’) . (7b) 

db. iS pe 

(c) Fy BG) AV ne) 


(d) The Sommerfeld condition of radiation,>-© where 


ib\(r, z, 2’) is the z-component of the electric Hertz vector in 
region |. 


b(r, z, Zz’) is the z-component of the electric Hertz vector in 
region 2. 


The E- and B-fields are determined from these by 


Cl aate} AS HD. © 
(J - OF Ree) 


The upper quantities in the brackets are valid in region 1, 
and the lower quantities in region 2. 


B = wr/(ey). 

n? = Relative dielectric constant of region 2 with respect to 
region 1. 

Pi’) , o> 


Te Se <0G 


is a vertical Hertzian dipole at z’ ; 
L Om ae 


pz’) i} 
p2(0)/2 is an Abraham dipole at z’ = 0. 


s 7 ay ; : 
WE ee es (=) } <2 The Laplacian operator in _ the 
Pe Ne e* cylindrical co-ordinate system with 
no ®-dependence. 


is the Dirac delta-function for a source at 
2mr Zi 7 Pp =O 


Vertical Magnetic Dipoles. 
Case A, A magnetic dipole above the dielectric at d < z’< ~™, 

ie =e OU) 

pm (z')8(z — z')d(r) 


Vuh = Brbin region | (11) 
(ay (A) ar 
Vine + 2? Bb = 0 region 2 (12) 
(A) (A) 


Case B. A magnetic dipole in the dielectric at 0 < z’ < d, 
Tie 20) 


Vebmt + Btn, = 0 region! . (13) 
(B) (B) 
= stl la Ht) region 2 (14) 


2rr 


Vtbn2 of WPrbno < 
(B) (B) 
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It should be noted that the problem of a magnetic dipole 
placed at z’ = 0 need not be formulated since, according to the 
theory of images, it yields fields which are identically zero. 

The appropriate boundary conditions are 


(a) Lins d, z') re Bmn2l"s d, Zz) 
P ; d 
(b) emis d, zy = Samal d, Zz) 
: Pee eet 5) 
subject to fy = f2 = MP. 
(c) bnr("s oO, z’) =0 
(d) The radiation condition,>-® J 


where 


Pills Z, 2’) \ is the z-component of the megnetio| region | 
Bmls Zs 2’) | Hertz vector in | region 2 


The E- and B-fields are determined from these by 


ferj—moafiny 
fo} =a(2 Hein + ae) 


where the subscript m indicates quantities in the magnetic cases 
and 


(16) 


(17) 


dF (ee Op 
OS Za 


mz’) |), ne 
; is a vertical magnetic dipole at z’ 
m,(z’) 


Since the problem is formulated in cylindrical co-ordinates 
with @O-symmetry it is convenient to apply the well-known 
Fourier—Bessel or Hankel transform pair? for O-symmetry to 
eqns. (1)-(6) and (11)-(14). 


hr, Z,.Z)= rir, 2, 2')Jo(Ar)dr (18) 


0 


by, Zz) = [ Ris(A, z,z')Jg(Ar)da . (19) 
0 


After applying eqn. (18) to eqns. (1)-(6) and (11)-(14), 
performing an integration by parts, and applying the radiation 
condition* to the left-hand sides of these equations, the following 
results are obtained for the left-hand sides of these equations: 

For eqns. (1), G), (5), A1), (3)— 


ae — 
(S = PY, or my 
For eqns. (2), (4), (6), (12) and (4)— 
o > 
(S — nm), or ™m, 
where /* and m2 are defined by 
iP eae (20) 
m* = d? — n*p? (21) 
After noting that the application of eqn. (18) to the right-hand 


* The quantity aC) - orion) |i appears after the integration by 


parts. This disappears identically at r = 0 and at r = o the radiation tonditionS,6 
requires its disappearance. 
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sides of eqns. (1), (4), (6), (11) and (14) yields the value 1/2 


the following transformed equations are obtained: { 
Fae __ pile’)8@ — 2’) 
( ‘A) 27re 
dh 
(B) 
ay T 
rE e Se = 0 
(= P) a ( 
iE ; pum (z')O(z — 2’) 
( A) 27 
Ln = 0 
(B) | J 
by RE | 
(A) 
7 tas _ pAlz')d(z #) 
(B) 272 
> — _ _ p{0)5(2) 
(Sa-™) | "ey 7 aaa 7 
Ying = 0 
(A) 


pumg(z')8(z — 2’) 
2a 


| Pind 5a 
L 
These are the transformed forms of eqns. (1), (3), (5), (11) a1 
(13), and (2), (4), (6), (12) and (14) respectively. They satis 
boundary conditions (7) (a)-(d) and (15) (a@)-(), as can be se 
from eqns. (18) and (19), assuming that the order of integrati 
sand differentiation, with respect to z, may be interchanged. 
According to the physical considerations of these probler 
it is convenient to substitute the following forms in eqns. (2 
and (23). If these satisfy the equations and boundary co 
ditions, they are the unique solutions of the problems except fi 
an arbitrary constant in time. The subscripts indicate tl 
equation to which each trial solution belongs. 


eb (A, Zz) | 
(A) 


P(z’) 1 


= e Hlz-2'| 


Hal, aya) “ae + BA, z’)e~!E+2'—2d)g— 2md 
+ CA, z je@+7’—24) 1 


peum(z’) | 


where the first term on the right-hand side is the incident wa’ 
or the wave radiated by an isolated source, the second term is 
wave reflected from the metal surface, and the third term is 
wave reflected from the dielectric surface. 


ef, Z, 2') 

(A) 
p\(z’) 

ba = D(A, z’)e~Wld-2'| +md—2)) 

tae di + EA, z'je“Wld-2"1 +m(d+2)) | (2 
pem,(z') 


where the first term is a wave transmitted into the dielectr 
and the second term is a wave reflected from the metal surfa 
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Per, az) Case B. 

8) P22’) 

| Sane \ (r, Z, Zi) = (r, Zi 4 Z 7 

| So rs Me Ppa) 

in2eyh(A, z,0) «© 

( a l —m|z—z’ is 'e—I(z—d) 
ofa = we ae Say Molnad 
| P2 ) + F(A, 2’ )e~mC2d—-2—2/) 1 GA, z')e~me+2) 0 ane : ; a 
ing z, 2’) Z — 10 for-case © iagcaae: Gh) 
| [== ae wien, (26) , —jnQR’ —jQaRV 

| lawl ONC eee ah a es 


4nne R’ RY 
vhere the first term is the incident wave, the second term is a 

wave reflected from the boundary z = d, and the third term is "e 
wave reflected from the metal boundary. 2 (J — m[n) cosh mz’ cosh mze—™4 
mM(f, A, n, a) 


J (Ar)dr 


navi ya) 
region2 . (32) 


0 | Case C. 
2nrep, (A, z,0) | p2(0) ps e-le-d 
© oa) ~ HA z)e1@-) =|. QQ He Nice Wer MBX wi Mee 
) 7 i ’ | regionl . (33) 
{ mis Z; Zz 
i ST 0)= P20) | e7nPR “C —mI|n?) cosh mze—~™4AT g(Ar)dA 
BIg es ae 4mne| R mM(B, x, n, a) 


where the term on the right-hand side represents a wave radiated 
Tom the dielectric surface. 

| It may be observed that the left-hand sides of eqns. (24)-(27) 
ire the Green’s functions for eqns. (22)-(23). The proper choice 
of the coefficients of the first terms on the right-hand sides of Case A. 
rqns. (24) and (26) guarantees that these equations satisfy the 
40 ‘onditions for the Green’s functions at z = z’. 


region2 . (34) 


Vertical Magnetic Dipoles. 


pom, (z’) | eR’ gIBR”’ 


Substituting eqns. (24)-(27) in their proper boundary con- Halt ee) a 4a R’ Re 
tions (7)(a@)-(d) or (15)(a)-(d), it may be verified that the trial 
olutions (24)-(27) indeed do satisfy the boundary conditions. Pn 
3yaluating the constants from B(A, z’) to H(A, z’) yields the 43 sinh md ue + 2" — 2d) Ta(Andr 
; : 4 6 
gansformed Hertz potentials. Applying the Fourier—Bessel N(B, A, 1, 4) 
itegral, (19), rearranging the resulting integrals, and using . nerd (35) 
>qn. (28),? yield the Hertz potentials, (29)-(38), which are the es 8 é ) 
utions to eqns. (1)-(6) and (11)-(14). um, (z’) Shih we 
} yee 1 —I(z/—d 
\ (ce) Pnal Z, Zz) Dex MB, Ni 7, a)” )XTo(Ar)daA 
| t ( Jo(Ane-lvee—#) e—tk (2 +-22) 0 
aa nee) = Amro) (28) region2 . (36) 
| 0 
. Case B. 
fertical Electric Dipoles. m,(z’ 
' Sein, alts 2029) = Walt Vr ; 
Case A. (B) mz 
¢ co 
| D,(z’) | €-J0R’ ¥ eIRR”’ _ pem(z’) sinh mz’ Hieain 
he. 2x = i | a [a ae NB wn, ay AJo(Arda 
X } 0 
4 ) f e region 1!  "@G77) 
; —l(z+z/—2 
42 cosh mde ACY 
M(B, A, n, d) pum,(z’) | e-J8R’ gg JORY 
0 er, 2,2) = iia 7% RV 
region 1 (29) 
Bait. os 1 — m) sinh mz’ sinh mz 
Reni) cosh mze7!@’— a) ( e~mddJ(Ar)dA 
PAGE Ia eg “MIB, F, = Mot mN(B, A, 2, 2) pee 
0 


region 2 . (0) region2 . (38) 
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where M(B, A, 2, a) = Icosh md + “5 sinh de 2; AD) 
N(B, A, n, d) = [sinh md + mcosh md (40) 


R is the spherical co-ordinate distance of Figs. 2(a) and 2(c). 
= Vr? +2) 
R =v [r? +(—2z’')] Fig. 2@ 
R" =r? +@ +z — 2d] Fig. 2@) 
RaV[P+e+7y] 


It is to be observed in eqns. (29)-(38) that the forms of the 
integrands of the unintegrated terms indicate that these are 


(1) z=d 2 


(2) SSIS 


(3)/z=0 
7 


Fig. 


2.—Co-ordinates for cases A-1, A-2, B-1, and C-1. 


(a) Case A-1, source in region 1, field in region 1. 

(b) Case KD, source in region i; field in region 2. 

(c) Cases B-1 and C-1, field in region 1, source in region 2 at 0 <z’ <d and 
z’ = 0, respectively. 


standing-wave distributions or multiple reflections of the waves 
from the dielectric and metal surface in region 2, the dielectric 
region. The integrated terms indicate that the dipoles are imaged 
in the dielectric or metal surface. 

The E- and B-fields may be derived through the application 
of eqns. (8) and (9) or (16) and (17). 


(3) FAR-ZONE FORMULATIONS OF THE HERTZ 
POTENTIALS 

The Hertz potentials 4, and ¢, for vertical electric dipoles are 
asymptotically integrated to obtain far-zone expressions with 
the restrictions of thin dielectric coatings. The integrations of 
eqns. (29)-(31) and eqn. (33), Appendix 13.1, are similar to those 
performed by Tai!® and others.!!:!2 Eqns. (32) and (34) are 
integrated using the method of Yan der Waerden,!? Appendix 13.2. 

The integrals in eqns. (29)-(34) are transformed to a sym- 
metric form for r > 0: 


[ FOA)Jo(Ar)AdA = 4 | FUA)H2(Ar)AdX (41) 


0 —o 
through the use of!4 
Jo(Ar) = 


oe 


S[HA Ar) + ABAr)] 
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— 


and 


Her) = — H&— rv) ; 
where F(A) is an even-valued function of A, and H@(Ar) is chos 
in order to yield outward trayelling waves for real positive vA. 


Fig. 3.—Paths of integration in the A = n + jé plane. 


The integrands in eqns. (29)-(34) have first-order poles whe 
M(f, A, n, d) = 0, eqn. (39), or for solutions of 
n»/(? — B?) = + V (WB? — 2) tan [d\/(n7B? — A)] 


Examining eqn. (42) in the light of eqns. (29)-(31), it is foun 
that / and m must be either positive real or positive imaginal 
quantities in order not to violate the radiation condition.>»® _ 
is also observed that solutions exist only for the same sign on bot 
sides of eqn. (42) and that the roots, denoted by A = A,;, mu 


satisfy . 
B <A; <8 . (4 


Fig. 4 contains curves of A,/ ie versus fd, the electrical dielectr 
thickness, for n* = 2-54, polystyrene, and for n? = 2: 2 


16 


va 
i me 
eee 


rT 
LA 


ie 


¥0'920 040 060 0-80 16 
Bala 
Fig. 4.—Graph of Ail versus fd, he big = 2-54 and 2-25, 
0:107s Bd <1-6 
n2 = 2-54, — n2 = 2-25, 


polyethylene, in the range 0-107 eee < 1-67. Eqn. (42) hi 
at least one solution for all Bd, Bd > 0. A new solution or ror 
A, appears when | 
kar 
Bd = Ge p= Vet Po ere | 
Henceforth k will designate the number of solutions | 
eqn. (42) for a given Bd. 


t 


j 
| 
a 
f 


he integrands in eqns. (29)-(31) and (33) have branch points 
1=0 or A= + 8, (1) and (2) in Fig. 3, and at A = 0, (5) in 
g. 3, and poles'at A= A,,.. ., A,.. Upon examination of the 
tegrals for slightly complex f and 1, it is seen that the integrals 
& to be taken over path W, in the complex A-plane of Fig. 3. 
‘The integrands in eqns. (32) and (34) have additional branch 
jints at m = 0, A = + nf, (3) and (4) in Fig. 3, and in addition 
€ same poles and branch points as the former integrands. 
) integrals are to be taken over W3, 

The evaluation of the k residues and the combination of these 
ith the asymptotic integrations, performed in Appendices 13.1 
id 13.2, yield the far-zone Hertz potentials, eqns. (45)-(50), 
ibject to 


1 
BR> Ba where R= 4/(r? + z?) 


id ERIM! < O(R-*) < O(R-!) 
e Rin] << O(R-*) < OR-') 


tin other words the poles are not too near the branch points. 
The terms in the summations in eqns. (45)-(50) which are due 
) the evaluation of the residues, are waves which propagate 
idially and attenuate exponentially in the z-direction. These 
aves “hug” the surface and are hence called guided or surface 
Ne They result as eigenfunctions of the configuration, Fig. | 
xcluding r = 0).4!© The remaining terms will be designated 
; the radiating or compensating waves. 

The far-zone Hertz potentials are: 


‘Case A. Hertz dipole above the dielectric at d<z' <a, 
= (. 
(r, Zy ZA) = Piz’) gJBR’ eseR" PO) jer” 
e | 47R 47 R” 13a 
: ae s AjO)QA d B, fs Dd) 11 jagr—(z+2'—2d)y (05 ol 
. J=1 V2rAjr) ; 
4 WOK CO (45) 
Veer: 
eaipe Pile) ND cos [Bz,/(n? — cos? 4,)| ier!" 

: ne | R”’ cos [Bdy/(n* — cos? 6)] 
: 4 $ 4iEdOAy, Bn, d) 605 [2 (neB* — 25)] 
res V (2mAjr) cos [/d)(n?B? — d5)] 
‘ e— fared) 05 -89)] (46) 
; 
: OLeztid 
ase B. Hertz dipole in the dielectric at 0 << z <d, r’=0. 
» _ P2lz"){ PO3) cos [Bz’/(n? — cos? 3)] _,, piv 
Guan: j= 5 “ie ete 

ne | R!Y cos [Bdy/(n? — cos? 63)] 
AN 3 A(03)Q(A,, B, n, d) cos [z'\/(n?B? — 23)] 
‘ 1 VQmA;r) cos [d/(?B? — 2)] 

glu —(@—d) -V ose} (47) 


ee 


_ (48) 


/ (2a jr) cos? [dy/(n?B> — 3)] 


(EW Ae ae 3) 
z’) ave) 
O(A,, B, n, d) cos [z's/(n*B* — A3)] cos [z4/(n? 8? — 
Ox rid 
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Case C. Abraham dipole on the metal surface at z’ = 0, 
Fos Os 


F _ p30) P(O,)e ier!” 
a “ay OR ’ cos [Bdy/(n? — cos? 43)] 
sek A,(03)Q(A;, B, n, d) cies Apa eae 
| mH / (277A jr) cos [dyv/ GB? ey Oe JA —(z—-d)V OT | 
d<z<a@ Ge 
oe P20) & QA, B, n, d) cos [z\/(v?B? — d3)] ae 
ae Ts ‘2nte Ds a/ (2iAjr) cos? [dy/ (n?B? — Q32)] a 
O<z<d (50) 
where 
PO) mn re 
—jsin 6,, 


ant — j sin 0, + n~2/(n? — cos? 6,,) tan [Bay/(n? — cos? Onl} 
QA;, B, n, d) oe 
eFl4y/ (AZ — B?)(n?B? — 23) 
Bn? — 1) + dy/(A3 — B%)[n2A2 — B2) + (B? — Hn] 
and 4,(6,,,) is defined by 
A,(@,) = 90 6,, > arccos B/A, 
A,@,,) =4 6, = arccos BA, 
A,O,,) =F -0,, ate cos:B/A, 


gt 2 dd r 
and = arc cos — 


Re ae R 
+ (z+2z' —2d)*| [see Fig. 2(a)] 
@ =a) r 


6, = arc sin pr = ale COS riz 


R”’ = /[r? + (z' — d)"] [see Fig. 2(b)] 


6, = arc sin 


R= vir 


9 aera ch r 
3 = are sin —p— = arc cos Fay 
RIV = 4/[r? + (z — d)*]_ [see Fig. 2(0)] 


If it is assumed that Bz’ < BR’”, the first term in eqn. (46) 
vanishes and A,(83) = 1. 

The magnitudes of the fields of the guided modes attenuate 
with height z in two ways owing to (a) the exponential or Eas 
factor exp [—z/(A3 — ?)], and to (b) the coefficient 4,(6,,,) 
The second factor is a function of Br, while the first factor does 
not depend upon the radius. It may be observed that as fr 
increases the exponential attenuation takes precedence over the 
coefficient’s attenuation. Fig. 5 contains curves of the minimum 
radii Br, for each mode, at which the field attenuates to 1% of 
its maximum value owing to exponential attenuation, at a height 
Bz less than that at which the coefficient 4,(6,,) equals its critical 
value. These fr are plotted versus fd, in the range 0-107 < 
Bd < 1-67 and for n? = 2:54 and 2-25. For fr greater than 
these values, 4,(6,,,) = 1 to within 1% accuracy. 

The presence of the factor 4,(6,,) indicates that as Br increases 
the guided wave acquires more power, until at Br = oo the 
total power allotted to it has been attained. Making the assump- 
tion that A Onn) i is identically unity, for Br greater than the values 
of Fig. 5, is the same as assuming that the guided wave has 
acquired its total power at this Br. It is valid to within 0-01°% 


_ accuracy with respect to the Poynting vector. 


Since in the paper the far fields are being investigated, it will 
be assumed henceforth that Br (= PR sin @) is greater than the 
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iA br ales 
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EAS 


Motte 2:A,(6,) | 
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Fig. 5.—Minimum radial distance fr at which the A;(0,,) coefficients 
of the surface modes are identically unity for all values of z as 
a function of dielectric thickness, 6d, for 0 < Bd < 1-6m. 


The curves are based upon an accuracy of 1% of the fields and 0:01% of the 
Poynting vector. 
n2 = 2-54, —— — — n? = 2:25. 


values of Fig. 5 for each fd being investigated. For this reason 
the notation A,(6,,) will be dropped under the assumption 
that A,(6,,) = 1. 

It is to be observed that, in order for the fields to be identical 
for sources at z’ = d+ and z’ = d—, p,(d+) = p,(d—)/n’. 


(4) THE FAR-ZONE E- AND B-FIELDS 

The representations of the far-zone E- and B-fields are obtained 
by applying eqns. (8) and (9) to eqns. (45)-(50). Terms of order 
higher than r—! are neglected. The assumption is made that 
Bz’ < BRso that the radiation term in eqn. (46) may be neglected. 

It is convenient to represent the radiating terms in spherical 
co-ordinates. The following substitutions'> are made in the 
radiating waves assuming BR > 1 in Fig. 2. 

In the phase factors: 


BR’ = BR —Bz'cos6 BR” = BR — B(2d — z’) cos 8 
BRIY = BR — Bdcos 0 
In the amplitude factors: 
rR’ = cos 0, & (sin O =r f RIK’ 


2 


SS eS si Oy = COS. a a) 


BR BR” ~-BR 
sin 0, = r/R” ~ r[R = cos 0 
cos 0, = r/RIY = r]R = sin 0 
BR ~ BRI 


The substitution of these into eqns. (45)-(50) after eqns. (8) 
and (9) have been applied leads to the following far-zone fields 
for vertical dipoles. These are subject to the same restrictions 
as eqns. (45)—(50) in addition to Bz’ < BR. Sy 
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Case A. Hertz dipole above the dielectric at d<z' <& 
ra 0: 


‘ 
| 
| 


Region 1. ° 
EF (r, z, 2’) = EF + 3 EI? 
(A) Aye a? (A) . 
an k A 
= -VfRxBP]+2 5 [09 a 2 — a 
(A) B* jot (A) (A) 
Bi(r, z,2') = BY + > BI 
(A) (A)™ 2251 (A) 
me) Rie OP sin 8 [cos 8 cos € + S'sin £] —jecR—dcos 0) 
27 Rwe (cos 6 + fS) 


_ Op (z’yp? & Hho oe a 
ee VADs, By my del Par ere 20.005 
(57 


where R, 6, and ® are spherical co-ordinates. 
r, 6, and Z are cylindrical co-ordinates. 
V = (ep)~* = the characteristic velocity of medium 1. 
C= UB, d, z’, 0) = Bd —2z’) cos 8. 
S = S(n, 0, d, B) = n-*»/(n? — sin? 6) tan [Bdy/(n? — sin? 0) 


Region 2 
EX(r,.2,2:) = SEY 
) FAS) 


k 
= ap 2, Lo IV — 


tan [z,/(?B? — 12)| Be ez rx A;BEo} . 
(A) (A) ‘Sa 
BE(r, DZ) y BEC gaz.) 
(A) Se 
_ Ori @)Pe CE 
= ae wer/ (271) > VANQA,B, n, d)eé JAI nf 


{cos [eV/(n2B2 — 22) 6 
{cos [dy/(n?B? — A3)]* 


Case B. Hertz dipole in the dielectric at0 <2’ <d,r' =| 


Region 1. 
k 
EX(r, Z, z’) = EF(r, Z, z’) SF >> EFS(r, Zz, z’) 
(B) (B) J= 1B) 
= — V(R x BP) +23 [— 9/08 — ROBEY x 2 — 7 x ABE 
ee (B) B) 
(5. 
Ls , - D(z’)? 
F ’) = BFi(r, z, 2’ B,((r, Z, i 
ANG ZZ) : ane Z,Z)) +p a ae ZeurZ) areonteR 


[sin @ cos OX cos [Bz'./(n? — sin? 0)]e—i8R—d cos ot 
[cos 0 + jS] {cos [Bdv/(n? — sin? OF 
ee s 4/(AQ(Ays Baty del Tar (2 dV 05 - E 
1 


wner/(2mr) i 
cos [z’/(n2B2 — A3)] ( 
cos [dy/(n2B2 — r5)] 


—@ 
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nitudes of the sections of the field patterns, at @ near 7/2 and at 
0 less than 7/2, by a factor R?. 
Figs. 6-14 contain field patterns for cases A, B, and C, 


Region DH 


fe 
22) = ¥ WGC, 2,2’) 


‘ith subscripts 1 or 2. 

iit is to be noted that the radiating or compensating terms 
‘e waves of spherical type which attenuate as R—!; the guided 
arms are waves of cylindrical type which attenuate as r~+. As 
i. R increases, the ratio of the magnitude of the guided wave 
that of the radiated wave increases. 


ii 


ause their phase velocities, V,; = w/A,, are less than the 
Basic velocities of the region 1. 

Goubau!®!7 and Attwood‘ have treated, at length, the field 
ad flux distributions for waves of this type. 


‘ (5) FIELD PATTERNS 


| 
The field patterns are curves of the relative magnitudes (with 
2spect to their maxima) of the 0-components of the E-fields in 
egion 1, as functions of 0, in the range of 8 between 0 and 7/2, 
: BR 1. The dielectric is assumed to be thin so that 6 ~ 7/2 


mg the surface between region 1 and 2, Fig. 2. To obtain the 
ormulae from which these curves are computed, it is necessary 
) convert the guided components of the fields, eqns. (51)-(60), 
: ‘spherical co-ordinates and to recombine the fields at some 
urge fixed BR. 
_It is important to notice that the field patterns defined above 
i those measured by a receiving antenna polarized and 
avelling in the 0-direction at the chosen value of BR. Since 
e guided waves have R-components, the patterns are not the 
ative magnitudes of the total field along the great circle of 
us BR. It is also important to observe the manner in which 
hese patterns vary with BR. Since the radiated wave disappears 
it @ ~ 7/2, while for most finite dielectric thicknesses, fd, the 
ur ace wave attenuates rapidly with decreasing 0, the region of 
aterference between the two is very small. For these reasons, 
€ principal effect of varying BR is to vary the relative mag- 


)) n? = 2-54, BR ~ 239 and various values of Bd and fz’, on semi- 
ay Ok logarithmic scales, with comparison patterns for dipoles above 
Per 2, { — jr/(n2B? — 22) tan [z/(n?B? — 22)] a 
BEY x 2 =7 x A;BEG (57) 0-80 O-107+7 = = ae 2 
/ (B) B 0-60} —0:10 sett 
i k = 
ar, 2, 2’) = BEG , Ua / / 
K ) p>» a7 MF, Z, Z') 0-40 : z > = : 
). (B) i / ‘ 010+ = 
Hi 4 + 
| ~ p(z')B2 k v Loin + 1/4, \ 
| at 6 2s VA)QAA,;, B, 0, de 0:20 f 77 0:10 7 + m2; \ 
d et A OlomtaLy 910m ft 
cos [z’s/(n*B* — A3)] cos [z1/(n*B? — D3)] (58) = a) 4 010+ 0/2 ve poet 
cos? [ dy/(n*B? — h3)] S010 He | 
| 0-08 
_ Case C. Abraham dipole on the metal at z’ = 0, r’ = 0. 0:06 H+ + | 7 | 
The respective quantities are given by the following relations: g : 0107+ a/2, 
| , ! 
| EF(r, z,0) =} lim E(r, z, z’) (59) aaa "Vi 0:100+m 
i (C) aoe 6) i ; 
i) | : , 
| BFi(r, z,0) = } lim BFC, z, z’) (60) 0:02 1, ff | Q10nt 7/4 | eel 
} (C) 2’ 0(B) tif (0107 + n/21 | 
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Fig. 6.—Field patterns for case A (Bd = 0-107) and comparative with 
field patterns for Bd = 0. 


@Ro ~ 239; n2 = 2-54. 


The guided modes URS elliptically polarized in pee 1 with The curves, which are marked accordingly, are plotted for 8z’ = 0-107, 7/4 + 
mi-major axis in the z-direction and semi-minor axis along r. 0°107; 7/2 + 0-107; and x : Or e286 
q Akg : epee mts 3 *107; od 

he eccentricity for each mode, which is independent of position, 

Ii e= Bla, 

‘The guided modes are sometimes referred to as “‘slow waves” SSS] 
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Fig. 7.—Field patterns for case A (fd = 0-157) and comparative 
patterns for fd = 0. 
BRo ~ 239; n2 = 2:54. 
Gz’ = 0-15r; m/4 + 0-15; n/2 + 0-15m; Y + 0-157. 
Bd = 0-157; Gd = 0. 
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Fig. 8.—Field patterns for case A (fd = nz/4) and comparative 


patterns for bd = 0. 
GRo ~ 239; n2 = 2-54. 
The curves, which are marked accordingly, are plotted for 6z’ = n7/4; (n + 
(7 + 2)n/4; and (7 + 4)n/4. 
————— (bd =r |45, ——— a — 03 
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Fig. 9.—Field patterns for case A (fd = n7z/2) and comparative 
patterns for Bd = 0. 
BRo ~ 239; n2 = 2-54, 


The curves, which are marked accordingly, are plotted for @z’ = nz/2; (nm/2) + 7/4 
(1 + 1)r/2; (2 + 2)r/2. 


— (¢d = nn/2; ———— Bd=0. at 
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Fig. 10.—Field patterns for case B (fd = 0-107) and comparai 
; patterns for pd = 0. 
GRo = 2-39; n2.= 2-54. 
The curves, which are marked accordingly, are plotted for (iz’ = 0-10 
0-10z/2; ard 0-10 x 3z/4. 
— Cd = 0-107; ———— Fd = 0. 
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Fig. 11.—Field patterns for case B (Sd = 0-157) and compara' 
patterns for fd = 0. 
GRo = 239; n2 = 2-54. 
The curves, which are marked accordingly, are plotted for (z’ = 0-15; 
0-15r/2; and 0-15 x 3z/4. ; 
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jg. 12.—Field patterns for case B ($d = n7/4) and comparative 


patterns for bd = 0 


Gh ake n2 = 2-54. 
d 


he ee which are marked accordingly, are plotted for (@z’ = mx/16; n7/8; 
inTe 


Bd = nz/4; ea — 0: 


0-01 - 
143 10 Dimes EO A0Rt 50 60), 70. 80 90 
6 , deg 


Be: —Field patterns for case B ae == ety and comparative 
patterns for fd = 


BRy ~ 239; n2 = 2-54. 


‘curves, which are marked accordingly, are plotted for @z’ = = nr/4- nr7/8; 


6d = n7z/2;;—_— —— hd = 0. 
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Fig. 14.—Field patterns for case C (fz’ = 0) and comparative patterns 
for bd = 0. 
BRo ~ 239; n2 = 2-54. 
SS i =O, 
Gd = 0:10n; 0°15x; nz/4; and nz/2. 


or on a perfect uncoated conductor for the same dipole heights 
Bz’ as those with the coating present. 

The dielectric constant of polystyrene was chosen as being 
typical. BR ~ 239 was not only chosen as being typical but 
was chosen for proposed future experimental use. The thickness 
Bd = nm/2 may seem peculiar, but in Fig. 4 this value is seen to 
be smaller than, but very close to, 7//(n* — 1), the value at 
which multi-mode propagation commences. Since the value 
Bd = n7/2 possesses this quality, besides being convenient for 
numerical computation, it was chosen. [t is clear that the 
dielectric thicknesses used provide good coverage of the region 
of single-mode propagation. 

The quantities plotted in Figs. 6-14 are 


E61 | 
aa 1 lena’ = 5 =O max 


For Bd = 0 and Bd +0. 


M(@) = 


(6) CONCLUSIONS DRAWN FROM THE FIELD PATTERNS 


The main points of interest in Figs. 6-14 are the large maxima 
or spikes at 6 = 7/2 and the compressions of the rest of the fields 
with the accompanying minima between these two. These curves 
are drawn on a logarithmic scale and must be examined closely. 
to appreciate the actual large magnitudes of the maxima at 
@ = 7/2 (the surface waves) compared to the rest of the patterns 
(the radiated waves). The ratios of the powers in the two 
components of the fields, Figs. 20 and 21, give a better con- 
ception of the large size of these maxima, especially if con- 
sideration is given to the fact that the surface wave is compressed 
into a small segment of space, while the radiated wave is dis- 
persed over the complete half-space. 

For case A the field patterns for @ < 7/2 are similar to those 
without the dielectric coating for dipole heights equal to the 
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dipole heights in case A minus the dielectric thickness. This 
means that, for case A, the radiated waves are strongly reflected 
by the dielectric surface. 

In cases B and C the effect of the dielectric is to compress the 
radiated wave into a smaller sector. ; 
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Fig. 15.—Graph of Eg /ES versus @ over the range of significant values 
of |ES| for Bd = nn/2, nz/4; 0-157, 0-107 and for n2 = 2-54, 


Fig. 15 is a plot of |E%9|/|E29| versus @ for the Bad’s of Figs. 
6-14 over the range of significant magnitudes of EF°. For 
the cases considered J= 1. These yield an indication of the 
magnitudes of the ratios of §-components/R-components of 
the radiation patterns. For the thicker dielectrics these ratios are 
almost constant, indicating that, since |E*°|/|E*9| is constant 
and equal to the ratios of 0§-components/R-components of 
Fig. 15 at 6 =7/2, EZG and ERG are essentially EF? and EFG 
respectively over the range of significant values of |E5°|. 


(7) FORMULATION OF THE POWER EQUATION 


The purpose of this Section is to formulate the equations 
which govern the time-average flow of power across a surface 
surrounding the source p(z’). Since the far-zone approximations 
satisfy the far-zone forms of Maxwell’s equations and since the 
proofs that the powers in the guided- and radiated-type waves 
are independent require the fields to satisfy the complete forms 
of Maxwell’s equations, it is necessary to formulate the exact 
’ near-zone fields. 

Consider E and B, the exact fields existing in the configuration 
of Fig. 1, due to a source p(z’) in any of three positions A, B, 
or C of Fig. 1. 

For Br>0 the transformation of eqns. (29)-(34) to. the 
Hankel function form, eqn. (41), is valid. The exact integraticns, 
if they could be performed, would be taken over paths W, and 
W, of Fig. 3. These integrations yield contributions from the 
poles and branch cuts. The application of eqns. (8) and (9) to 
the results of the integrations yields the exact E- and B-fields. 
It is sufficient for the purposes of this Section to represent the 
branch-cut contributions, E’, B’, symbolically, while the con- 
tributions of the poles, E°, B°, may be explicitly evaluated. 

For Br > 0 the exact fields may be represented by 


(a) E=E4+E6 (6) B=B4+BC.,!. (61) 
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Where A, is a function of A,, B, n, d, w, z’ and p(z’). F 
BR>1 


(EY (EF) ) 
@) ie {nt 3 ie \ 
(b) Lim 


Er EFr 
BR>1 {et} it ee 


ES) (ERG 
(c) Lim { } ~ { } 
PR>1 BG By° 4) 


where the fields on the right-hand sides are given in Section 
EF and BF are approximate solutions to Maxwell’s equations { 
large Br, while E, B, E’, B’, EY, BY are exact solutions 

Maxwell’s equations for BR > 0. 

For Br > 1 the guided or residue waves exist uncancelle 
but as Br -> 0 the functional forms of the guided waves becot 
infinite. Since this is physically impossible except at discré 
points at r = 0, z = z’, the so-called radiating or compensati 
fields, due to the branch cut contributions, must cancel t 
singular parts of the guided waves as Br 0. An indication 
the cancellation is given by the appearance of the factor 4,(6 
in the asymptotic results. Despite this cancellation the divisi 
in eqn. (61) is valid because of the linearity of Maxwell’s equatio1 

Since p(z’) is arbitrary, let it be chosen to be a real quanti 
It may be verified that, for p(z’) real, A,, and A), are real. 

The power flowing across any surface S surrounding t 
source is given by 


Je ~a{ | [ n.(E" x B*)dS 


~S 


Ir 


(€ 


k 
+ > | n.(E" x BS* + EF x B)dS 
J=1 Js 
k k GaSe 
He tout, oe ag x Bonds) a 
J=1 mile 


where 7 is the outward normal to the volume enclosed by S, ai 
superscript * indicates the complex conjugate. 
It will be proved} that 


ate || A. (Er x BS* + EF x Bras]! =0 € 
Ss 


and als ni. (EF x BS*)dS = 0 Jen . « 
iS ‘i 


+ The author is indebted to Dr. George Goubau for suggesting these proofs < 
recommending references to similar proofs.18,19 


Some necessary formulae derived by well-known methods”° are 


| i. (E, X BE + Ez x Bas | 
1 2HJs 
Ww 
= -|5] (P&E, + P%.E,)dV 
Ve 


= -als| (Jt. E, + 13. Epa” | (67) 
V 


tere S is a closed surface surrounding a volume V. 


E,, B, and Eg, Bz are two independent solutions to 
Maxwell’s equation in V. 

P and J are the impressed polarization and current 
densities. 

e and p are assumed to be real in V. 

7” is the outward normal to V. 


‘d the reciprocity condition”! is 


gs x Bz — Eg X ByldS 


UZ 


V 


y . (66) will be proved first. 
‘To this end consider the configuration of Fig. 16 agreeing 
'th Fig. 1. 


'g, 16.—Concentric cylindrical surfaces of infinite height—S, and S>. 


Since the cylinders S, and S, are semi-infinite and the surface 
= 0 is a perfect conductor, S may be set equal to S; or S) 
eqn. (64). It is therefore sufficient to prove eqn. (66) over 
| or S>. 

. E,=E°%, BY =(Bo*, E,'= ES, and By = B&* are sub- 
ituted in eqn. (67) with V = V;, Fig. 16, where V, is sourceless, 
€ following identity is arrived at: 


“ i f. (EF x Bet =P ES. x Bids; | 
Sy 


bY 
‘ eal. I ?. (EG x BO* + BS x Bid; | 
| /' eu 'S2 


= constant in r =.K (69) 


fhis is a constant, since r; or r, may be independently varied 
e the other is fixed, or explicitly 
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(70) 


where the constant D,,,, which is common to both integrals, is 
given by the following expression 


2 oO 
Dim = ll A1sAim exp {— 2LV03 — B?) + V3, — B»Mfaz 
d 
d 


+ [ td an ee cos ize rape | 
0 


Specifically, this is true for large Br where the asymptotic 
forms of the Hankel functions are valid: 


Him K = Dyn] (2) + /() | cos fy — Awl] 


Gr>1 


(71) 


For A,;#A,, this is zero for r= qm/2(A, — A,,); where 
q = odd integers, but K is a constant, hence the constant must 
be zero. Therefore D,,,, must be zero for all r > 0. Noting that 
Dj, is common to each term in eqn. (69), each term of eqn. (69) 
of the type appearing in eqn. (66) must be separately zero, and 
hence eqn. (66) is verified. 

Eqn. (65) will now be proved. 

Consider the configuration of Fig. 17. The source p(z’) may 


SS 


SMITA fay 


Fig. 17.—Narrow cylinder of infinite height supporting current 
IZ’), and spherical surface surrounding p(Z’) separated by 
distance x. 


be in region 1 or 2 or half-submerged in the conductor at 
z = 0, i.e. an Abraham dipole. The current J(z’’) on the semi- 
infinite cylinder V2 is such as to excite only the /th guided mode. 

After utilizing the representations of the Hankel functions for 
small arguments, the following representation for J(z’’) is 
arrived at. 


(2) = JAB? [ Aye-2”’V05-6% d <2! <a 
7 * waz | Ayn? cos [z'’4/(n?B? — 23)] Uy AR | 
(72) 


This current excites only E9(r,, z) and BY(r,, z). The dipole 
excites E(ro, z) and B(7o, Z). 

The subscripts for cases A, B, or C agree throughout. It is 
assumed that /,(z’’) is the total current on F, and p(z’) is the 
total polarization in V;. 

The application of eqn. (8) to V;, F,, noting that the polariza- 


aes 
tion, P, is a constant times a delta-function, leads to 


BG — EG » B]dF, = wpdA,A2(Aj;x) 
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Fi BETS AE 68) 
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 py(2')Ayje~7 VO) 
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aay 
(73) 


The application of eqn. (68) to V>, F, in the light of the 
orthogonality condition, eqn. (66), gives 


= 
[ n. [E x BY — ES x BldF, = — ul Kz" )E(x, z'’)dz"" 
F2 0 
Rae! sin [2dy/(n?B? — 
2/(n2B2 — 2) 
4 
" /08 = B) 
The application of eqn. (68) to the sourceless region V3, 
noting that the integrations over the surfaces at infinity and at 


z = 0 vanish, and the rearrangement of the resulting equation 
leads to 


3)] 


as H2 20,2){08 A3,d + 


(74) 


H| Kz"")Etdz” 
0 


pe i 
fr? Abd + n? AB, sin [2dy/(n?B? — 03)] , At e774 ned 
\ 2/ (n2B? — 22) V3 — B2) 

( py(2')Ay jes 05-82 d<z < © 
+ wpr J PAZ'YAz, 008 [2'V/(n*B* — Aj] 0 <2’ <d 

1 | P)A,; 

= ieeN | 

| Z 

; (75) 


The right-hand side of eqn. (75) is not a function z or x. 
Hence, the equation is equal to a constant, G, in x and z. 

As {x becomes large, Px > 1; the quantities on the left-hand 
side of eqn. (75) approach zero in the following manner: 


1 
Ve rz79 


lim EX(x, 2") ~ 


Bx>1 


1 
lim Hr x) ~ 
x>1 we Vx 
ie) 
Kz’) Etdz"" 
isla ee 

—— 

ARA;x) 


fx—>00 


Hence ==) ao) 


Since G is a constant, then G = 0 and both sides of eqn. (75) 
are identically zero. 

It is enlightening to observe that the right-hand size of eqn. (75) 
when set equal to zero offers an alternate method of determining 
the A,’s. The author has verified the fact that the A,’s are 
identical when derived by both methods. This offers a check 
on the paths of integration chosen in Fig. 3. 

Since the denominator of the right-hand side of eqn. (76) is 
well behaved, A,x > 0, the numerator is zero. “ft 
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With the substitution of the right-hand side of eqn. (72) f 
I(z’’) the numerator on the right-hand side of eqn. (76) becom 


d 
Agge| Ex(x, 2’) cos [2’’4/ (n?B? — 2)]dz” 
‘) 


+ As} Ex(x, 2" )e-2”"V@5-PAdz"” =O . 
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The following integral is to be considered with reference 
Fig. 16: 


atl, 
2p}, 
7 B 0 
=H Ee ort AGA w-) f{4u] E’ 
d r=r; orr2 
d 
n ra | E*| cos [79/2 2 — apie} 
0 lr=r or r2 
In the light of eqn. (77), eqn. (78) vanishes. 
Consider the sourceless region V of Fig. 16 with the fiel 
E and B existing in the region. The application of eqn. (67) 


the two components E’, B’ and E%, BS of E and B witht 
result of eqn. (78) yields 


1 1 : 
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e-2V0u- 


Wy 


2 


= constant in r 


since r; and r, may be independently varied. 

The substitution of the explicit expression for EY, all 
Br to become very large and examining the result in a 
similar to that used in deducing that the constant in eqn. | 
was zero, verifies that eqn. (79) is zero for all values of r. ; 

Combining the results of eqns. (78) and (79) verifies eqn. 

It should be noted that the proof used here shows that 
term in eqn. (65) vanishes. Although a shorter method cc 
have been used to show that eqn. (65) is zero, it would not 
shown that each term in eqn. (65) vanishes separately or 
the A;’s can be determined independently as in eqn. (75). 

It follows that eqn. (64) reduces to "y 


‘ 
Cael 
PS ae n 
2p . 


ni. (EF x ayeds]} 
= PprtpG , g 

This allows the division of the power transferred across 
surface, S, surrounding the source into two or more Pcs 


k 
(E" Xx Br*)dS +3 
J=1J, 


hence permits the power radiated and that transferred 
by each guided mode to be computed separately. c 
4 , 
(8) THE POWER RADIATED BY THE DIPOLES a 
The time-average power output of the sources may be cor 
puted conveniently by one of two methods: 
(a) The integration of the Poynting vector over a surface 


rounding the source in the far zone. 
(b) An integration at the source. 


“J. 
: 


Both methods lead to the same results. Method (5) is 5) fe r 
for simplicity. 


Let See ee Coe with E, = E, Bz = B, Ey = 
B,= Band P,=P,=P, ate eS: mallee polar: 


33 
‘yn, P, has the form of a constant times a delta-function to 


a aa jo{ >, 
= @| =| 8. x Byas| = - a| 5 |? dV | 


P(z’)*EO, z') Hertzian dipole at r’ = 0, z’ 40 


0 
as ‘0, 0) Abraham dipole r’ = 0, z’ = 0 


(81) 


jnere SS is a surface surrounding the source and V is the volume 
iclosed by S. 

If E,(0, z’) is computed from eqns. (29) to (34) by the applica- 
on of eqns. (8) and (9), and substituted in eqn. (1), and use is 
jade of l’Hospital’s rule for evaluating indeterminate fractions 


Il. 


W 
aby 


ase A. 


ie 
ij [| Jeena) 
1° } 
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Case B. 
a |p2(2)|?wnB3 (1 sin 2nBz' _ cos 2nBz’ 
(B) Aire 863n32’3 4B?n?z'2 
*1m-! —n-*)e—™d cosh? mz’ 
— Jf . -(83 
ll n3 cosh md a} is 
Case C. 
nes: * Klm-\ —n-2)e-md 
Pe SUG} 
©) 87re 3 2n3 cosh md CN eal 
0 
3Q—3 
where Te A p 


1+ mn~2 tanh md 


If the integrals are closely examined and integrated wherever 
possible, they are seen to result in 


xdxf/(1 — x?) cos [2B(z’ — d)\/(1 — x?)] — n—24/(n? — x?) tan [Ba/(n? — x?)] sin [2B(z’ — dp/ — x2} 


1 
i! =| 
| 0 


Tee (Oe ue) tana? [BGK Mn RE A 


k 2 
S eFlhje-26'-OVOI-MOA,, Bm d) 


| Th: 
| pe, 9 
Jase B 
a *Klm=! pee cosh ynz'gN | fe? — 1) sin [2626/Ge = 1)) - 4/@? —1) 
; n3 cosh md 3n 4B2'n3 6n3 
pcos (2pz4/@r" — 1)] sin [282'4/@" — 1)] 
+V¥ (a 1) 4n3B2z"2 8B3z'3n3 
1 ‘. be] YE _ Joos [Bz'/(n? — x?) in? n? — x’) tan? [Bdy/(n? — x*)] — /(1 si 
Br 713 Jo. we AG? — x?) tan? [Bay/ Ge? = x?)] + 1 = x2 
am kK Xeirl4 cos [z's/(n*B* — AZ)JO(A,;, B, n, d) mA 
WB? fa1 cos? [dy/(n?B? — )3)] 
ase C. 
4 Bee ae | 
i 2n3 cosh md 
(n? +1) Wie Hal VOR x') = n?lfr2voe — x’) tan? [Bdy/(n? — x*)] —/ — x) 
Pe ae eee ES Me 2n3 Jy ge ae x) dati dy / Gee = x°)) <b ax? 
_ mt & NHer4OQ,, B, n, d) (87) 


cos [2B(2’ —d)| 
apAa’ — dy? 


__ sin [2B@' — d)] “Te } 
eee ieee 


' Gre 


|pi@’)/?wB? iE 
5) 


(82) 


» 2n5B3 >, cos? [dy/(n2B? 


where Q(A,, 8, n, d) is defined in Section 3. 

If method (a), in conjunction with eqns. (80) and (51)-(60), 
were used to compute P®%, it would be found that this yields 
exactly the last term in eqns. (85)-(87). Hence the terms in the 
summations when substituted in eqns. (82)-(84) are the total 
powers transferred into the guided modes from the dipoles. 
It is to be noted that it is necessary to prove that the power can 
be subdivided as in eqn. (80). before the two divisions can be 
compared. 

As was previously observed, the total power allotted to a 
guided mode [the summation terms in eqns. (85)-(87)] is not 


— AD] 
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acquired by the mode until Br becomes infinite. To a close 
approximation this is true for Br greater than the values of Fig. 5. 
To this approximation, then, eqns. (82)-(87) may be given the 
following interpretation according to eqn. (80); P is the total 
power transferred across S: 


k 
PG = 3 PS 
J=1 


PG is equal to the summation terms in eqns. (82)-(87) and is 
equal to the power transferred across S by the guided modes, 
where S has a minimum radius BR which is greater than the 
values of Br in Fig. 5. Pr is equal to the remaining terms of 
eqns. (82)-(87) and is equal to the power transferred across S 
by the compensating waves: 


k 
P=Pr+ > Pg 
J=1 


If eqns. (82) and (83) are evaluated at z’ = d+ and z’ = d—-, 
respectively, it turns out that the powers are identical if p,(d—) = 
n’p,(d+). This verifies the previous result. 

Figs. 18(a) and 18(b) contain curves of 47reP/|p?|w? as a func- 
tion of dipole height, Bz’, for n? = 2-54, for two thicknesses of 


yp 


ahs 6b) t 
16++—4 : 
44 Paaleand = 14 
j=) 
H a 12 “Case Ge 
mee i 1:0 Abraham dipole 
2 |S 3-2 ea 68 pea Ie 
S Wl aad cc ac ee 4 
& 287 ie ea Slo 06 FAT Abraham dipole 
per lAse | MSs . Bd=0 
5 2-4 Abraham | + = 0-4 ee ee a 
3) 2:0 dipole — 2 
fou | ee Case Br-aa7- —Case A 
2 ie t 1 
+/2 0 02 04 0:6 0:8 10 12 1-4 


0 
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Baa 
(a) 
Fig. 18.—Total power radiated and radiation resistance as a function 
of Bz’. 
(a) n2 = 2:54, 
6d = 0-15n; ----~- Gd =0. 
(b) n? = 2°54. 
Cdr Ase Gd = 0. 


dielectric, Bd = 0-157 and n7/4. The integrals in eqns. (85)-(87) 
were computed by numerical integration. Comparison curves 
with Bd = 0 are given. 

The discontinuities at Bz = Bd in Figs. 18(a) and 18(5) are due 
to the above-mentioned discontinuities of the magnitudes of the 
sources. The total powers are seen to decrease with 6z’ in the 
dielectric. The slight hump in this region in Fig. 18(5) is due in 
part to the maximum of P¢ as seen in Fig. 20. For Bz’ > Bd 
the powers fluctuate around the values for fz’ =0. Both 
converge upon 1/3 as fz’ approaches large values, indicating 
that the coupling to the guided modes and image fields approaches 
zero for large fz’. ; 
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Fig. 40:-=p° [Poe as a function of Bz’ for Bd = 0-157. 
n2 = 2:54. 
This includes cases A, B and C as 2’ varies. 
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Fig. 20.2 Pl as a function of fz’ for Bg = nz/4. 


n2 = 2:54. 
This includes cases A, B and C as (z’ varies. 


Figs. 19 and 20 contain curves of P¢/P” versus dipole heigl 
Bz’, for the same Bd’s and mas Figs. 18(a) and 18(6). Figs. 19 an 
20 are seen to have maxima near the dielectric surface and t 
decrease uniformly with Bz’ beyond these maxima. In Fig. 2 
the maximum is in the dielectric region, while as Bd decreases 
moves into the region above the dielectric as in Fig. 19. 

For the smaller Bz’, the large magnitudes of the ratios | 
Figs. 19 and 20 indicate that an overwhelming portion of th 
power radiated by the dipole is transferred to the guided ¢ 
surface waves. In these cases the nomenclature of “‘compe! 
sating wave’ for the radiated component of the field is a preferre 
one. 


THE ATTENUATION COEFFICIENT OF A GUIDED MODE 
DUE TO THE FINITE CONDUCTIVITY OF THE GROUND 
PLANE 


The attenuation coefficient, «,, for Br > 1, of the Jth guided 
ide due to a large but finite conductivity of the ground plane 
y be derived by the use of the following formula:?> 


_ 1 dP¥/2, 
ore 


| oy = (88) 


i the following procedure is followed, eqn. (89) will result 


cases A, B, and C. 


\@ Assume the fields are those of eqns. (51)-(60) except for 
small component ErF%(r, 0). 

(6) Assume P§ is that of eqns. (82)-(87). 

ie) Set AG ,(r, 0) ~ — 1,(r, 0) ~ — Er(r, 0)/Zs, where /,,(r, 0) 
a quasi-surface current. 


ze 11 +4/($) 


27 


G 
} SS Sl 2) 
i! or D J Zotar 0)| rd | 


q es =| |Hoj(r, 0)|?rd® 
0 


| 
(d) Compute 


‘(e) Substitute d and b in eqn. (88) 

a n2B2 

_ Ap/Cwop) 

' V.03 — B2(B? — n-222) + 03 — 6?)] 

GG = 1) + dV/Q3 — B%[(B? — 0-223) + 0/023 — oy 


rT cases A, B, and C. 
Fig. 21 contains a plot of «j\/(2wop)/n?B? as Bd varies, for 
‘= 2-54, and 0-107 < fd <1-6n, for the existing modes 1 


x 0:06 
i 0:10) 030 “050 0:70 0:90 1:1 183} 145 
i Bda/r 


ig. 21.—Attenuation of a surface mode due to a large but finite 
conductivity o of the ground plane as a function of dielectric 
3 thickness fd. 


n2 = 2:54; 0:10m7 < Bd < 1-6n. 
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and 2. It is to be noted that the attenuation coefficient for each 
mode increases to a maximum and then decreases uniformly with 
increasing Bd. These maximum values of attenuation appear 
approximately halfway between the cut-off thicknesses. The 
attenuation coefficients for the higher modes are lower than those 
for the lower modes since the factor d appears in the denominator 
of (89) and the higher modes appear with larger fd. 


(10) RADIATION RESISTANCE 


The radiation resistance may be computed by referring it to 
the uniform current on the dipole, [(z’): 
2P. 
fies Ey et Oe EN 
ey? 
where J(z’) = jwp(z’)/2h for both the Abraham and Hertz 
dipoles and h = the half-length of the Hertz dipole = the length 


of the Abraham dipole. Hence 
Re 4ireP 
— 91 
240B7h? — wB3| p(z’)|? oO 


This is plotted with P in Figs. 18 and 19. 
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(13) APPENDICES 


(13.1) Illustration of the Type of Integration performed to yield 
Eqns. (45)-(47) and (49) 


To illastrate the type of integration performed to yield eqns. 
(45)-(47) and (49), consider the integral in eqn. (29), after it has 
been transformed by eqn. (41), to be integrated over W, of 
Bion, 


1 


Kz+z2'—2d) 
= e 2(Ar 92 
ral 1 + mn-? tanh Se NGA 2) 
It is convenient to make the following substitution: 
R" sin 0; = z +z’ — 2d;.R' cos 0, =r [see Fig 2(a)]. (93) 
A= Bsin a; /(B? — »*) = Bos « (94) 


sin x cosh y= — 1 


a=x+jy=are sin \/8 


Fig. 22.—Path of integration in the « = arc sin A/f-plane. 
— —-—-— Path of asymptotic integration w, defined by sin (x + @) cosh y = 1. 


The Riemann sheet of interest in the A-plane of Fig. 3 trans- 
forms into the curved strip in the «-plane, Fig 22. The trans- 
formation of the branch cuts (which are not branch cuts in the 
a-plane) are defined by sin x cosh y = +1. Making the assump- 
tion that BR’ cos 8, > 1, so that H2 may be replaced by its 
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asymptotic form for large argument, and substituting eqns | 
and (94) in eqn. (92), (92) becomes _ Bis 
2sin « 


-= suis el VGepexe COS ay) 


cos Pg ‘(cos x sin 01 + sina cos 61) dy 


{(—JB cos @ + Bn-?4/(n? — sin? a) tan [Bdy/(n? — sin* ¢ 


This is of the proper form for an integration by the metho 
steepest descents,!9.!2 when R” > d 
The saddle-point is at « = 7/2 — 
The path of steepest descent, W, is defined by 
sin (x + 0,) cosh y = 1 (Fig. 2) 4 
If the assumption is made that the poles are not near enou 


to the value « = 7/2 to affect the integrand before the exponent 
factor has attenuated it to negligible value,*!* the integratic 


over W results in: iF 
| 
ipe —j@R!" 
27 R” 
sin 0, 
—jB sin 8, + Bn-2y/(n? — cos? 6,) tan [Bdy/(n? — cos? 26, 


Q 


and it may be observed that 
[= i 2. da = -| ... dx — 2mj > Residues enclosed 
Wi W by Wand W, . Q@ 


When W passes through a pole, one-half the residue is i 
cluded!°-!2 as a contribution to the integration. If the pole 
included between W and W,, the whole residue is contribut 
to eqn. (97), while if the pole is excluded by path W-W,, the 
is no contribution from it. 

It is relatively easy to verify that W passes through a po 
when 8, = arc cos B/A,, and from this relationship the coefficien 
A 794) of the residue waves arise. The residue terms are evaluat 
by well-known methods. 

The rapid decrease of the coefficient A,(0;) at its critical val 
is due to the fact that for large BR the path passes very rapid 
through the pole as 0, varies. 

The results abides thus far have been restricted ~ 
BR’ cos 0, > 1 by virtue of the assumption that the Hank 
function could be replaced by its asymptotic form. Actuall 
the restriction is less strict for a good approximation and it m: 
be modified to BR’ > 1 and (BR” cos 0;)* > 1. This leav 
only a small region near 0, = 77/2 where the results develops 
are not valid. The restrictions may be further modified by # 
following. 

Consider eqn. (29) for r = 0, 6; ~ w/2, BR” ~ Bz > 1. 


0 
a | 
r=0 2m 0 


Performing the same transformations, eqns. (93) and (94 
and integrating over half the path W (the part on and above tl 
x-axis of Fig 22) in the «-plane, the following is obtained: 


e—l(e+z'—2d) 
1 + mn~? tanh md 


1 ( 


A —j e—J@+z'—2d) ( 
-0 . 20 (@ +2’ — 2d)(—j +n“! tan Bnd) 

where there are no residue terms since fz > 1 and Oy 
a]2 > are cos B/A,[A,(8;) = OJ. ’ 3 


* See Appendix 13,2 for the exact condition. 


t is seen that I 


= lim I 
=0 6-7/2 | ean. (7) 


Mt is therefore a reasonable assumption that eqn. (97) is valid 
# all values of 0,,0 < 0, < m/2, BR” > 1. 

iThe integrations of eqns. (30), (31), and (33) are performed in 
\imilar manner. 


42) Example of the Application of the Method of B. L. Van der 
Waerden to the Integration of Eqns. (32) and (34) 


|As an illustrative example of the application of the method of 
\L, Van der Waerden!? to the integration of eqns. (32) and (34), 


tnsider the following integral, obtained by applying eqn. (41) 
j eqn. (32). 


aera 
| 


(100) 


oid © (1 — mn-2) cosh mz’ cosh mze~"™4AH a(Ar)dr 
4a mI cosh md + mn~2 sinh md) 
‘hee Wo 


‘Since the integrand of eqn. (100) has two extra branch cuts, 
) and (4) in Fig. 3, at A= + nf, and one of these intersects 
® path of steepest descent for the integrand in (100) if the 
izthod of steepest descents, Appendix 13.1, .is used, the integra- 
»n by the method of steepest descents is complicated. The 
an der Waerden method contains a systematic procedure for 
‘tégrating around branch cuts. 

Jn order to put eqn. (100) in Van der Waerden’s form the 
jllowing transformation is performed: 


= —ju (101) 


The asymptotic representation for large Ar is made for H a(Ar). 
The transformed y = jA-plane is shown in Fig. 23, where 
), (2), (3), (4) and (5) are the branch cuts that appear in the 
plane, Fig. 3. 

I= | We-tvdv for Br > Bd 
W2 


‘Then (102) 


here corresponds to Van der Waerden’s A. 

in the y-plane the saddle-point of the «-plane becomes 

‘other branch point.'3 In this case there is no added com- 
ication because this added branch point is coincident with the 
fe at pw = j8. | 

_ For large r and for a contour shifted far to the right in Fig. 23, 
e integral reduces to integrations over the branch cuts and 

‘oles. The former yield rapidly converging series for large Ar 

ad for poles not too close to the branch points. 
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Fig. 23.—Paths of integration for cases B-2, C-2 in the uw = j)-plane. 


Performing the integrations exactly as Van der Waerden does, 
the following is obtained: 


. (103) 


k : 1 : 
l= —2nj 2, Residue — pee + O(r-*) 


where 0(r~2) indicates a term of order r~* and yields an estimate 
of the error. 

The residues are computed in the usual way and are modified 
by eqn. (42) to yield the summation terms of eqn. (48). 


If in eqn. (32) it is assumed that 
Bz’ 
and 


DZ 


< Bd < Br 


then BRY ~ BR’ ~ Pr and eqn. (48) is obtained. 
It has been assumed that the poles are not too near to the 
branch points. An estimate of what is not too near is a result 


of the Van der Waerden method. It is 
e—T18—”1| etek (104a) 
and 2 0¢-*) 2 0(r—!) 
E—t|nB—Aa| ie (1046) 


If the integrations in Appendix 13.1 had been performed by 
the method in Appendix 13.2, the definition of the pole being 
not too near the branch point would be found to be (104a). 
Hence eqn. (104a) and (1045) are necessary restrictions for all 
the eqns. (45)-(50). 


621.396.11.029.4 


THE IONOSPHERIC PROPAGATION OF 


Monograph . 
f 
” 


RADIO WAVES OF FREQUENCY 16x 


OVER SHORT DISTANCES 


By T. W. STRAKER, M.Sc., 


Ph.D. 


(The paper was first received 29th September, 1953, and in revised form 21st September, 1954. It was published as an INSTITUTION MONOGR. 


in January, 1955.) 


SUMMARY 


The paper describes a continuation of the investigations of Best, 
Budden, Ratcliffe and Wilkes on the ionospheric propagation of radio 
waves of frequency 16kc/s emitted from the Post Office sender GBR 
at Rugby, and observed at Cambridge, 90km away. The present 
experiments over the period March, 1948, to October, 1949, have 
confirmed the tentative conclusions of the earlier work, and revealed 
some new and interesting effects. 

Most of the observations were made on the abnormal component 
of the downcoming wave, using the method previously developed 
to isolate the downcoming wave and to make separate measurements 
on its amplitude and phase. On a few occasions simultaneous 
observations were made on two frequencies transmitted over 
comparable distances. 

The observations showed that reflection took place from a height 
of about 72km by day and 87km at night, and that the daily cycle of 
phase change was related to a real change in the height of reflection. 
The apparent height of reflection usually varied in a regular and 
predictable way with the zenith angle of the sun. The total change of 
height in passing from midday to midnight was 16-8km in summer 
and 13-Skm in winter. There was a marked seasonal variation of the 
amplitude of the downcoming wave, the variation of the day-time 
amplitude being different from that of the night-time amplitude. The 
conyersion coefficient was 0-13 on a summer day and 0:26 on a winter 
day, whereas at night it was 0:56 in summer and 0-37 in winter. 
During the summer months the amplitude was closely controlled by 
the sun, but it was not related in any simple way to the zenith angle. 
The daily cycles of amplitude change and phase change appeared to 
take place independently. The sunrise effect on the amplitude occurred 
about one hour before the effect on the phase, the latter occurring 
about 9min after ground sunrise. 

Some subsidiary variations of the phase and amplitude, which were 
regularly observed, were explicable on the assumption that reflection 
took place from two levels in the upper atmosphere. There was no 
clear evidence of waves reflected twice from the ionosphere. 

During and after great magnetic storms the diurnal variation of the 
height of reflection was markedly abnormal, the abnormality lasting 
for as long as 10 days after the end of the magnetic disturbance. 
Anomalous behaviour of a less violent nature was frequently observed 
both by day and by night. Some of these anomalies could be directly 
associated with magnetic disturbances, but in general there was no 
simple connection between the two phenomena. 


(1) INTRODUCTION 

Since 1934 part of the programme of radio research at the 
Cavendish Laboratory has been directed towards an under- 
standing of the ionospheric propagation of low-frequency waves. 
The pre-war work, described in two papers by Best, Ratcliffe 
and Wilkes,' and Budden, Ratcliffe and Wilkes,” included a long 
series of measurements on waves of frequency 16kc/s observed 
at a fixed distance of 90km. After the war this work was 
extended to greater distances and to higher frequencies, and the 
results have been described in a series of companion papers.3—9 
As part of the post-war programme it was considered desirable 
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to make a longer series of detailed observations on 16ke/s ¢ 
distance of 90km, both to test the tentative conclusions of 
pre-war work and for comparisons with the measurements 
higher frequencies and over greater distances. The purpose 
the paper is to describe these measurements on a frequency 
16kc/s and to give an account of the results obtained. ( 

No attempt will be made here to relate the observations 
those obtained on higher frequencies and over greater distano 
This has been done in the companion papers and also in 
summarizing paper by Bracewell, Budden, Ratcliffe, Strak 
and Weekes.!° Where it is appropriate, however, the resu 
will be compared with those obtained before the war for t 
same frequency and the same path. 

In order to study the characteristic properties of the doy 
coming wave at short distances from the sender, Best, Ratcli 
and Wilkes! developed a simple method by which changes 
the phase and amplitude could be separately measured. T! 
method has been used in the present investigations. A br 
outline of the method, together with a description of expe 
mental arrangements using a new technique, is given in Section 
The analysis and interpretation of the results, and a way of ov 
coming the difficult problem of suppressing the ground wa 
are also discussed in the same Section. The results are d 
cussed in Sections 3-7. In Section 8 an attempt is made 
relate the anomalous propagation effects, sometimes obseryé 
to disturbances in the magnetic field of the earth. 

In Section 3 measurements are described which lead to 
determination of the apparent height of reflection by using 
adaptation of the frequency-change method of Appleton a 
Barnett.!! 


(2) THE PRESENT EXPERIMENTS 


In the present experiments a long series of measurements ¥ 
made on signals of frequency 16kc/s emitted by the Post Off 
sender, GBR, at Rugby, and received at Cambridge, 90km awé 
using a method previously developed! for measuring the phe 
and amplitude of the downcoming wave relative to the grou! 
wave. From these measurements it was then possible to estimé 
the reflection coefficient of the ionosphere and changes in t 
apparent height of reflection of the downcoming wave. 

In a second kind of experiment, simultaneous measuremet 
of the kind described above were made over short periods 
signals from GBR and signals of frequency 19-4kc/s emitted 
the Post Office sender, GBZ, Criggion, at a distance of 222k 
from Cambridge. From these measurements it was possible 
estimate the apparent height of reflection. 


(2.1) Experimental. Method 


The experimental method has been described elsewhere!+> 
some detail and a brief outline only will be given here. 

The electromagnetic field at the receiver may be regarded 
being composed of a ground wave with electric and magne 
fields Ey and Hp, and a downcoming wave incident at an angle 
In general, the downcoming wave is elliptically polarized a 
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y be resolved into two plane-polarized components, the 
irmal component (£;, H,) with its magnetic field perpendicular 
the plane of propagation,* and the abnormal component 
1, H>) with its magnetic field in this plane. 
|The experimental method consists in isolating the abnormal 
mponent by using a loop aerial with its plane perpendicular 
the plane of propagation so that it receives an e.m.f. propor- 
nal to 2H, cos i, and measuring its amplitude and phase 
lative to the ground wave. In the present experiments the 
n.f. induced in a vertical aerial was used as the phase reference. 
ils €.m.f. is proportional to Hy + 2H, sin i, and it was verified 
Jat its phase did not differ from that of the ground wave by 
ore than 7°. 


(2.2) Experimental Arrangements 


The experimental arrangements may be understood by 
ference to Fig. 1. The e.m.f. induced in a small loop aerial, 
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_ Fig. 1.—The experimental arrangements for visual observations. 
iented to receive the abnormal component alone, was amplified 
id suitably divided and phased to produce a circular time-base 
a cathode-ray oscillograph. The reference e.m.f. induced in 
short vertical aerial was amplified and used to generate pulses 
“length + microsec, one each radio-frequency cycle. These 
ulses were applied to the grid of the cathode-ray tube to modulate 
intensity of the circular time-base. The polar co-ordinates 
the well-defined bright spot obtained in this way completely 
‘presented the amplitude of the abnormal component and its 
dase relative to the reference e.m.f. For visual observation, 
‘le intensity of the illumination on the cathode-ray tube was 
-jjusted so that only the bright spot was visible; its position was 
read on a transparent polar scale fixed to the face of the 


ee eee 


In the method used for automatic observations the Cartesian 
')-ordinates of the position of the bright spot were recorded as a 
‘mction of time on moving photographic paper. This was 
hieved by removing the y-deflecting voltage from the cathode- 
‘y tube and shifting the phase of the reference e.m.f. by 90° 

ring alternate half-minutes. A brightening voltage was applied 
‘the grid of the tube at intervals of 6min to provide additional 
‘ming marks. Typical examples of the photographic records 
‘tained in this way are shown in Fig. 2. Examples (a) and (c) 
‘te typical of the records obtained by day and by night, while 


sociated with solar flares, at 1439h, and 1532h, G.M.T. It 
interesting to note that an accurate timing reference was 
ipplied by the nature of the time signals from GBR at 1000 
hd 1800h, G.M.T. From the photographic records it was 


* The plane of propagation is defined as the vertical plane containing the sender 
id the receiver. 
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Fig. 2.—Typical examples of the records obtained with the automatic 
equipment. 


(a) 14th October, 1948. 
(6) 6th October, 1948. 
(c) 11th October, 1948. 


possible to estimate the time to an accuracy of 1 min, the phase 
to 3°, and the amplitude to 5%. 


(2.3) Suppression of the Ground Wave 


The characteristics of the downcoming wave are deduced in 
later Sections on the assumption that the loop aerial has been 
accurately set to receive the abnormal component and suppress 
the much stronger ground wave. If there were no downcoming 
wave at any time during the day, no uncertainty would arise in 
setting a loop to suppress the ground wave. However, a strong 
downcoming wave is always observed at very low frequencies, 
and it is difficult to know when the ground wave has been 
completely suppressed. A method for doing this by trial and 
error has been proposed by Best, Ratcliffe and Wilkes.! As 
this method is based on an important assumption regarding the 
behaviour of the downcoming wave, it is proposed to examine 
it in the light of the present experiments. 

In the first instance the loop was set as nearly as possible with 
its plane perpendicular to the plane of propagation, and obser- 
vations of the phase and amplitude of the received e.m.f. were 
made throughout the day and a polar curve of the type shown 
in Fig. 3 was plotted. Almost invariably, it was found that the 
polar curve was circular in the period from sunrise to sunset 
and that the origin was within the circle but not at its centre. 
It was assumed that some e.m.f. induced by the ground wave 
caused the centre to be displaced from the origin, and on subse- 
quent days the loop setting was adjusted until the centre of the 
polar curve lay as near as possible at the origin. This procedure 
involves the important assumption that during the daylight hours 
the abnormal component changes in phase while its amplitude 
remains substantially constant. Evidence which strongly sup- 
ports this assumption is given in the next paragraph. 

For the long series of observations on signals from GBR the 
loop setting was initially adjusted in the manner described above, 
and afterwards it was left unchanged during systematic obser- 
vations over a period of 18 months. The curves of Fig. 3 are 
typical of the polar curves obtained at fortnightly intervals by 
plotting the phase and amplitude averaged over 14 days.* In 


* The method of averaging is explained in Section 2.4. 
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180? 


Fig. 3.—Polar curves obtained by plotting the phase and amplitude of the abnormal component. 


(a) Results averaged over the period Ist to 15th December, 1948. 
(5) Results averaged over the period 15th to 30th June, 1949. 


all cases the polar curves during the daylight hours were approxi- 
mately circles with their centres very nearly at the origin. The 
simplest explanation of these results is that the amplitude of the 
abnormal component remains substantially constant while its 
phase changes. 


(2.4) Analysis and Interpretation of the Results 


Observations on signals from GBR were made at Cambridge 
on 362 days* between 11th March, 1948, and 30th September, 
1949. On 266 days the observations extended over the periods 
from sunrise to midday or from midday to sunset, and sometimes 
over both periods, while on 109 occasions the observations 
extended throughout the night. Measurements of the phase 
and amplitude of the abnormal component were obtained from 
the automatic records at intervals of 6min, and the measure- 
ments were plotted against the time of day in the way shown in 
Fig. 4. 

In order to determine the regular behaviour of the down- 
coming wave, it was necessary to eliminate the effects of disturbed 
periods, and also to use some process of averaging to eliminate 
the small variations from day to day. The daily plots such as 
those in Fig. 4 showed that on most days the phase and amplitude 
changed smoothly and regularly, whereas on some days they 
were more or less violently disturbed. These disturbed periodst 
were usually characterized by large changes of phase which were 
obvious from an inspection of the plots, and the measurements 
were excluded from the analysis of the regular behaviour. If 
the curves for each morning (or afternoon) in any 14-day period 
were superimposed so that the changing times of sunrise (or 
sunset) coincided, they were found to be closely similar. The 
curves were therefore grouped in sets corresponding to 14 days, 
and mean curves were drawn through them. These mean 
results were used to investigate the regular behaviour of the 
downcoming wave. 

The results will be described in terms of a model in which the 
ionospheric wave is reflected, possibly with a change of phase, 
from a sharply-defined reflecting surface with a change of 
amplitude measured by a reflection coefficient. It is not intended 
to imply that the ionospheric wave is, in fact, returned to earth 
in this way. The height of this fictitious reflector above the 
surface of the earth will be referred to as the “apparent height 

* After the end of 1948, transmissions from GBR were somewhat irregular, and it 
became necessary to ask for special transmissions, both to ensure the contiguity of the 


measurements and for comparison with other observations. i 
+ These disturbances are discussed in some detail in a later Section. 
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Fig. 4.—Phase and amplitude of the abnormal component dedu 
from the automatic records, 3rd July, 1948. 


(a) Phase curve. 
(6) Amplitude curve. 


of reflection,” and in the model, changes in the phase of 
downcoming wave will be described as if they were due enti 
to changes in the apparent height of reflection. 

As the wave incident on the ionosphere (E‘, H*) is line: 
polarized with its electric vector in the plane of propagati 
whereas the refiected wave is, in general, elliptically polariz 
it is convenient to distinguish between the reflection coefficie 
for the normal component (£7, H7)* and the abnormal compon 
(E5, H3).¢ The ratio H7/H‘ will be referred to as the reflect 
coefficient |,Rj, and the ratio H{/H‘ as the conversion cot 
cient ,;R;. The way in which these coefficients are calcula 
from the amplitudes of the e.m.f.’s received in the aerials 
been explained in detail elsewhere>-® and will not be repea 
here. | 

In most of the experiments described in the paper observati 
were made on the abnormal component alone, and it was assun 
that its behaviour represented that of the downcoming wave < 
whole. This assumption is supported by extensive measuremée 
on very-low-frequency waves observed over short distances,! 
which showed that the state of polarization of the downcom 


* A symbol with a superscript r represents the magnitude of the component i 
diately after reflection from the fictitious reflector. 


+ The abnormal component is polarized with its electric vector pendic 
the plane of propagation, the normal component with its electric vector in this p 


@ was always approximately constant. In addition, as the 
io Hi/Hs was always near to unity, it seems reasonable to 
ume that the reflection coefficient |,Rj; is ey equal to 
conversion coefficient |) R |. 


(3) THE APPARENT HEIGHT OF REFLECTION 


\lthough there is a fairly detailed knowledge of diurnal and 
sonal variations of the phase and amplitude of very-low- 
quency waves reflected at nearly vertical incidence from the 
\osphere, precise information regarding the levels in the upper 
aosphere to which this knowledge applies is much less com- 
te. At the low frequencies concerned it is not possible to use 
: pulse technique of Breit and Tuve!? to determine the height 
creflection, and indirect methods must be used. In this Section 
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(5) Apparent height of reflection deduced from the phase curves (a). 


deriments will be described which led to a determination of 
> apparent height of reflection from measurements of phase. 
The method has been described elsewhere® in some detail 
d only a brief outline will be given here. It consists in measur- 
s the phase difference ¢ between the downcoming wave and 
* ground wave. If it is assumed that waves of nearly equal 
quencies, f; and f,, propagated over comparable distances, 
d d,, are reflected from the same apparent height with the 
ne change of phase at reflection, then 


(s, —d (sy — d>) 
aq —a+h =, = - - Vy — <2 a5 fh 
1 e a = Integral number of free-space wavelengths. 
c = Velocity of the wave in free space. 


_ _ s = Equivalent path of the ionospheric wave. 
$ given with sufficient accuracy by the equation 


paw) 


() 


st = 4h? + a*(1 4 


WAVES OF FREQUENCY 16 Kc/s OVER SHORT DISTANCES 


(a) Observed phase of the abnormal component of the downcoming wave from GBR (16kc/s, 90km) and GBZ (19:4kc/s, 
The dotted curve shows, for comparison, the variation of reflection height deduced 
from the phase curve for GBR, on the assumption that changes of phase are entirely due to changes in reflection height. 
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where /: = Apparent height of reflection. 
R = Radius of the earth (taken as 6 368km). 


In the experiments described below the value of the integer 
(a, — >) is taken as unity, no other value giving a reasonable 
solution for the height of reflection. A measurement of (¢, — 4) 
then enables the apparent height to be determined. 

On 4th and Sth October, 1949, simultaneous observations 
were made at Cambridge on signals from the senders GBR 
(16kce/s, 90km) and GBZ (19-4kc/s, 222km). The phases and 
amplitudes of the abnormal components of the two signals 
were recorded automatically in the way described in Section 2.2, 
using two separate equipments with a common timing unit. 
The phase results for Sth October are shown in Fig. 5(a); similar 
curves were obtained on 4th October. It will be noticed that 
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Fig. 5.—Determination of the height of reflection by the frequency-change method, 5th October, 1949. 


222km). 


on 5th October there were two phase anomalies of the type 
associated with solar flares, one lasting from 0942h until 1113h, 
and the other from 1113h to 1230h. 

The phase difference between the curves of Fig. S(a) plotted 
against the time of day shows a mean daily trend together with 
small periodic oscillations. These oscillations correspond to 
oscillations in the phase curve for GBZ and are caused by the 
presence of a wave component which has been reflected twice 
from the ionosphere. The phase difference ($, — $3) given by 
the mean curve was used in conjunction with eqn. (1) to calculate 
the apparent height of reflection. The results are shown by the 
full curve in Fig. 5(6). It will be noticed that the apparent 
height varies throughout the day in a similar manner to the 
phase shown in Fig. 5(a). This point is illustrated in Fig. 5(5), 
where the dotted curve which shows the variation of reflection 
height deduced from the phase curve for GBR, on the assumption 
that changes of phase are entirely due to changes in reflection 
height, has been superimposed on the full curve. The same 
general agreement throughout the daylight hours was found 
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for the corresponding curves for 4th October. It will also be 
noticed that there appears to be a definite lowering of the apparent 
height at the times of the phase anomalies. This conclusion was 
also confirmed by the results obtained on 4th October. 

In Section 4 it is shown that the apparent height of reflection 
varies with the zenith distance X of the sun in the simple manner 
given by eqn. (4), All the observations of apparent height on 
4th and 5th October have been summarized in an equation of 
this form, and lead to the conclusion that hy_») = 69:0 + 0:25km, 
where hy_o is the apparent height which would be measured if 
the sun were vertically overhead (X = 0). 

The above results are in close agreement with those obtained 
by Budden, Ratcliffe and Wilkes, and Weekes,> from measure- 
ment on the interference pattern produced on the ground by the 
senderGBR. Their results have been summarized in Reference 10. 


(4) CHANGES OF APPARENT HEIGHT OF REFLECTION 

On most days the phase of the abnormal component under- 
went smooth and regular variations which were repeated from 
day to day. This point is illustrated in a striking way in Fig. 6, 
which shows the observations plotted at intervals of 12min 
over a period of 38 days. 
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Fig. 6.—Phase of the abnormal component observed on 38 days 
between 28th June and 7th August, 1948. 


The time scale applies to a day near the middle of the period, and the times for the 
other days were adjusted so that sunrise and sunset always fell at the same place on the 
curve. 


6 DEC 


23 NOV 


8 NOV 


230CT 
80CT 


600; 


23AUG 
400 8AUG 


23 JUL 


Nn 
re) 
ie) 


8JUL 
18 JUN 


PHASE LAG, DEG 


ie) 


O° 0600 1200 1800 


HOURS GM.T 


STRAKER: THE IONOSPHERIC PROPAGATION OF RADIO 


Fig. 7 shows the phase curves, averaged in the way des« 
in Section 2.4, for the period 3rd April, 1948, to 30th Septe: 
1949, These curves summarize the regular behaviour c 
phase of the abnormal component. The times of ground s1 
and sunset at the mid-point between Cambridge and Rugt 
shown by the fine vertical lines, and the zero of phase for 
curve is marked on it by a short horizontal line. 

As explained in Section 2.4, it is convenient to describ 
changes of phase on the supposition that they result en 
from changes of height of a fictitious reflecting surface, sc 
the curves of Fig. 7 may be regarded as showing the w 
which the height of reflection varies throughout the day. 
the.conditions of the present experiment a change of pha 
100° corresponds to a change of height of 3-Okm. 

It will be seen from the curves of Fig. 7 that the daily vari 
of apparent height is closely controlled by the sun. | 
theoretical considerations, Budden, Ratcliffe and Wilkes? 
deduced the following simple expression relating the heig 
reflection and the zenith distance of the sun, on the assum 
that reflection took place from a level of constant ioniz 
density in the lower parts of an ionized region of the typ 
cussed by Chapman:!3 


hy = hy=o + h, log sec X 


where X = Zenith distance of the sun. 
hy, = Apparent height when the sun’s zenith angle is 
hyo = Apparent height when the sun is vertically ove: 
(X = 0). 
h, = Scale height of the atmosphere. 


This equation is valid for X¥ < 85°. If the scale height /, rer 
constant, Ayo is a constant. If the equation applies t 
observations, a plot of h, against log sec X should give a stt 
line whose slope gives the magnitude of h, and whose inte 
on the line log sec X = 0 gives the magnitude of hy—o. 
The accuracy with which the results fit eqn. (2) has 
tested by plotting h, against log sec X. The results fo 
morning of 3rd July, 1948, are shown in Fig. 8.. On most 
the results could be represented by a straight line as close 
in Fig. 8, while during winter days the fit was much closer. 
It will be noticed in Fig. 8 that the plotted points depart 
the straight line in a regular manner; a similar behaviou 
noticed in all the plots from late February to early Oct 
but it was not observed during the other (winter) months 
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Fig. 7.—Diurnal variation of the phase of the abnormal component in 1948 and 1949. 


| Time of sunrise and sunset. 
— Zero phase relative to ground wave. 
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ig. 8.—Variation of apparent height of reflection with log sec x 
| from sunrise to midday, 3rd July, 1948. 


---- Results obtained from midday to sunset on the same day. 


stion 7 reasons are given for supposing that these small 
riations are produced by a subsidiary wave component reflected 
m a lower level in the ionosphere so as to interfere with the 
in component. In the light of this supposition, it is con- 
ered that the curves relating the height of reflection of the 
in abnormal component to log sec X do not depart from 
aight lines by more than +0-3km (10° in phase). 

The dotted line in Fig. 8 refers to the results obtained in the 
ernoon of 3rd July, 1948, and it will be seen that the slope of 
- line for the morning is markedly greater than that for the 
ernoon. This type of asymmetry was always present, and its 
gnitude was independent of the time of year. The mean 
ference between the slopes for the mornings and the afternoons 
the whole period of the observations was 28° (0-84km). 
is asymmetry could be produced if the rate of disappearance 
electrons was small enough. 

From the average curves of the type shown in Fig. 7, straight 
es of the type shown in Fig. 8 have been plotted and their 
pes and intercepts determined for different times of the year. 
é results are shown in Fig. 9. The values obtained by averaging 
intercepts for the morning and the afternoon are plotted 
uinst the time of year in Fig. 9(b). There appears to be a 
all seasonal variation of +0:-5km, with a maximum in the 
mmer and a minimum in the winter. To a first approximation, 
wever, the intercept is constant, implying that /,— in eqn. (2) 
onstant. 

[he values obtained by averaging the morning and afternoon 
pes are plotted against the time of year in Fig. 9(a). It will 
noticed that there is a marked semi-annual variation. A 
urier analysis of the data showed that the slope (S) could be 
essed in the form 


: S = 5-52 + 0-43 sin (n\— 78)° + 1:02 sin (2n — 88)° (3) 
i 
i: S is in kilometres and n is the number of days from 


January expressed in degrees. This equation has been used 
calculate the full curve in Fig. 9(a). The maxima in the semi- 
nual term occur on 29th March and 29th September, very 
aly at the equinoxes; the maximum and minimum in the 
nual term occur on 18th June and 19th December, very nearly 
the summer and winter solstices. 

The fact that the results agree roughly with eqn. (2) cannot 
mediately be taken to imply that the apparent height corre- 
nds to a height of constant electron density. Only a full- 
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Fig. 9.—Seasonal variation of (a) the slopes’ and (4) the intercepts of 
the straight lines, such as those shown in Fig. 8. 


x Observations made in 1948. 
© Observations made in 1949. 


wave theory of the reflection of very long waves can settle the 
point, and such a theory does not seem to be available at present. 
It is, however, interesting to consider what deductions could be 
made if the apparent height of the fictitious reflector were 
coincident with a level of constant electron density in the tail 
of a Chapman layer. Eqn. (2) then shows that the slope of the 
straight line obtained when log sec X is plotted against h, would 
give the magnitude of the scale height 4,. On this supposition 
the scale height is found to be 5-5km on the average. This is 
near the value of 6km found by Budden, Ratcliffe and Wilkes,” 
and, as they pointed out, corresponds to a temperature of 180°K 
on the supposition that the air has the same composition as at 
the ground. Recent experiments with rockets by Havens, Koll 
and LaGow!4 have confirmed that the temperature is of this 
order at these heights. There does not seem to be any inde- 
pendent evidence that the temperature or composition of the 
atmosphere at these heights changes in any way which would 
account for the seasonal change of the slopes of the lines discussed 
in this Section. 

Summarizing, it may be said that the apparent height of 
reflection may be represented by an equation of the form 


hay oa A(t)logisec: Se 2 A) 


where the symbols have the same meaning as in eqn. (2), and 
A(t) is a function given by eqn. (3), or by the curve of Fig. 9(a). 
The results indicate that hy—9 is approximately constant with a 
value as suggested in Section 3 of 69km. It should be emphasized 
that the above expression does not apply to higher frequencies® 
and greater distances.® 

The phase of the abnormal component at local noon and at 
night (averaged over the period from 2100 to 0300h, G.M.T.) 
is plotted against the time of year in Fig. 10. The scale for the 
apparent height has been fitted to the results on the assumption 
that h,.»9 = 69km as suggested in Section 3. The seasonal 
variation of the height at local noon arises from the variation 
of the factor A(t) log sec X in eqn. (4), and the full curve shown in 
Fig. 10 has been calculated from this expression. The results 
for the height at night are of particular importance as they 
apply to conditions when the influence of solar radiation is 
absent. Although the results are not as numerous as those 
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Fig. 10.—Seasonal variation of the apparent height of reflection at 
night (upper curve) and at local noon (lower curve). 


Observations made in 1948. 
») Observations made in 1949. 


obtained by day, it seems possible to say that any seasonal 
variation, if present, is not of large magnitude. In particular, 
there is no large semi-annual variation of the type found in the 
daytime. The results of observations at night are explicable on 
‘the assumption that reflection takes place from a height of about 
87km at all times of the year. 

The results described in this Section are consistent with those 
obtained with the same sender and over the same path in 1938 
and 1939.2. The asymmetrical diurnal variation of the height 
was not noticed by the pre-war workers, since most of their 
observations were restricted to the afternoons. The semi-annual 
variation of the height i, was obscured in their results by 
phenomena associated with great magnetic storms. 


(5) THE AMPLITUDE OF THE DOWNCOMING WAVE 

On most days the amplitude of the abnormal component 
underwent smooth and regular variations. These were closely 
repeated from day to day, but the agreement was not as close 
as with the measurements of phase. This point is illustrated in 
Fig. 11, which shows the observations plotted at intervals of 
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Fig. 11.—Amplitude of the abnormal component observed on 14 days 
between 2nd and 15th July, 1948. 


12min over a period of 14 days. It will be ‘seen that the 
variability by day is much less than by night. On a winter day 
the variability is about 3-5 times as great, and the mean amplitude 
about twice as great, as on a summer day. 

Fig. 12: shows the amplitude curves, averaged in the way 
described in Section 2.4, for the period 8th April, 1948, to 30th 


September, 1949. The most striking feature of these curve 
that the amplitude of the downcoming wave is at all times fé 
high. In winter the amplitude is substantially constant througk 
the day and night. From March until October the behavior 
markedly different. About one hour before sunrise at 
ground the amplitude decreases quite rapidly, remains ° 
nearly constant throughout the daylight hours and, after gro 
sunset, increases rapidly to the night time value. Althoug! 
summer the amplitude is closely controlled by the sun, it is 
related in any simple way to the zenith distance of the sur 
to the phase of the downcoming wave. It appears that 
region of ionization responsible for the absorption of 
ionospheric wave varies differently from that which ca 
reflection. 

From an inspection of all the records it was clear that tl 
was no appreciable asymmetry in the daily variation of 
amplitude, of the type found for the phase variations. Ff 
again it appears that the reflecting and absorbing regions \ 
differently. 

Fig. 13 shows the conversion coefficients by day and by n 
plotted against the time of year. The average amplitude of 
abnormal component from one hour after sunrise to one h 
before sunset has been used in making the daytime plot, and 
average amplitude from one hour after sunset to one h 
before sunrise has been used at night. ‘The most notice 
feature of the daytime curve is the rapid increase in amplit 
in October, followed by a gradual decrease in the spring. 
inspection of the day-to-day records shows that the main ] 
of the transition from summer to winter conditions occu! 
in the course of about four days centred on 18th October. 1 
sudden change is similar to the ‘““November effect’? reported 
the early workers,!5-17 who noticed large changes in the strer 
of low-frequency waves received across the Atlantic, withi 
period of a few days in November. 

It will be noticed in Fig. 13 that the conversion coefficient 
night undergoes a marked seasonal variation. Here again 
results for the amplitude differ from those for the phase. 

No simple explanation can be offered for the diurnal | 
seasonal variations of the amplitude. It is abundantly cl 
however, that the phase and the amplitude vary in an independ 
manner. This evidence suggests the tentative hypothesis 1 
reflection and absorption occur at different levels in the up 
atmosphere. 


(6) PHENOMENA OCCURRING NEAR SUNRISE 

The curves of Figs. 7 and 12 show that the daily cycles 
phase change and amplitude change usually start quite sudde 
near sunrise, and that the times of these phenomena are clos 
controlled by the sun. From March to October there wa 
sudden decrease of amplitude occurring about one hour bef 
ground sunrise, whereas during the other (winter) month 
sunrise effect of this type was not clearly evident. No co 
spondingly large changes of phase were observed before grol 
sunrise. The reverse changes in the phase and the amplit 
were observed near ground sunset. It will be noticed that 
daily phase variation took place while the amplitude remai: 
substantially constant. 

Fig. 14 shows the times of occurrence of the sunrise effects 
the phase and the amplitude plotted against the time of y 
In all cases the points were obtained by drawing two strai 
lines to fit the average daily curves, one before and one a 
the sudden change, and taking the time at which the lines in 
sected. The sudden change in the phase occurred, on the a 
9min after ground sunrise at the mid-point between the 
and receiver, and the sudden change of amplitude from 
to October occurred 56min before ground sunrise. T 
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Fig. 12.—Diurnal variation of the amplitude of the abnormal component in 1948 and 1949, 
Times of sunrise and sunset, 


i 


ES in Fig. 14 shows the time 9min after ground sunrise. The 
tted curve shows the time 56min before sunrise. 


re) 
on 


(7) POSSIBILITY OF MORE THAN ONE DOWNCOMING 
\ WAVE 
It will be noticed that there are small but regular variations of 
> amplitude between sunrise (sunset) and midday in the curves 
Fig. 12. It has been pointed out in Section 4 that the plots 
‘phase against log sec X tevealed the presence of small but 
sular variations in the diurnal phase change. These variations 
> present from late February to October, but not during the 
r+ (winter) months. Detailed analysis shows that the small 
sillations could not have been caused either by a weak twice- 
lected component or by a weak component of the ground 8 


CONVERSION COEFFICIENT R, 
re) 
- 


ve, present because the aerial system was not properly adjusted. mM ee ape ean 7 aus" ocr N™ vec 
heed little doubt that both phase and amplitude variations Fig. 13.—Seasonal variation of the conversion coefficient |;R, by day 
> caused by a small wave component which interferes with the [curve (a)] and by night [curve (5)]. 


lin reflected component. This weak component might be 


; 3 5 x Observations made in 1948, 
ed from the region responsible for absorption of the main © Observations made in 1949, 


Vor. 102, Part C. 5 


130 


©8Co 


©600 


G.M.T. 


HOURS 


0200 


JAN MAR MAY JUL SEPT NOV 
FEB APR JUN AUG oct DEC 


Fig. 14.—Times of occurrence of the sunrise effects on the phase and 
amplitude. 


9 min after ground sunrise. 
—-—--— 56 min before sunrise. 


@ Time at which the phase changes. 
© Time at which the amplitude decreases. 
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small. These are found to be of two types. The first type 
irregularity is short-lived, lasts for periods from about 

minutes to an hour, and occurs during sudden ionosphe; 
disturbances of the type whith are closely associated with so 
flares. Observations of this type of anomaly have been report 
elsewhere* in some detail, and will not be discussed in 1 
paper. The second type of anomaly may occur by day or 
night, may last for periods of several days, and may be associat 
but not in a very precise way, with disturbances in the magne’ 
field of the earth. The most violent and prolonged disturban 
appear to be associated with great magnetic storms. Othe 
occurring by night or by day may sometimes be directly as: 
ciated with smaller magnetic disturbances and ionosphe 
storms of the type which cause irregularities in the propagati 
of high-frequency radio waves. These types of anomalies wW 
be discussed below. 


. 
; 
r 

In August, 1948, transmissions from GBR were sufficient 
continuous for the making of detailed observations of the pha 
and amplitude of the downcoming wave before, during ai 


(8.1) Effects associated with Great Magnetic Storms 


after the great magnetic storm* of 7th August. In Fig. 
the upper curve shows the daily variation of the phase f 
the period 6th to 18th August, 1948, and the lower cur 
shows the variation of magnetic activity as given by the 
figures t from the magnetic records taken at Abinger. 

This world-wide storm!’ began suddenly at 2300h G.M.T., 
7th August, and consisted of two parts of great storm intensi 
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Fig. 15.—Diurnal variation of the phase of the abnormal component and variation of the K-index of magnetic activity during and after 
the great magnetic storm of 7th August, 1948. 


component. If it were, the maximum and minimum in the 
amplitude near sunrise (sunset) would arise from the interference 
between a partially reflected component which was varying 
rapidly in phase as the absorbing region was formed, and the 
main reflected component which was substantially constant in 
phase at that time. The maximum and minimum amplitudes 
nearest midday, and also the small variations of phase, would 
arise from the interference between the main component which 
was varying in phase and the partially reflected component which, 
at that time, was varying more slowly. On this supposition the 
amplitude of the partially reflected component is about one- 
fifth that of the main component, although the ratio can be as 
high as one-third. 

No clear evidence was found for the presence of a wave 
reflected twice from the ionosphere, although the results obtained 
by Bracewell5 over distances of about 200km indicated that a 
small component should be observed on a winter day. 


- (8) ANOMALOUS EFFECTS 
If the 14-day average curves for the phase and amplitude are 
superimposed on a plot showing the individual daily variations, 
it is possible to detect irregular deviations even if they dre quite 


from 0300h, 8th August, to 0300h, 9th August, and from 1300 
9th August, to 2200h, 10th August. All magnetic observatori 
agree that the storm had ended by midday, 12th August. T 
following days in this month, with the exception of the 19 
and 20th, were magnetically quiet. 

There were no irregularities in the behaviour of the phase | 
the amplitude at the time of the sudden commencement.t T 
most remarkable feature of the observations on the dow 
coming wave was the absence of irregularities throughout f 
periods of greatest storm intensity. The first unusual effec 
were the violent fluctuations of phase and amplitude whi 
began at 1830h, 8th August, 19 hours after the sudden commenc 
ment. At times the phase was changing at the rate of 15 


* Magnetic storms are classified as “great’’ or “small” according to the range 
variation of the magnetic elements. 

+ The K figure refers to the range of magnetic variation during each three-hou 
period. The lower limits of the range of variation of the horizontal field for - 
figures obtained at Abinger are 


{ It is of interest to record that sudden commencements in the Abinger magni 
records occurred on 16 occasions, some by day and some by night, when observe 


on signals from GBR were in progress. There were no irregularities in the 
of the downcoming wave on any of these occasions. a 
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'5km in height) per minute. The behaviour during the follow- 
; day and night was regular, and the records were noticeably 
e from large fluctuations. Violent fluctuations were observed 
ain at 1800h, 10th August, about 20 hours after the recurrence 
intense magnetic activity, and these fluctuations persisted 
‘“oughout the night. 
On 11th August, when the magnetic activity had returned to a 
v level, another and more striking phenomenon was observed 
the phase variation. Instead of undergoing a regular daily 
riation, the phase remained substantially constant by day and 
night until 14th August. Gaps in the transmissions rendered 
impossible to determine if the height of reflection remained at 
night-time level or its level at midday. During this period 
> daily variation of the amplitude was normal. Although on 
th and 16th August the phase underwent some diurnal varia- 
m, the slopes of the straight lines obtained by plotting /, 
ainst log sec X (see Section 4) were markedly less than usual. 
ormal behaviour was resumed by 18th August. During the 
10le of the disturbed period the amplitude behaved normally. 
ie accompanying ionospheric storm in the F,-region was 
sorted as ending at 2300h, 13th August. 
Some observations on the downcoming wave were made during 
> great storm of the 24th January, 1949. Although the results 
> not as complete as those discussed above, owing to gaps in 
> transmissions, they indicated the same sort of abnormal 
haviour for the downcoming wave. 
Summarizing, it may be said that there appear to be two 
stinct types of anomalous behaviour associated with great 
agnetic storms. The first is characterized by violent fluctua- 
ms of phase and amplitude, occurring about 20 hours after 
> onset of great magnetic activity. The second type occurs 
out three days after the onset of the storm and is charac- 
‘ized by an abnormal daily variation of the phase which 
rsists for as long as 10 days. Similar effects on the ionospheric 
opagation of low-frequency waves have been observed on 
mals of frequency 16kc/s transmitted over a distance of 
km, 16kc/s over 540km,° and 57kc/s transmitted across the 
lantic.!© Over the longer paths it was found that the anomalous 
haviour sometimes lasted for several weeks. 


(8.2) Disturbances occurring by Day 


The example shown in Fig. 16 is typical of a less violent type 
anomaly which has been frequently observed during the day- 
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1SOO 
, 16.—Typical example of anomalous diurnal variation of the phase 
of the abnormal component, 8th July, 1948. 


—-—-—-— Observed phase in the morning, plotted in reflection. 


he histogram shows the frequency of occurrence of anomalies plotted against the 
aber of days after the onset of the nearest magnetic storm. 


re. For the purpose of comparison the curve showing the 
tiation of the phase in the morning has been plotted in reflec- 
n as a dotted curve. This type of anomaly is mainly charac- 
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terized by an abnormal variation of the phase, such that the 
plots of hy, against log sec X (see Section 4) do not give satis- 
factory straight lines. From March, 1948, to September, 1949, 
40 anomalies were observed during the daytime. With few 
exceptions the daily variation of the amplitude was normal, and 
the deviations from the regular variation of the phase represented 
a decrease of reflection height. Most of the anomalies occurred 
in the afternoon. 

As some of the anomalies could be directly associated with 
small magnetic storms, an attempt was made to find a general 
correspondence between the two. The histogram in Fig. 16 
shows the frequency of occurrence of anomalies plotted against 
the number of days after the onset of the nearest magnetic storm. 
Although there are obvious exceptions, the results encourage 
the belief that most of the anomalies observed by day are asso- 
ciated with magnetic storms. The apparent tendency for 
anomalies of this kind to occur about three days after the onset 
of the storm is interesting in view of the observed delay of three 
days, previously mentioned in connection with a great magnetic 
storm. This type of anomaly does not appear to be associated 
with ionospheric storms in the-F,-layer. 

Similar effects have been observed by Bracewell> in connection 
with observations on waves of frequency 15-2kc/s transmitted 
over a distance of 222km. 


(8.3) Disturbances occurring at Night 
Apart from smooth variations of about +30° occurring in a 
period of two or three hours, the phase of the downcoming wave 
remained substantially constant on most nights. On some 
occasions, however, large deviations of the phase were observed, 
and on many of these there was a corresponding decrease of the 
amplitude. Fig. 17 shows an example of this type of anomaly 
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17.—Typical example of anomalous variation of the phase of the 
abnormal component at night, 10th October, 1948. 


Regular variation obtained by averaging the phase over 14 days. 


Fig. 


where the phase deviation was exceptionally large. From 

March, 1948, to September, 1949, 28 anomalies of this kind 

were observed at night. With few exceptions, the deviations 

observed represented a decrease of reflection height. In 10 cases. 
* 
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there was a corresponding decrease of the amplitude by a factor 
of about 0:5. 

Some of the anomalies could be directly associated with small 
magnetic storms. This point is illustrated in a striking way in 
Fig. 18, which shows the deviation of the phase from the mean 
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Fig. 18.—Deviation of the phase for the anomaly shown in Fig. 17, 
compared with the variation of the magnetic field at Abinger, 
England, and Cheltenham, U.S.A., 10th October, 1948. 


(a) Deviation of the phase on 16kc/s. 
(b) Variation of the magnetic declination at Abinger. 
(c) Variation of the vertical magnetic field at Cheltenham. 


curve for the anomaly shown in Fig. 17, together with the 
variations of the magnetic field at Abinger, England, and 
Cheltenham, U.S.A. As the phase records and the magnetic 
conditions were not greatly disturbed on the days preceding 
and following this disturbance, there can be little doubt regarding 
the direct connection between the two phenomena. This 
magnetic storm was world-wide in character, and was accom- 
panied by an ionospheric storm in the F,-layer. 

Anomalies of this type could be clearly associated with 
magnetic disturbances in 9 cases out of 28. In many cases, 
however, similar phase effects occurred during magnetically 
quiet periods, and in other cases there was no phase anomaly 
when the magnetic elements were disturbed. It is evident that 
the two effects are not related in a simple manner. 

Although ionospheric storms in the F,-region may be asso- 
ciated with some of these anomalies, it is obvious that the two 
phenomena are not related in a clear-cut way. 


(9) CONCLUSIONS 


The principal conclusions may be summarized as follows: 

(a) Simultaneous observations on two frequencies transmitted 
over comparable distances lead to the conclusions that reflection 
would take place from an apparent height of 69:0 + 0:25km 
if the sun were overhead, and that the daily cycle of phase change, 
and changes of phase during sudden ionospheric disturbances, 
are related to real changes in the height of reflection. 

(6) The apparent height of reflection varies in a smooth and 
regular way with the inclination of the sun’s rays as given by the 
equation 

hy = hyn + A(t)logsecX . . . . @) 


where A(f) is a factor which varies slowly with the time of year 
with a marked semi-annual periodicity. The height variation 
is asymmetrically disposed about local noon in such a way that 
the magnitude of A(t) for the mornings is greater than that for 
the afternoons. _The height of reflection at night is about 87km 
at all times of the year. The total change of height in passing 
from midday to midnight is 16:8km in mid-summer and 13:5km 
in winter. ae 


(c) The amplitude of the downcoming wave varies in a regu 
way throughout the day in summer, while in winter it rem: 
substantially constant by day and night. Marked sease 
variations of the amplitude are observed by day and ni 
the two variations having independent characteristics. 
conversion coefficient is about 0-13 on a summer day 
0-26 on a winter day, whereas at night the coefficient is 0°56 
summer and 0-37 in winter. 

(d) The absorption and the height of reflection are clos 
controlled by the sun, but in different ways. The change 
absorption occurs about 56min before ground sunrise, whet 
the regular daily changes in the apparent height start ab 
9min after sunrise. 4 

(e) Small regular variations of the amplitude and the phi 
superimposed on the main daily variations, are explicable 
the assumption that reflection occurs from two levels. 

(f) There are three distinct types of anomalous behavic 
which appear to be associated with disturbances in the magne 
field of the earth, but not in a clear-cut way. The anomal< 
effects which occur during and after great magnetic storms apps 
to be similar in nature to those observed with low-frequen 
transmissions over a distance of 540km,° and over the Atlantic 
the anomaly lasting for many days after the end of the ma 
effect. Anomalies of a less violent nature, which occur by 
and by night, appear to be associated with small magi 
storms, but not in a simple manner. 
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A TABLE OF A FUNCTION USED IN RADIO-PROPAGATION THEORY 
By F. HORNER, M.Sc., Associate Member. 


(The paper was first received 17th July, and in revised form 22nd September, gi It was published as an INSTITUTION MONOGRAPH in 
January, 1955. : 


SUMMARY 
Real and imaginary components of the complex integral 


(oe) 
1+ riviore-o| e—x? dx are tabulated as a function of w. The 
—jV@ 
Tables are prepared for real components of w in the range 0 to 10, 
associated with imaginary components in the range —10 to 0. 


For the calculation of the field from an aerial, expressions are 
used which are based on the theory of Sommerfeld! and which 


involve a factor F(w) given by”? 
ise) 


F(@) ='1 + 2ivwe-o| Emax 


—jVo@ 


(1) 


The parameter w depends on the form and position of the 
aerial; with an elevated vertical electric dipole, for example,? 
_ LS Anji hy 
AG =e ay 
where h, = Height of transmitting dipole above ground level. 
h, = Height of receiving aerial above ground level. 
A = Wavelength. 
d = Horizontal distance between transmitter and receiver. 
p, = Complex reflection coefficient at the ground for 
vertically polarized waves. 


If the distance dis not small compared with the wavelength, the 
vertical electric field E can then be expressed in the form 


E= re e—27iRilh 1 [pp + (a — pF) pean} . (2) 
1 
in which m = Moment of the transmitting dipole. 
= Length of the direct ray between transmitter and 
receiver. 
R, = Length of the ground-reflected ray plane earth. 


Egn. (2) has been given as an example, but F(w) and related 
functions occur more generally in radio-propagation problems. 

Norton‘ has given the following series for the evaluation of 
' F(w): 


1 5. IDSC SSeS : 
F(@) = — Tine OF Oo)? —...for || OR 1(3) 
~ ‘ (2w)? 
=1 +4 jr/(rw)e— 2w ina 
(2w) 
130 35805 ot) ee for ro) small (4) 
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and has expressed graphically the modulus and phase 
F(w), for a wide range of values of w, in terms of its mod 
and phase angle. He has also given? a short Table of val 
|F(w)|, and BurrowsS has plotted a similar function. 

In some types of calculation, in particular those involvi 
ground reflection coefficients in the form given by McPetrie,£ 
is convenient to have values of the real and imaginary parts 
F(w) expressed in terms of the real and imaginary parts of w, 

Tables of values of the function F(w) have therefore be 
prepared by E. J. York at the National Physical Laboratory 
collaboration with the Radio Research Station. The Ace Pi 
Model was used for the computations. 

Real and imaginary components of w are denoted by am 
and ¥(w); and three Tables are given. Table 1 is for values 
&(w) and — 4(w) between 0 and 10 at intervals of 0-5. Tabk 
is for values of Z(w) and —.4(w) between 0 and 2 at intery 
of 0-1. Table 3 is for values of A(w) and —.%(w) between 
and 0-5 at intervals of 0-05. 

A Table of an associated function 


G(p) = | (Fete il ron. a ( 
, | 


has been compiled by Clemmow and Mumford’ for use 
similar wave-propagation problems. The relationship betwe 
F(w) and G(p) is obtained by putting 


r=n/(2) ant p= 


and F(w) can be obtained from Clemmow’s tables by means 
the relationship 


Fla) =1 +2y(=j0)6| f 7) — 


Clemmow and Mumford effectively tabulate F(w) at clos 
intervals of w than is done in the present Tables and to t 
fourth decimal place, but the Tables given here cover a wid 
range of values of w. 
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Table 3a 
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LEAKAGE FLUX AND SURFACE POLARITY IN IRON RING STAMPINGS 
By P. HAMMOND, M.A., Associate Member. 


(The paper was first received 6th July, and in revised form 29th September, 1954. It was published as an INSTITUTION MoNOGRAPH - 
in January, 1955.) ’ 


SUMMARY 


The paper deals with the conduction of magnetic flux through iron 
circuits magnetized by windings which surround only a part of the 
iron. 

The complete solution is obtained for an infinitely long hollow iron 
cylinder magnetized by a single current loop, and it is shown that 
surface polarity on the iron plays a dominant part in causing the 
fiux to be substantially constant at all sections around the circumference 
of the cylinder. 

Experimental evidence is brought forward in support of the theoretical 
investigation. 


(1) INTRODUCTION 


If an annular ring is completely and uniformly wound with a 
magnetizing winding, the magnetic force at a given radius inside 
the ring is constant; accordingly, there is the same total flux 
through every cross-section of the ring. Moreover, there is no 
external field, if one neglects the second-order effect due to the 
fact that the winding is a helix and not a true current sheet. 
This simple distribution of flux makes the annular ring an ideal 
form for carrying out tests to measure the magnetic qualities of 
the material. 

Although it is natural to think of a ring made of iron, there 
has so far been no need to specify the material of the ring. 
However, if the magnetizing winding is now bunched together, 
so that the ring is magnetized by a concentrated coil instead of a 
uniformly distributed winding, experiment shows that the 
behaviour of iron is completely different from that of non- 
magnetic material. This difference is shown up most clearly 
by the fact that the flux around the ring is substantially constant 
when an iron ring is used, but shows no sign of constancy when 
the ring is non-magnetic. The paper discusses this phenomenon 
from the viewpoint of magnetic theory and puts forward a 
theoretical analysis backed by experimental results. 


(2) THEORETICAL INVESTIGATION 
(2.1) Qualitative Analysis 


It is very surprising that the flux distribution around an 
annular iron ring is substantially constant regardless of the 
disposition of the magnetizing winding. The problem raised 
by this constancy is often dismissed by the statement that the 
iron conducts flux because of its high permeability. This is 
undoubtedly correct, but scarcely deserves to rank as an explana- 
tion, if by explanation is meant that anyone who knew that iron 
has a high permeability should have foreseen the result. The 
treatment in the paper is based on the discussion of the problem 
given by Moullin,* who shows that the surface polarity on the 
iron provides the mechanism by which the iron can maintain a 
substantially constant flux. Moullin dealt with the case of an 
iron ring and pointed out that it would be extremely difficult 
mathematically to analyse the flux distribution for such a ring, 
even if it were assumed that the material had constant per- 


* MouLun, E. B.: “Principles of Electromagnetism” (University Press, Oxford), 
Third edition, pp. 164-168. 
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meability. It was therefore decided to examine the probl 
of a long tube of material of constant permeability, for whick 
mathematical solution was readily obtainable. It then 
possible to check experimentally whether such a solution cc 
give any help in solving the problem of an iron tube wh 
permeability was not constant. 
Before proceeding with the mathematical analysis it may 
helpful to examine the problem in general terms by means of 
numerical example. 
Consider an iron ring of mean diameter 10cm and let i 
made from round bar of lcm radius. If the ring is w 
with a uniformly distributed magnetizing winding of 100 
the magnetic force is equal to 4 oersteds anywhere on the 
circumference of the ring. If the magnetizing winding is t 
bunched together into a closely wound coil, the magnetic ft 
in the absence of the iron will be 207 oersteds at the centre 
the coil and 7/100 oersteds at the mean diameter of the ring 
a point diametrically opposite to the concentrated coil. F 
Fig. 1 it will be seen that the magnetic force due to the 


Fig. 1 


metizing current is 2 000 times as strong at A as at B. Neverth 
less, if the ring is made of iron, the flux density is substantial 
the same at A as at B, and, moreover, it has the value appropria 
to a uniform magnetizing winding. Hence the iron has reduo 
the magnetic force at A from 207 to 4 oersteds and increas 
that at B from 7/100 to 4 oersteds. How has this come abou 

It is sometimes argued that this problem is fundamenta 
the same as that of current conduction from a battery throu; 
a wire. But this analogy is not a good one, because in curre 
conduction the electric force is transmitted by an actual moy 
ment of charge, whereas there is certainly no movement 
magnetic matter through iron. Moreover, in conductors the 
is a volume as well as a surface distribution of charge, but the 
is no such yolume distribution of magnetism so long as t 
permeability is constant. 

Another analogy that is often put forward is that the ir 
can be regarded as a chain of compass needles placed end 
end. Such a picture is not in accord with the domain theory 
ferromagnetism. It must be stressed that if there is to 
certain flux density in iron, there must also be a certain 
force acting at that point. If permanent magnetism Cnet 
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neglected, the only way in which this magnetic force can arise 
iby the appearance of surface polarity on the iron. 

‘it follows that the change in magnetic force produced by the 
pn ring must be due to surface polarity on the iron and that 
jis surface polarity must act even when the permeability of the 
jon becomes infinitely large. If there is to be surface polarity 
jere must also be flux emerging from the iron, and the field can 
i) longer be zero outside the iron, as was the case with the uni- 
drmly wound ring. Flux that leaves the iron is commonly called 
jeakage” flux, and in many applications this leakage fiux is 
jgarded as an imperfection in the design of the apparatus. 
jar discussion, however, has shown that the leakage flux is a 
janifestation of the mechanism of surface polarity by which 
je iron maintains a constant flux around the ring. (We shall 
I this the mutual flux, because it links both the cross-sections 
| and B in Fig. 1.) It would be quite accurate to state that 
\thout the leakage flux there would be hardly any mutual flux. 
Tf the permeability of the iron is very large, a small surface 
larity will be sufficient to maintain a substantially constant 
ux around the iron. The ratio of leakage flux to mutual flux 
ill therefore decrease with increase in permeability and will 
jnd to zero when the permeability tends to infinity, but it is 
ear that the absolute value of the leakage flux will not 
d to zero. Consider the action of the surface polarity with 
ference to Fig. 2, in which the le.kage-flux lines are shown 


Fig. 2 


iagrammatically. The surface polarity is north polar over the 
alf-circumference ANB and south polar over the half-circum- 
rence ASB; the general direction of the magnetic force is from 
ie Jower half to the upper half. It can now be seen that the 
‘duction in magnetic force at A is due to the fact that the surface 
olarity opposes the magnetic force due to the magnetizing coil. 
t B, on the other hand, the surface polarity aids the magnetic 
ce due to the magnetizing coil and so the magnetic force at B 
increased. Thus the surface polarity has the required tendency 
f making the magnetic force more uniform around the ring 
lan it would otherwise have been. 


(2.2) Quantitative Analysis 


In order to arrive at a simple mathematical solution of the 
roblem which can be tested experimentally, it is desirable to 
apose two simplifying restrictions. The first is that the problem 
jould be treated as a 2-dimensional one. This means that the 
achor ring must be replaced by an infinitely long cylinder. 
scondly, the permeability of the material must be taken as 
mstant and the solution must therefore be regarded as only a 
neral guide to the behaviour of iron cylinders. But there is 
ason to expect that the discrepancy will not be very serious, 
id this is borne out by the experimental results. The solution 
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is indeed of considerable practical value, because it enables us to 
form an estimate of the magnitude of the leakage flux for iron 
at different permeabilities. This leakage flux will always be 
small and may well be of no consequence in transformers intended 
for use in pointer instruments. But transformers are required 
in certain types of calculating machine, and in such applications 
it may be desirable to estimate the order of the discrepancy 
between voltage ratio and turns ratio. 


(2.2.1) Magnetization by Single Conductor Inside the Cylinder. 


Fig. 3 shows a cylindrical tube of internal radius 5b and 
external radius a. A current J flows in a round rod of radius 


P\ 
any, 


Fig. 3 


smaller than b coaxial with the tube. Then AH is constant at 
any radius around the iron tube, its magnitude varying between 
21/6 and 2J/a between the inside and outside surfaces. The 
field outside the iron is the same as it would be if the iron were 
not there. It would not be proper to call this external flux a 
leakage flux, since it does not represent a leakage of flux out of 
the iron into the air. There is no surface polarity on the iron 
cylinder. The conductor carrying the return current is con- 
sidered to be so far away that its field is insignificant. Such a 
condition can readily be achieved in practice. Consider now 
the altered condition illustrated in Fig. 4, in which the current is 


Fig. 4 


no longer coaxial with the tube but is displaced from the centre 
through a distance c. It is shown in Section 6.1 that the flux 
passing the cross-section A is related to the flux at B by the 
expression Si 
a c 
log“ — 210 (1 = 5) 

“lag ieciagt’ A eid: 


ac == tka (SAY)ew. iar eel t) 


" log $ — 2 log (1 +5) 
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so long as « > 1—a condition fulfilled by irons of widely 
differing magnetic quality. This equation enables the leakage 
flux to be calculated from a knowledge of the dimensions of 
the cylinder, the permeability of the iron and the eccentricity of 
the conductor. For small eccentricities 


k2e1+ 


4 (2) 
= 


plogs 


Thus the fractional leakage flux is directly proportional tothe 
eccentricity and inversely proportional to the permeability. 
Another case of interest is the one in which the conductor lies 
close against the iron. If, for example, c/6 = 95/100 and a/b = 
1-5, substitution in eqn. (1) shows that 


4-95 195 


kK=1+ log at 
be 5 


=1+— ...6 
: (3) 


Hence the leakage flux in such a case will exceed 1% unless 
exceeds about 2 000. 

In Section 6.1 it is shown that the surface polarity is related to 
the radial magnetic force by the expression 


It is thus clear that for high permeabilities the surface polarity 
will rapidly tend to a constant finite value and will not disappear 
even when the permeability becomes infinite. This is a perfectly 
general statement about all surface polarity. 

Consider now the internal surface polarity (see Fig. 4). It 
has been derived in Section 6.1 and is given by 


Negrete : [ = pam peri in ne 2°} ee ee 
where ys ba and x a 
pot a 
If e>l, yo! 
Y Sl Cx Taal 
and od Bega yes het, oO eS 


= —1/27 xX (radial component of field due to the current J 
at radius 5 in the absence of iron). The potential function 
..of this surface polarity is given by 


ao ct : 
Kans aaa Calta ice) ere) 


for « > 1 and the potential function of the magnetic field due 
to the current Jforr > cis 


v= 21(6 + 3% sin n6) te ect) 


It is therefore seen that the leakage flux due to the internal 
surface polarity is finite, even if the permeability becomes 
infinitely large, and that it tends rapidly to a constant value 
which is independent of the external radius a. Consideration of 
the potential functions reveals that, for high permeabilities, the 
internal surface polarity entirely cancels the radial magnetic force 
of the current and modifies the tangential magnetic force so that 
it has the value it would have if the current were placed at the 
origin of co-ordinates and the iron tube were removed. This 
condition is that of perfect magnetic screening, and it is shown 
below that the external surface polarity is zero for such a 
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case, as would be expected. Consideration of the circuital I 


$ H.dl = 4rI shows that the tangential magnetic force can 


be entirely “screened off,” although the radial magnetic fi 
reduced to zero. 

The surface polarity at radius a, ic. on the outer s 
the tube, is derived in Section 6.1 and is shown to be 


2Iy = 1 ce | . 
= eee 
Gg Mu bl) YP pie gee SO 
if e>il, yl 
3d. 2 
and ge : ae 


Thus, since x < 1, 
21, 2a 
"Sap atl 
Therefore o, is less than the product of I/m and the 
component of field due to current J at radius a. 
It is also seen that the polarity co, will tend to zero as g 
increased. This is as expected and should be compared 
the constant value of o; at large values of p. We have 


therefore, that the leakage flux is predominantly caused by 
internal surface polarity. : 


<r 


(2.2.2) Magnetization by Single Conductor Outside the Iron Tube. 

The surface polarity for the case of magnetization shown 
Fig. 5 is derived in Section 6.2 and is shown to be a, on thet 
of the tube, where 


2h = 1 bei. 
= YS) EE eee 

% me +1) 41 — yx a = 
If p>il, ysl 
Pa iii les 
= ST -rC—C CC '['"—" t ne - * - 1 

27 = Bet 

and hence On < m x 7 sin a 


Fig. 5 


i.e. o; is less than the product of 1/7 and the radial 
of field at radius 6 in the absence of iron. It is therefore 
that the internal polarity will tend to zero as p is i 
The external polarity is given by 


- ee 
bhb2 1—j7x ie ea os - 


o, 


2-7 ie 


sin 70 


I 2 
3a are (15) 


4 = 1/27 x (radial component of field at radius a@ in the 
bsence of iron). 
The external polarity therefore has a constant finite value, 
ven when the permeability becomes infinite. Consideration of 
ye potential functions reveals that under this condition the 
kternal polarity completely cancels the field of the current 
or any radius r<.a. This condition is thus one of perfect 
 iagnetic screening, and it is of interest that there will be neither 
adial nor tangential field inside the tube. It was pointed out 
1 Section 2.2.1 that the tangential field of an internal current 
annot be screened off by surrounding the current with an iron 
tbe. 
Because there exists external surface polarity on the tube even 
hen the permeability tends to infinity, there will be “‘leakage”’ 
x emerging from the iron. The extreme variation of ‘mutual’ 
x crossing the wall of the tube is derived in Section 6.2 and 
given by: 
log 1 — 
ts Se (16) 
= Joe. 1+ 


Qala s 


hen p > 1. 
-It is rather surprising that, not only the fractional leakage 
x, but the mutual flux itself is independent of both the per- 
“neability and the thickness of the tube. The flux carried by the 
‘Yall of the tube is, in fact, exactly twice the flux that would have 
rossed the radius a if the tube had been removed. It might be 
»bjected that the absence of magnetic force inside the tube 
i.e. r < a) should also lead to an absence of flux carried by the 
ube. This is a very sound objection and is entirely in accord 
vith the discussion of Section 2.1. The reason for this apparent 
ontradiction is that by letting y tend to infinity we are really 
o longer treating this as a problem in magnetism. Our dis- 
“ussion would apply rigorously to the problem of a perfectly 
-onducting cylinder in an electric field. Such a cylinder could 
e treated as the limiting case of a dielectric cylinder when the 
ermittivity tended to infinity. But there is no process in mag- 
etism analogous to conduction in electricity, and the idea of 
agnetic ftux density without magnetic force must be rejected. 
So long as our minds are clear on this matter, however, it is 
iseful to examine the limiting case of infinite permeability, which 
‘though physically impossible, simplifies the mathematics and 
ives the mutual and leakage fluxes to a high degree of 
_ pproximation. 
Consider now a conductor close to the outside wall of the tube. 
f ald = 95/100 


ogee 

ea 
, siete? 
100 


the reason for the minus sign is clear when it is considered that 
he flux will be directed in opposite senses at A and B. It is, in 
act, undesirable to speak here of “‘mutual’” or “‘leakage”’ flux, 
secause the leakage flux is sufficiently large to reverse the mutual 
jux at opposite ends of a diameter of the tube. It should be 
cept in mind that these fluxes which are associated with mag- 
tization by an external current are considerably less than 
hose associated with an internal current. The ratio between 
hem is of the order of the permeability. 
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(2.2.3) Tube magnetized by Equal and Opposite Currents, One Inside 
and One Outside. 

It is now desirable to superpose the results of the last two 
Sections in order to obtain the case of an iron tube magnetized 
by a single loop of current. 

Let the equal and opposite currents be situated as shown in 
Fig. 6. The internal current causes more flux to cross section A 


Fig. 6 


than section B. The external current causes at A a flux directed 
in the same sense as the flux there due to the internal current. 
At B, however, the flux due to the external current opposes the flux 
due to the internal current. It is therefore clear that the provision 
of the “return conductor” outside the tube accentuates the 
variation of flux around the tube; in other words, it increases the 
leakage flux. 

Combining the results obtained in Section 6.1 and 6.2 we 
have 

a co cn co qn 

©, = pipto log ¢ LS Pe as + oo Dele Adaaas . (17) 


Therefore 
d Cc a 
a == — 2 los Pe pe 
woe (1 ee (: a) 
Basins 628 34 1 +5) —2log bee 
pelos; g ( Ee) i 2e ( a 
If there is only slight eccentricity of the internal conductor and 


if the return conductor is at a great distance from the tube, we 
have c/b < 1 anda/d < 1. 
Cue 
see a 
4(; 7) 


! 


log 7 
es 


Therefore (19) 


The case of greatest interest arises when both wires are almost 
at the surfaces of the tube. 


If we take c/b = ald = 95/100 
a 
®,. blog, + 12 
then Oo, ies, 
B plog. — 2-68 
b 
and if alb = 3/2 
O, p+ BT | , 36:3 
Op pp — 6°62 — KX 
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Hence the leakage flux will exceed 1% unless x exceeds 3 600. 
Fig. 7 shows a family of curves derived on the basis of a/b = 3/2 
for varying eccentricities (c/b = a/d). 
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Fig. 7.—Theoretical leakage flux. 


(2.2.4) Examination of the Tangential Magnetic Force Inside the Tube 
magnetized by a Single Loop of Current. 

It has already been pointed out that it is not helpful to dismiss 
the problem of flux distribution in iron by the statement that 
iron is a good conductor of flux, since, in fact, this so-called 
process of conduction is radically different from that of con- 
duction of electric currents. We have stressed that for any 
flux density B to arise anywhere in space, whether inside a 
material or outside, it is necessary that there should be the 
requisite magnetic force H at that point. This magnetic force 
can be calculated by the use of the inverse-square law between 
point magnetic poles, and this law is independent of the medium 
in which or through which the magnetic force acts. The 
behaviour of iron as a good conductor of flux, even when it is 
magnetized by an unsymmetrical magnetizing winding, is there- 
fore entirely attributable to its polarizability, i.e. to the fact that 
pole strength will be induced on its surface when it is placed in a 
magnetic field. 

So far we have directed attention to this surface polarity and 
to the flux distribution around the tube. This flux distribution 
is of great interest, because it provides a ready means of 
examining experimentally whether the theoretical results apply 
to actual iron tubes. But in this Section it is proposed to examine 
the variation of magnetic force around the tube, so as to gain a 
closer insight into the mechanism by which the flux density 
remains substantially constant around the tube, even when this 
is magnetized by a single loop of current. 

At any radius r in the wall of the tube (b < r < a) the tan- 
gential force due to the internal current and the polarities 
induced by it is given in Section 6.1 as 


Ao a 1 2 2 1 i Wee gs yrn i 
ane aF eoeI » i aera bees Jer cos nO . (20) 


Similarly, the tangential force due to the external current, and 
the polarities induced by it, are given in Section 6.2 as 
He OF We 1 
= saw 
IN ETT S| p> 1 ea 


: cos nO 


h2n 
Yorri)qacos nO, (21) 
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Hence the total tangential force is given by 
i: hes De kB 1 
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be 1 
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if c/b = afd. 
Now — H,/2I = 1/r would be the value of Hp if the tube we 
magnetized by a uniform current sheet of strength J. Hen 


any variation of H» caused by the concentration of the ma 
netizing winding into a single coil is given by the term 


ee ts ., = 


yn-l 
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and this is less than 


) cos nO 


nme 1 
= (a ge cos nO 
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i.e. less than 


te x radial component of field due to single current loop 
ee in the absence of the tube. 


Compare this now with the field of the single current loop 
the absence of the tube: 


sa 


ayia +% aa (2 


This comparison shows clearly that the variation of tangent 
magnetic force has been reduced in the ratio which is more thi 
1: /2. This reduction must be due to the fact that the magne 
force arising from the surface polarity opposes that from t 
current where the latter is strong, because of its proximity 
the current loop, and aids it where it is weak. 

The tangential magnetic force due to the induced polariti 
is given by 


ir 7 oi y 1 Sela 1 a i 
y(1 prin 7 rea ae | aan. 
If c/b =a/d and p> 1, 
3G 
af oil! — ee 2x") | cos nO 
ie : Eee a -1) 
fF pong Taam Te es = -1)| cosnf . . . Q 


ence the action of the surface polarity is to reduce Hy at 0 = 0 
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f we consider Hy at the mean radius r = (c + d)/2 and if 
+ = bla = 2/3 and c/b =a/d=0-95, we have an extreme 
variation of Ho/2/, in the absence of the tube, from 

Tipe 8 Ee nO 1257 


| aon ey r 


Nhen the tube is placed in position this variation is reduced and 
e relevant values are 
1 =) 
be 


vel af 4-28 
| -#-1 a 


f pe = 2 000 the effect of the surface polarity on the tube is to 
teduce the range of variation of Hp from approximately 1 : 63 
0 approximately 1 : 1-00282. Thus it comes about that the 


and ee “(1 


21 r 


(3) EXPERIMENTAL INVESTIGATION 
(3.1) Apparatus 


| The iron tubes were built up from silicon-iron stampings, 
jightly insulated on one side, the outside and inside diameters 
eing 11:75 and 9:2cm respectively. Three different lengths of 
“ube were used, in order to obtain some indication of the effect 
of flux leakage at the ends, the approximate lengths being 35, 
17-5 and 8:75cm. The tubes were mounted with their axes 
1orizontal on a slide which could be moved transversely to a 
‘ong copper rod of diameter 0:475cm, which carried the 50c/s 
‘nagnetizing current. The eccentricity of the conductor was 
varied by moving the iron tube. Two search coils of 44-gauge 
‘.s.c. copper wire were wound on each of the tubes at opposite 
’nds of a diameter, and the ends of these coils were brought 
ut to terminals so that the coils could be connected in series or 
in opposition. The numbers of turns on the search coils were 
50, 100 and 200 respectively for the three tubes. The output 


sting of a 39uF condenser in series with a 4 920-ohm resistor. 
The condenser terminals were connected to a cathode-ray 


(3.2) Method of Measurement 


| The “return” part of the magnetizing winding was sufficiently 
from the iron tubes not to affect the measurements, and the 
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magnetization could thus be attributed entirely to the long 
straight conductor. External inductance was inserted into the 
magnetizing circuit so as to keep the magnetizing current close 
to a pure sine wave. Fig. 8(a) shows a typical current trace 
obtained on the cathode-ray oscillograph for a current of 100amp. 


(a) 
(®) 
(©) 
(2) 
() 
Fig. 8.—Waveforms. 
(a) Current. 


(6) Leakage flux. 
(c) Mutual flux. 
(d) ‘‘Leakage”’ voltage. 
(e) “Mutual” voltage, 


In order to obtain the leakage-flux curve, the search coils were 
connected in opposition, and Fig. 8(b) shows a typical trace. 
Fig. 8(c) shows the mutual-flux curve, obtained with the search 
coils in series. Figs. 8(d) and 8(e) were obtained by connecting 
the search coils straight to the oscillograph, and omitting the 
integrating circuit. They show, therefore, the “leakage” and 
the ‘“‘mutual’’ voltage waves respectively. 

In order to try to eliminate the end-leakage effects of the tubes 
it was decided to use “guard rings,” i.e. to pack the ends with 
additional stampings. Tests were made on the two shorter tubes 
packed like this at one end only and at bothends. A considerable 
reduction in leakage flux was observed, but difficulties were 
encountered because the leakage flux was exceedingly sensitive 
to slight differences in the packing of the ends. Owing to the 
bulge of the search coils this packing could not be made perfect, 
and considerably varying readings could be obtained by altering 
the axial pressure to which the tubes were subjected. 

In addition to the a.c. measurements, two d.c. magnetic 
reversal curves were obtained by the use of a fluxmeter. One 
curve was obtained in the usual way by winding a specimen 
of approximately square cross-section with a uniformly dis- 
tributed magnetizing winding and search coil. The other curve 
was obtained by using the 8-75cm tube with its search coils and 
reversing a direct current in the long copper conductor. These 
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two methods gave approximately identical results, and any 
small differences were no doubt due to slight variations in the 
magnetic characteristics of the different stampings. 


(3.3) Discussion of Results 


It has been shown in Section 2.2 that the surface polarity, 
and therefore the leakage flux, is approximately independent of 
4 so long as 4% > 1. This is borne out by Fig. 8(5), where it is 
seen that the leakage-flux wave has exactly the shape of the 
magnetizing-current wave. The effect of supplying a mag- 
netizing-current wave containing harmonics was tried, and in 
every case the leakage-flux wave contained the same harmonics. 
Figs. 8(c) and 8(e) show that there was considerable saturation 
in the iron. It is, of course, to be expected that the leakage 
flux will show hardly any signs of saturation, even when the 
iron is very highly saturated, because the path of the leakage 
flux is predominantly in air. However, it is not until one con- 
siders the surface polarity that the mechanism by which this is 
achieved becomes at all clear. 

Since the leakage-flux wave is sinusoidal it was possible to 
calibrate the oscillograph to a scale of flux density, and this 
made it possible to obtain the maximum flux density of the 
total flux wave. Hence the fractional leakage flux could be 
obtained for various eccentricities of the magnetizing conductor. 
The maximum total flux density afforded a further check on the 
d.c. reversal curve and reasonable agreement was found. 

Fig. 9 shows a typical family of curves of fractional leakage 
flux obtained with the 35cm tube at different magnetizing 
currents and eccentricities of the conductor carrying this current. 
In order to give a ready comparison with the theoretical curves 
shown in Fig. 7, the theoretical curve has been included on 
Fig. 9; it is plotted as 100u(k — 1), where 
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Fig. 9.—Percentage leakage flux in 35cm tube. 
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It is clear from Fig. 9 that the theoretical curve is of the 
shape as the experimental curves. In order to test the clo 
of fit, Fig. 10 has been plotted. A curve at low satura 
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Fig. 10.—Comparison of shape of theoretical and experimenté 
leakage-flux curves. 


(25amp magnetizing current) and another at high saturatio 
(125amp magnetizing current) have been chosen. The broke: 
curves are the theoretical ones, which have been derived bi 
assuming a constant permeability such that the experimenta 
and theoretical curves coincide at an eccentricity of 3cm. A 
such an eccentricity 100u(k — 1) = 815 log 1-652/0-348 = 1 27¢ 
This gives an “equivalent .” of 3 640 for the 25amp curve an 
1380 for the 125amp curve. It can be seen that the chic 
difference between the theoretical and experimental curves i 
the greater steepness of the former. This is not surprising whe 
it is realized that the theoretical curve is calculated for a tube o 
infinite length. The end effect is bound to increase the leakag 
of the relatively short tubes used in the experiments, and 
likely to be most marked when the iron is highly saturated an 
when the eccentricity of the magnetizing conductor is great. 

Results similar to those shown in Fig. 9 were obtained wit 
the tubes 17-5 and 8-75cm long, both when these tubes wer 
used by themselves and when they were packed with additiona 
stampings as described in Section 3.2. Equivalent permeabilitie 
were again obtained by equating the theoretical and experi 
mental leakage fluxes at an eccentricity of 3em. These equivalen 
permeabilities are plotted against magnetic force in Fig. 11, ani 
on this diagram a similar curve of against H was plotted a 
obtained from a d.c. magnetic reversal curve. Fig. 11 show 
how the leakage flux is considerably reduced by increasing th 
the length of the tube and by packing the ends. ia 

Table 1 gives the ratio between the equivalent permeabili 
and the permeability determined from d.c. test for the 8-75 ze 
17:5cm tubes when these are packed with additional stamping 
at both ends. ; 

The equivalent permeability is about 20% less than the actu 
permeability, and the theoretical treatment is thus shown to b 
substantially applicable to iron tubes. A part at least of the 20% 


ee 


H, oersteds 
Fig. 11.—Comparison of equivalent permeabilities. 


| (a) D.C. reversal curve, 

5 (6) 8-75cm specimen packed both sides. 
(c) 17-5cm specimen packed both sides. 
(d) 35cm specimen. 

(e) 17-5cm specimen packed one side. 
(f) 8-75cm specimen packed one side. 
(g) 17:5cm specimen. 

i (A) 8-75cm specimen, 


{ Table 1 


Equivalent v./Actual v. 


8-75cm tube 17-5cm tube 


iscrepancy can be accounted for when it is understood that 
‘here will be some end leakage, even when the tubes have their 
mds packed, because this packing cannot be made perfect 
see Section 3.2). A further slight reduction in the equivalent 
sermeability will be due to eddy currents, and there will also be 
“ome effect from the permanent magnetism (hysteresis) of the 
con. The theoretical treatment neglects hysteresis. 

_ A test was carried out on the 35cm tube when this was mag- 
“\etized by an external conductor as discussed in Section 2.2.2. 
e theoretical flux ratio is 


(16) 


| 


e. Hence ©,/O, = — 4-8 theoretically, and the average 
xperimental value was found to be —4:3. This was largely 
ndependent of saturation. 


(4) CONCLUSION 


It has been shown that surface polarity (or leakage flux) gives 
0 iron its remarkable property of being able to maintain a 
ubstantially constant total flux around an iron circuit which is 
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magnetized by a concentrated coil. Good experimental agree- 
ment is obtained with the theoretical treatment, even when the 
apparently drastic assumption of constant permeability in the 
iron has been made. It therefore becomes possible to estimate 
the magnitude of the leakage flux in any particular set of iron 
ring stampings. Furthermore, it becomes possible to estimate 
the order of the flux leakage for more complicated iron circuits. 
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(6) APPENDIX 
(6.1) To calculate the surface distribution of polarity induced 
on a tube of material of constant permeability by a current flowing 
parallel to the axis of the tube and at a distance ¢ from the axis, 
where c is smaller than the internal radius of the tube. 


We require first the field of the current in the absence of the 
tube. This is given by the potential function 


V= 2(6 ++ TS sin n6) (7) 


ia cle 


Let the induced surface polarity be denoted by a, on the outside 
surface of the tube and o, on the inside surface. Consideration 
will show that o, will be positive (north polarity) over the top 
half of the tube and negative (south polarity) over the bottom 
half; these conditions will be reversed for o,. Hence o, and o, 
can be expressed by the Fourier series 


oO 
a, = >}, sin n0 (34) 
1 
co 
and o, = — Yo, sinnd . (35) 
1 
Also the potential function of o, for r < a will be 
ee 2nrt : 
V= ogra am sin nO (36) 
and the potential function of o, for r > b will be 
co +1 
one = o,, sin nO . (37) 


Consider now the radial field at the surface of a cylindrical shell 
of polarity. 

Let the circle shown in Fig. 12 represent the cross-section of 
such a cylindrical shell, which carries a completely general distri- 
bution of polarity o = f(@). It is required to find the force at a 
typical point P on the circumference of the shell due to this 
polarity. Now a filament situated at Q produces at P a force in 

* In order to shorten the paper, no detailed derivation of the potential functions has 


been given. It will be clear that these potentials must satisfy Laplace’s equation, which 
is merely a mathematical statement following from a consideration of the inverse- 


square law. Laplace’s equation in cylindrical co-ordinates is 
ORE yOu 1 0°2V 0 
Or2 ror r2 962 


and the solution will therefore be of the form 


V = r*(A cos nO + B sin n@) + AG cos 78 + D sin n6). 
All this, work is based on Clerk Maxwell, and the particular cases discussed in the 
paper are fully dealt with by Moullin: 

CLERK MAXWELL, J.: ‘Electricity and Magnetism” (Clarendon Press, Oxford), 


Part IV, Chapter 1. 
Mou.uin, E. B.: ‘Principles of Electromagnetism” (University Press, Oxford), 


Third edition, pp. 197 and 403 
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Pp’ 
Fig. 12.—Shell of polarity. 


the direction QP of magnitude 6H = 2Rd6f(/OP. The 
radial component of this force is 

2RS6F (0) __ 2R66f(8) QP 

6H, OP cos } OP PP’ 


= 50f(8) . (38) 


Hence the contribution of radial force made by the filament at Q 
is independent of the position of Q and depends only on the 
magnitude of the polarity at that point. Hence the total radial 


force at P is given by 
2 


27 7 
Be | F(O)d0 =| epee 
0 0 
If the polarity is induced there will be equal amounts of positive 
and negative polarity on the shell, and hence the radial force 
at any point in the shell will be zero. At a point very close to 
the shell and just outside it, the radial force will depend on the 
local polarity and will be the same as for an infinite plane, i.e. 
2c. Just inside the shell the radial force will be —270. Having 
established this property of cylinders, we can determine the 
surface polarity on the cylindrical tube. By continuity of radial 
force at radius a 


H, + 270, = wW(H, — 270,) 
Therefore 


= 
2716, = —_ — Hf —-yH (sa ree ED) 
On = pth = YH, (say) (40) 


where H, is the radial force at r = a due to the current J and the 
surface polarity o,. 


- Hence 
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(6.2) To calculate the fractional leakage flux between 
cross-sections A and B of the tube, as indicated in Fig. 4. q 


The tangential magnetic force in the tube is due to the curret 
and the induced surface polarities o, and o,. Its value can 
derived from the potential functions by the relationship 


10V 
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: r 00 
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© log 5 — 2log (1 — 5) 
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(6.3) To calculate the surface distribution of polarity induc 
on a tube of material of constant permeability j by a curre 
flowing parallel to the axis of the tube and at a distance c from t 
axis, where c is larger than the external radius of the tube. 


Let the external and internal induced polarities be denoted 
before by 


o, = 3 aoa a ee” @ 
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and o, = — 6, Sie. ee 
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hence their potential functions will be 
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4\o the potential function of the current J will be 
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»ss-sections A and B of the tube, as indicated in Fig. 5. 
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(50) 
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6.4) To calculate the fractional leakage flux between the 
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Therefore 
i = Bodr 
b we 2LLo y 1 rig) = 
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At 6 = 0, with this approximation, 
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(54) 


(55) 


(56) 


(57) 


(58) 


(59) 


(60) 


(16) 


DISCUSSION ON 


‘THE REFLECTION OF ELECTROMAGNETIC WAVES 3 
FROM A ROUGH SURFACE’’* \ 


Mr. Lee M. Spetner (communicated): I question the use of 
eqn. (27) to represent the conditional probability of finding a 
surface elevation of Z located at a distance r from a point where 
the surface height is known to be Zp. Perhaps the author 
actually intended to assume a two-dimensional normal distribu- 
tion for the two heights, Z and Zp, in which case eqn. (27) should, 
instead, be 


P(Z, Zo, 1) = 


1 2 [Z — Zyexp(— r?/a*)]? 
ov/ (27) 1 — exp (— 2r?/a*)}? “ 2o07[1 —exp(— 2r?/a?)] 
This affects the expressions in eqns. (33) and G4) and eqn. (35) 
should become 


<(FF*> =exp PES — sing) + rsinOsind] I x 
+ cos w)?[1 — exp (— r?/a?)] 


— exp | - — (cos 8 + cos vl} 


Using the approximation of eqn. (36), then, gives us for eqn. (37) 


fexp va 47202 
d2 


42077? 


2 
2h ein 8 cos d — sin #) + tsin @ sin 6} 


<FF*> = exp { (cos 6 + cos ys)? 


“3 


changing the exponent in the incoherent power by a factor of 2, 
giving for eqn. (38) 


Noe 


470? 


Peat OS ON, See. 
le <€> |) Aaya” 


2 - Rea 2 1 ojp2 ; 
exp | a> (sinfOcosdé — sin)? + sin a 


4o2 (cos 9 + cos y)? 


where, incidentally, the term (cos @ + cos ys)? preceding the 
exponential in eqn. (38) actually is cancelled out in the integration 
over s and ¢. 

Mr. H. Davies (in reply): The probability distribution of 
eqn. (27) is not satisfactory, as has been pointed out by Mr. 
Spetner, because it is not symmetrical in the two variables z 


* Davies, H.: Monograph No. 90 R, January, 1954 (see 101, Part IV, p. 209). 


and zp). We can use a similar distribution which does have 
property, obtained by assuming a two-dimensional not 
distribution including a correlation term. Keeping the s 
auto-correlation function, eqn. (27) will now read: 


1 
ov/2n[1 — exp (— 2r?/a?)]* 
me {- [z — z exp (— r?Ja” 


2oAl — exp (— 27 
the bivariate distribution now being 
1 
27r07[1 — exp (— 2r?/a?)]}? 
z? +- 7% — 2229 exp (— Fm 


Bal {- 2641 — exp (— 2r?/a?) 


This affects eqns. (33) and (34) slightly, and eqn. (35) sh« 
now read 


P(Z, 29, r) = 


PZ, Zp, 1) = 


<FF*> = exp {- =7! [s(sind cos —sinys) + isindsing]} x 
de 2 2 Iq? 

exp {- L (cos 6 + cos y)*[1 — exp(—r?/a*)] 
a 


Eqn. (37) is changed slightly and eqn. (38) becomes 


{ 


o? } 
iE (cos 6 + cos yy 


da 
e682) = pee 
(lf — <& |) Aya! aagt 
_ @ (sin 6 cos ¢ — sin Y)* + sin? 6 sin? 
exp 4o2 (cos 8 + cos x)? 
and eqn. (39) 
apa 
Clé —<@|?> = ema oP |- ig re Raa + w? sect 


There are similar slight changes in Section 4, ie for eqn. | 
Pe Gace cosec x exp (-; a3 Ben? b) 


5 12872 128772023 
Therefore the theoretical curves in Fig. 4 are the curves 
a?|207 = 50, 60. 
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